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Notation Conventions

In this book, we use the following notation conventions:
e N: the set of natural numbers {0,1,2,---}.
We use sans-serif font for categories. Some common categories are
e FinSet: the category of finite sets.
e Set: the category of sets.
e Mon: the category of monoids.
e Grp: the category of groups.
e Ab: the category of abelian groups.
e Ring: the category of rings.
e CRing: the category of commutative rings.
e Field: the category of fields.
e R-Mod: the category of left R-modules, where R € Ob (Ring).
e K-Vect: the category of K-vector spaces, where K € Ob (Field).
e R-Alg: the category of associative R-algebras, where R € Ob (CRing).
e R-CAlg: the category of commutative R-algebras, where R € Ob (CRing).

e Top: the category of topological spaces.



Chapter 1

Set Theory

1.1 Construction

1.1.1 Basic Operations

Definition 1.1.1 Family of Sets

Let I be some index set. A family of sets index by [ is a function that maps each index i € I to a set
Aj;, denoted by (A;);c;-
Definition 1.1.2 Union and Intersection

Let I be some index set and (A4;);e; be a family of sets. The union and intersection of (A;);c; are
defined as follows

UAi ={z:3Jiel,xec A}
i€l
ﬂAi ={z:Viel,ze A}
el

Definition 1.1.3 Difference and Complement
Let A, B be subsets of X. The complement of A is defined as follows
A= {zeX:x¢ A}
The difference of A and B is defined as follows
A-—B:={zr:x € Aand z ¢ B}.
We have

Al=x-4  A-B=ANnB"

Proposition 1.1.4 Distribution Law

Suppose that A, A, B, B are sets and I is some index set. We have the following distribution law:

. Au(ﬂ Ba) = (AUB,)

ael acl

. Am(U Ba) = U (AN By,)

ael acl
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1. SET THEORY

Proposition 1.1.5 De Morgan Law
Suppose that A,, A are sets and [ is some index set. We have

() (o) -y

acl acl acl
e F— JAn=NE-4,),E— N A= U (E-A,)
ael ael acl acl

1.1.2 Limit of Sequence of Sets

Definition 1.1.6 Upper Limit of Sequence of Sets
Let (A,),~, be a sequence of sets. The upper limit of (A,,) -, is defined as follows

oo o0

n=1k=n

We have o
re lim A, < Vn>1,3k >n,x € A;.

n—oo

Definition 1.1.7 Lower Limit of Sequence of Sets
Let (A,),2, be a sequence of sets. The lower limit of (A4,),~, is defined as follows

lim A, :
n—oo
Proposition 1.1.8 Property of Upper Limit and Lower limit

An C lim A, C Tim 4, C ] An.
n=1

n—o00 n—00

3

n=1

Definition 1.1.9 Limit of Sequence of Sets

Let (An)ff=1 be a sequence of sets. If lim A, =
n—o0o =reo

lim A, := lim A, = lim A,
n—oo n—oo n—oo

Proposition 1.1.10
Let (A,),-, be a sequence of sets.

1. If (A,),°, is nondecreasing, then it has limit

Ap.

(@

lim A, =
n—oo
n=1

2. If (A,),-, is nonincreasing, then it has limit

Ap.

DX

lim A, =
n—oo
n=1

CONSTRUCTION

n@ A, = ﬂ U Ay, = {z : x belongs to infinitely many sets in (A4,),~,}

= U ﬂ Ay, = {x : x belongs to all but finitely many sets in (A4,),~;}
n=1k=n

lim A,, we define the limit of (A4,) 2, as follows
e
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1.1.3 Cartesian Product

Proposition 1.1.11 Cartesian Product of Intersections of Sets

(HA1> N (H&) = H(Ai NB;).

i€l iel iel

1.2 Relation

Definition 1.2.1 Relation

An n-ary relation R over sets X1, -+, X, is a subset of the Cartesian product X; x --- x X;,. A binary
relation R over sets X and Y is a subset of X x Y. We write xRy to denote that (z,y) € R.

Definition 1.2.2 Homogeneous Relation

A homogeneous relation R over a set X is a binary relation between X and itself, i.e. a subset of X x X.

Here are some important properties that a homogeneous relation R over a set X may have:
e Reflexivity: Vz € X, zRzx.

o Irreflexivity: Vz € X, not zRx.

e Transitivity: Va,y,z € X, xRy and yRz — zRz.

e Symmetry: Vz,y € X, xRy — yRz.

e Antisymmetry: Vz,y € X, zRy and yRx — = =y.

e Asymmetry: Vz,y € X, xRy =— not yRx.

e Strong Connectedness: Va,y € X, zRy or yRz.

e Connectedness: Vr,y € X, x #y = xRy or yRx.

Definition 1.2.3 Filtered Set

A filtered set or directed set is a preorder set (X, <) with an additional property that every pair of
elements has an upper bound. In other words, for every z,y € X, there exists z € X such that z < z and
y <z

Proposition 1.2.4 Intersection of equivalence relations is an equivalence relation

The intersection of a family of equivalence relations on a set X is an equivalence relation on X.

Proof. Suppose (R;)ic; is a family of equivalence relations on X. We can check that () R; is an equivalence

il
relation on X by checking the three properties of equivalence relation:

(i) Reflexivity: For any = € X, since (z,z) € R; for all i € I, we have (z,z) € () R;.
iel

(ii) Symmetry: For any z,y € X,

() €(Ri = Viel,(x,y) €R; = Viel, (y.x) € Ri = (y,2)€(|Ri
i€l el



1. SET THEORY 1.3. FUNCTION

Homogeneous Relation | Reflexivity Symmetry Transitivity Connectedness
Directed graph

Undirected graph Symmetric

Dependency Reflexive Symmetric

Tournament Irreflexive Asymmetric

Preorder Reflexive Transitive

Total preorder Reflexive Transitive Strongly Connected
Partial order Reflexive Antisymmetric | Transitive

Strict partial order Irreflexive Asymmetric Transitive

Total order Reflexive Antisymmetric | Transitive Strongly Connected
Strict total order Irreflexive Asymmetric Transitive Connected

Partial equivalence Symmetric Transitive

Equivalence Reflexive Symmetric Transitive

(iii) Transitivity: For any z,y,z € X,

(x,y)eﬂRi and (y,z)eﬂRi = Viel, (z,y) € R, and (y,2) € R;
i€l i€l
= Viel,(z,2) €R;
= (x,z)enRi

i€l

Definition 1.2.5 Generated Equivalence Relation

Let X be a set and R C X x X be arelation on X. The generated relation (R) is defined as the smallest
equivalence relation on X that contains R, or equivalently, the intersection of all equivalence relations on
X that contain R.

1.3 Function

Proposition 1.3.1 Image and Preimage Laws for Set Operations
Let f: X — Y be a map. Suppose that A,, A, F C X and B,,B,F CY. We have

0 £(Uda) = U 74) £ 1) 4a) € 0 £0A) 5B = 2) 2 1(8) - f4).

acel ael acl acl

@ 17 (U Ba) = U s ) 47 (0 Ba) = (77 (Ba) . £7F = B) = £7(F) = £(B),

ael ael a€cl acl

i (B%) =17 (B)"
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(i) AC f1(f(A), B2 f(f~1(B)).
(iv) If f is surjective, then f (f~*(B)) = B.

(v) If f is injective, then f ( N Aa) = () f(As.), where the indexed set I is nonempty.
aecl ael

(i) f(ANf~Y(B)) = f(A)N
(vii) AC f7H(B) < f(4) C
(viii) (fog) HU)=g7* (f‘l(U))~

Proof. (i) Omited.
(ii) Omited.
(iii) Omited.

)
)
(iv) Omited.
(v) Omited.
)

(vi) On the one hand,
FANSTHB) S HA) NS (F71(B) S f(ANB
On the other hand, if y € f(A) N B, then there exists * € A such that f(x ) y. Since f(z) € B, we

have z € f~!(B), which implies z € AN f~*(B). Therefore, y € f (AN f~*(B)). Hence, f(A)N B C
F(ANf7H(B)).
(vii)
AC M (B) = f(ACF(fNB)CB, f(A)SB = AC [ (f(A) < f(B).
(vii)
z€(fog) '(U) & (fog)(a) €U
= f(g9(x) €U

= g(x) € fT1(U)

Proposition 1.3.2 Equivalent Characterization of Injections

Let f: X — Y be a map. The following are equivalent:
(i) f is injective.
(ii) f has a left inverse: there exists a map h: Y — X such that ho f =idx.

(iii) f is left-cancellable: if f o g; = f o go, then g; = go.

Proposition 1.3.3 Equivalent Characterization of Surjections

Let f: X — Y be a map. The following are equivalent:
(i) f is surjective.
(ii) f has a right inverse: there exists a map h: Y — X such that foh =idy.

(iii) f is right-cancellable: if g1 o f = g9 o f, then g1 = go.
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Proposition 1.3.4
Suppose f: X =Y and g : Y — Z are maps. We have

(i) If g o f is injective, then f is injective.

(ii) If g o f is surjective, then g is surjective.

1.4 Grothendieck Universe

Definition 1.4.1 Grothendieck Universe

A Grothendieck universe is a set % such that
(i) Z is transitive: Vo € % ,Vy € z, (y € %). Or equivalently, Vo € %, 2 C % .
(ii) % is closed under power set: Vo € %, P (x) € % .

)

)
(iii) % is closed under union: Vo € Z,|Jz € % .
(iv) Z is closed under replacement: Vo € % ,Vf € Hom(z, %), f(z) € % .
)

(v) % contains all the natural numbers: N € %.

Definition 1.4.2 %/-Small Set

Let % be a Grothendieck universe. A set X is called a % -small set if there exists Y € % such that X
and Y have the same cardinality.




Chapter 2

Category Theory

2.1 Category

Definition 2.1.1 Small Category and Locally Small Category

Suppose % is a Grothendieck universe and C is a category. We say
e Cis locally %-small if Homc(X,Y) is a % -small set for all X,Y € Ob(C).
o Cis %-small if C is locally % -small and Ob(C) is a %/ -small set,

We can simply say C is small or locally small if the choice of % can be inferred from the context.

Definition 2.1.2 Isomorphism of Categories

Suppose C and D are two categories. A functor F' : C — D is called an isomorphism if there exists a
functor G : D — C such that F'o G = idp and G o F' = idc. In this case, we say C and D are isomorphic
and write C 2 D.

Definition 2.1.3 Section of a Morphism

A section of a morphism f: F — X in some category is a right-inverse of f, i.e. a morphism o : X — F
such that
foo:X By x

equals id x .

Definition 2.1.4 Retraction of a Morphism

A retraction of a morphism f : .S — X in some category is a left-inverse of f, i.e. a morphism p: X — §
such that .
pof:8Ltsx2ss

equals idg.

Definition 2.1.5 Category of Categories

7 -Cat is defined as a category whose objects are all % -small categories and morphisms are all functors
between small categories.

2 -CAT is defined as a category whose objects are all locally %/-small categories and morphisms are all
functors between locally small categories.

Proposition 2.1.6 Size of Functor Category

Suppose C, D are two categories.
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e If C and D are small, then [C, D] is small.
e If C is small and D is locally small, then [C, D] is locally small.

e If C and D are locally small, then [C, D] is generally not locally small.

Suppose C; and D; are locally %;-small categories, and that ¢; and d; are %;-small categories. We have the
following table

Category ‘ 2, -Cat ‘ ,-CAT ‘ Us-CAT
Object [Cl7 dﬂ 9 -Set U>-Set
%1—(:31: [Cl, Dl]

[Cla Dl}

Definition 2.1.7 Subcategory
Suppose C is a category. A subcategory D of C is a category such that

e Ob(D) € Ob(C).
e For any X,Y € Ob(D), Homp(X,Y) C Homc(X,Y).
e For any X € Ob(D), the identity morphism idx of D is the same as the identity morphism idx of C.
e For any X,Y,Z € Ob(D) and g € Homp (X,Y), f € Homp (Y, Z), fopg= focg.
A subcategory D of C is called a full subcategory if for any X,Y € Ob(D), Homp(X,Y) = Homc¢(X,Y).

There is a looser way to think about a subcategory: D is a subcategory of C if there exists a fully faithful
functor F': D — C that is injective on objects.

Example 2.1.1 Examples of Full Subcategories

Here are some examples of full subcategories:
e Ab C Grp C Mon
e Field C CRing C Ring

K-Vect C K-Mod

R-CAlg C R-Alg

Definition 2.1.8 Opposite Category
Suppose C is a category. The opposite category C°P is defined as follows

e Objects: Ob(C°P) = Ob(C)
e Morphisms: Homcor (X,Y’) = Homc(Y, X)
e Composition: f ocer g = goc f

e Identity: idcor = idc
It is easy to see that (C°P)°P = C.

Definition 2.1.9 Opposite Functor
Suppose C and D are two categories and F' : C — D is a functor. The opposite functor F°P : C°? — D°P
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is defined by

cop Dop
X F(X)
i~ lF(f)
Y F(Y)

It is easy to see that (F°P)°P = F.

Example 2.1.2
Define a functor °P : CAT — CAT as follows

CAT CAT
cop

B!
OO

Do

The functor °P is an involution, i.e. °P 0 °® = idcar. Hence °P € Aut(CAT).

Definition 2.1.10 Hom Functors

Let C be a locally small category. We can define a functor Home (—,—) as follows
Ccop x C Set
(leyl) Homc (Xlayl) > h
Homc(—,—)
(f,g)J AAAARASANY f*og. [
(X27Y2) HOIIlC (X27Y2) S gohof

By partial application, we obtain the following two functors:

e Homc (X,—): C — Set

C Set

Y1 Hom¢ (X,Y7) > h
L Homc (X,—) ‘{

9 DA A S 9«

Y, Homc¢ (X,Y3) > goh

where g, is called pushforward by g.
e Homc (—,Y) : C°P — Set

Ccep Set

X1 HOch(Xl,Y) S h
Homc(—,Y)

f A fr

X5 Homc (X2,Y) 2 hof

where f* is called pullback by f.
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Proposition 2.1.11 Natural Isomorphism [C, D]°” = [C°P, D°P]

We have a natural isomorphism [C,D]°” 22 [C°P,D°P]. The isomorphism is given by the functor Ocp :
[C,D]°® — [C°P, D°P] defined as follows

[C,D]*® [CoP, DoP]
F Fop For(x) — 22U, pop(y
| e b
G Gop GP(X) — g GP(Y)

The inverse of Ocp is OZb, pop- The naturality means the following diagram commutes

O
[Clv Dl]op & [Ccl)pa Dcl)p]

(S*T*)Opl( [(S‘)p)*O(T"p)*

[Cs, Da]P — 2222, [C3P DEP]

Proposition 2.1.12 Opposite Preserves Products, Functors, and Slices

e Opposite preserves products: (C x D)°P = C°P x D°P,
e Opposite preserves functors: [C, D]°P = [CP, D°P] .

e Opposite preserves slices: (F' | G)°P = (G°P | F°P).

Definition 2.1.13 Product Category
Let C and D be categories. The product category C x D is defined as follows

e Objects: Ob(C x D) = Ob(C) x Ob(D).
e Morphisms: Homcxp((C, D), (C’, D')) = Homc(C, C") x Homp(D, D").
o Composition: (f*,¢") o (f,9) = (f' o f, 4" ©9).

e Identity: id(¢,py = (idc,idp).

Definition 2.1.14 Initial Object

Let C be a category. An object ¢ € Ob(C) is called an initial object if for any object X € Ob(C), there
exists a unique morphism ¢ — X, or equivalently, Homc(c, X) is a singleton set.

Definition 2.1.15 Terminal Object

Let C be a category. An object ¢ € Ob(C) is called a terminal object or final object if for any object
X € Ob(Q), there exists a unique morphism X — ¢, or equivalently, Hom¢ (X, ¢) is a singleton set.

Proposition 2.1.16

Let C be a category. If ¢ € Ob(C) is an initial (or terminal) object then any object isomorphic to ¢ is also
an initial (or terminal) object.

Proof. Suppose ¢ € Ob(C) is an initial object and ¢’ € Ob(C) is isomorphic to ¢. Then there exists an isomorphism
f:c— . For any object X € Ob(C), there exists a unique morphism ¢ : ¢ — X. Hence there exists a morphism

10
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¢ — X given by go f~1. We assert Homc(c', X) = go f~1. If there exists a morphism h : ¢ — X, then
ho f:ec— X is morphism. Homc(c, X) = g forces h o f = g, which implies h = go f~!. Hence ¢’ is an initial

object. The proof for terminal object is similar.

Definition 2.1.17 Zero Object

Let C be a category. An object 0 € Ob(C) is called a zero object if it is both initial and terminal. In
other words, 0 is a zero object if for any object X € Ob(C), there exists unique morphisms 0 — X and
X — 0. These morphisms are the zero morphisms of C.

Definition 2.1.18 Evaluation Functor
Let A be a small category and C be a category. The evaluation functor ev : A x [A, C] — C is defined by

Ax [A,C] C
(X, F) F(X)
fXﬂ ~Bs ey oF(H)=G(f)obx
(Y.G) G(Y)

From the following diagram, we can see that ev preserves composition.

If we fix X € A, then we have a functor evy : [A, C] — C defined by evx (F) = F(X). This functor is called
the evaluation functor at X.

Definition 2.1.19 Constant Functor
Suppose C, D be categories and d € Ob(D). The constant functor [Ad : C — D is defined by

C

o

x
nd

|

Y

Q— o,

Definition 2.1.20 Diagonal Functor
Suppose J, C are categories. The diagonal functor I1: C — [J, C] is defined by

C [J,C]
@ Dz L
[ = | ]
Yy Wy Y Sq Y

O

11
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Definition 2.1.21 Connected Category
A category C is connected if it is nonempty and for any pair of objects X,Y € Ob(C), there exists a

zigzag of morphisms (f1, f2, -+ , fon) connecting X and Y as follows
Zl Z3 ZQn—l
fi 7 N f2 Iz -~ N fa fanea e o fon
x” N 'Y \\j L,// Sy
X =2 Z : Zon =Y

Definition 2.1.22 Comma Category

Suppose that A, B, and C are categories, and S and T (for source and target) are functors:
A cdB
We can form the comma category (S | T') as follows:

e The objects are all triples (A, B,h) with A € Ob(A), B € Ob(B), and h : S(A) — T(B) a morphism
in C.

e The morphisms from (A, B, h) to (A’, B’,h') are all pairs (f,g) where f : A - A’ and g : B — B’
are morphisms in A and B respectively, such that the following diagram commutes:

S(A) —— T(B)

S(f)l lT(g)
S(A) —— T(B')

Morphisms are composed by taking (f/,¢")o(f, g) to be (f o f, ¢’ o g), whenever the latter expression
is defined. The identity morphism on an object (A, B, h) is (id4,idg).

Definition 2.1.23 Universal Morphism

Suupose A, B, and C are categories and X € Ob (C). The comma category ([AX | T) for the following pair

of functors
12%cLB

can be written as (X | T) for short. Morphisms in (X | B) can be simplified to commutative triangles

T(B)
h
X ~ lT(g)
P
T (B

We say (Y,X = T(Y)) is a universal morphism from X to T if it is initial in (X | 7).
Similarly, the comma category (A | [AX) for the following pair of functors

A, X

can be written as (A | X) for short. Morphisms in (A | X) can be simplified to commutative triangles

12
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We say (Y, Sy)% X) is a universal morphism from S to X if it is terminal in (A | X).

Example 2.1.3 Disc Functor

Given a set X, we can define a functor Disc : Set — Cat as follows

Set Cat

X Disc(X)

f By J{Disc(f)
Y Disc(Y)

where Disc(X) is the discrete category with object set Ob (Disc(X)) = X and morphism set

{id,} ifz=y,

HomDisc(X)(xa y) = {@ ifx#y

and Disc(f) is the functor defined by Disc(f)(x) = f(x) and Disc(f)(id;) = idf(,) for each z € X.
It is easy to check that the functor Disc is fully faithful.

Definition 2.1.24 Grothendieck Construction

Let C be a category and let F' : C — Cat be a functor from any small category to the category of small
categories. The Grothendieck construction of F is a category [.F (also written I'(F')) defined as
follows:

e Objects are pairs (4, a) where A € Ob(C) and a € F(A).

e Morphisms (A4,a) — (B,b) are pairs (f,g) where f : A — B is a morphism in C and g : F(f)(a) = b
is a morphism in F(B).

The composition of morphisms is defined as follows:
(f',9) o (f.9) = (f' o f.g" o (F(f)(9)
where F(f")(g) : F(f")(F(f)(a)) — F(f')(b) is the morphism induced by g under the functor F(f).

Definition 2.1.25 Category of Elements

Let C be a category and let F': C — Set be a functor. The category of elements of F' is the the comma
category ({*} | F) where functors are illustrated as follows

120 set o £
This category is denoted by fc F and can be explicitly described as follows
e Objects are pairs (4, a) where A € Ob(C) and a € F(A).
e Morphisms (A, a) — (B,b) are arrows f : A — B of C such that F(f)(a) =b.
The category of elements of F' is naturally equipped with a projection functor 7 : fc F—C

JoF c
(4,a) A

|

~

£
=
®

13
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By viewing sets in Set as discrete categories, we have an inclusion Set < Cat. Hence the category of elements
of F is a special case of the Grothendieck construction.

2.1.1 Slice Category

Definition 2.1.26 Slice Category

Suppose C is a category and X € Ob(C). The slice category or over category (C/X) is the comma
category (idc | X)), where functors are illustrated as follows

c e, c B 1

Morphims in (C/X) are commutative triangles shown as follows

| S
s

If C has a terminal object T¢, then the slice category (C/T¢) is isomorphic to C.

Definition 2.1.27 Coslice Category

Suppose C is a category and X € Ob(C). The coslice category (X/C) is the comma category (X | idc),
where functors are illustrated as follows
1-%2,cc

Morphims in (X/C) are commutative triangles shown as follows

C/
If C has an initial object @, then the coslice category (&/C) is isomorphic to C.

Definition 2.1.28 Category of Pointed Objects

Suppose C is a category with terminal object . The coslice category (e/C) is called the category of
pointed objects of C and is denoted by C,.

Proposition 2.1.29 Limits and Colimits in Slice Categories
Let C be a category. Fix some object X € Ob (C). Then

(i) The forgetful functor U : C/X — C strictly creates all colimits. If hg(U o F) exists for some diagram
F:J— X/C, then h_n)lF exists and we have natural isomorphism

U (h_n;F) > liy(U o F).

(ii) The forgetful functor U : C/X — C strictly creates all connected limits. If im(U o F') exists for some
connected diagram F : J — C/X, then lim F exists and we have natural isomorphism

U (Im F) & lim(U o F).

14
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(iii) If
(mUoF) xpm  x X

exists for some diagram F': J — C/X | then @F exists and can be given as

@iLnUoF) Xpm _x X — X.

Proof. (i) Let F : J — C/X be a diagram. Write F'(j) = (f; : A; — X)) for each object j € Ob(J). For each
morphism X : j — j" in J, we have F((X) : A; — Ajs such that the following diagram commutes

AL,A

N

Lift the Limit Cocone. Suppose the colimit of U o F exists and the cocone

C = <li_n>1U o F, (s : Ay — I U o F)jeOb(J))

is initial in Cocone (U o F,C). Then by the universal property of colimits, there exists a unique morphism
q: hﬂ(U o F') = X such that for each morphism A : j — j’ in J the following diagram commutes

A; A

J J

\/

UOF

Q

e

This commutative diagram implies

Q= <q Aim(U o F) — X, (1 4; — hﬂUOF)jEOb(n)

is a cocone in Cocone (F,C/X) and the pushforward cocone U, Q is exactly C.
Uniqueness of Lift. To show @ is the unique cocone in Cocone (F,C/X) such that U.Q = C, let

R= <r (U o F) — X, (1 45 — MEUOFLEOMJ))

be any cocone in Cocone (F,C/X) such that U,R = C. The cocone condition implies for each morphism
A:j — 7" in J the following diagram commutes

By the uniqueness part of the universal property of colimits, we have r = ¢q. Hence @ is the unique cocone
in Cocone (F, C/X) such that U.Q = C.

15
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Lifted Cocone is Initial. To show @ is initial in Cocone (F,C/X), let
S = ( Y — X, (v 1 A —>Y)j60b(J)>

be any cocone in Cocone (F, C/X). Since for each morphism A : j — j’ in J, the following diagram commutes

A; A

\/

where u : lim(UoF) — Y is the morphism induced by the universal property of colimits such that uop; = v;
for each j € Ob(J). By the uniqueness part of the universal property of colimits, we have s o u = ¢. Thus
we have the following commutative diagram

lim(U o F)

which implies v : lim(U o F') — Y is a morphism in Cocoone(F,C/X) from @ to S. To show uniqueness
of such morphism, let v’ : h&q(U o F') = Y be any morphism in Cocoone(F,C/X) from @ to S. Then for
each j € Ob(J), we have v’ o 1; = v;. By the uniqueness part of the universal property of colimits, we have
u’ = u. Hence @ is initial in Cocone (F,C/X).

Let F: J = C/X be a diagram with J being connected. Write F'(j) = (f; : A; — X) for each object
j € Ob(J). For each morphism X : j — j in J, we have F(\) : A; — Aj/ such that the following diagram

commutes
F(X)

\/

Lift the Limit Cone. Suppose the limit of U o F' exists and the cone

L= (h (U o F), (Wj Him(U o F) — Aj)jeOb(J))

is final in Cone (C,U o F'). Then by the universal property of limits, for each morphism A : j — j' in J, the
following diagram commutes

Ajs

2N
\/

16
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and we have
fiom;=fyomy.

Since J is connected, f; o m; = f;s o ;s holds for any j,j’ € Ob(J). Since connected category is nonempty,
there exists jo € Ob(J). Define h := f;, o mj,. Then

H= (h : @(UoF) — X, (Wj)jeOb(J)>

is a cone in Cone (C/X, F') and the pushforward cone U, H is exactly L.
Uniqueness of Lift. To show H is the unique cone in Cone (C/X, F) such that U, H = L, let

H = (h’ : @(UoF) — X, (Wj)jGOb(J))

be any cone in Cone (C/X, F') such that U,H' = L. Since h' : 1£1(U o F) — X is a morphism in C/X, we
have b/ = f;, omj, = h. Hence H' = H.

Lifted Cone is Final. To show H is final in Cone (C/X, F), let
P= (p Y — X, (p; Y — Aj)jeOb(J))

be any cone in Cone (C/X, F'). Since for each morphism X : j — j’ in J, the following diagram commutes

we see

(pj 1Y — Aj)jeOb(J)

is a cone in Cone (C, F). By universal property of I&H(U o F'), there exists a unique morphism v : Y —

@(U o F') such that the following diagram commutes

for each j € Ob(J). Since
hou= fj, omj, ou= fj, o pjo =,

17
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wesee u:Y — lgl(U o F') is a morphism in C/X such that the following diagram commutes

@(U oF)

for each j € Ob(J). Hence u:Y — m(U o F') is a morphism in Cone (C/X, F') from P to H.

Ifu:Y — lgl(U o F) is a morphism in Cone (C/X, F) from P to H, then by forgetting the morphism to
C, we see v’ is also a morphism in Cone (C,U o F') from

(Y» (pj)jEOb(J))

to
(I (U 0 F), (7)o ) -

Thus we have v’ = u by the universal property of I&n(U o F). Therefore H is final in Cone (C/X, F).
O

Corollary 2.1.30 Initial and Terminal Objects in Slice Categories

Let C be a category and fix some object X € Ob (C).
e If C has an initial object L, then the slice category C/X has an initial object (L — X).
e The slice category C/X has a terminal object idx : X — X.

e If C has a terminal object T, then we have a natural isomorphism of categories C/T = C.

Corollary 2.1.31
Let C be a category and fix some object X € Ob (C).

e If C is complete, then the slice category C/X is also complete.

e If C is cocomplete, then the slice category C/X is also cocomplete.

Proof. According to Proposition 2.1.29, the equalizers and products in C/X can be constructed from limits in C.
By Theorem 2.4.31, C/X is also complete. The dual argument shows that if C is cocomplete, then C/X is also
cocomplete. O

2.2 String Diagram

String diagrams are a convenient way to represent the composition of natural transformations. From top to
bottom, a string diagram represents a series of vertical compositions of natural transformations.

Suppose ¢ : F' = G is a natural transformation between functors F,G : C — D. The string diagram for ¢ is
just the Poincare dual of its 2-cell diagram.

1 T
90* = C Hw D
\5/
G

18
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When we say two string diagrams are equal, we mean that the vertical compositions of natural transformations
they represent are equal.
The point(0-cells), strings(1-cells), and 2-cells in a string diagram can be interpreted as follows

o 2-cells: categories. 2-cells with different colors represent different categories.

e l-cells: functors. Each 1-cell has exactly two adjacent 2-cells. The left and right adjacent 2-cells are the
domain and codomain of the functor respectively. We can think each 1-cell has two end points connected
to either a natural transformation or the point at infinity oo. If an end point is connected to oo, then we
say that it is a free end. The end point on the top of a string and the end point on the bottom of a string
are called the top end and bottom end respectively.

e O-cells: natural transformations. Each 0-cell has exactly two adjacent 1-cells. The top and bottom adjacent
1-cells are the domain and codomain of the natural transformation respectively.

2.2.1 Basic Operations
Composition of Functors

If two string F': C — D and G : D — F has the same top ends and bottom ends, then we can glue them together
to form a new string G o F'. Depending on whether the top ends and bottom ends are free or not, we can illustrate
the following cases

F G GoF

F G GoF
Vertical Composition

The vertical composition of natural transformations ¢ : F = H and v : G = I collapses two adjacent points in
a string into one single point and “eats” the intermediate segment, which is illustrated as follows

F F

G = Yoy

Horizontal Composition

To do horizontal composition for natural transformations ¢ : /' = H and 6 : G = I on a horizontal line. First
we can stick these two points together, which is illustrated as follows

19
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F G F G
P 0 = fop
H I H I

Then we can composite the functors F' and G to get a new functor G o F'. Also we can composite the functors
H and I to get a new functor I o H. By gluing these strings together, we get a new natural transformation
foyw:GoF = 1o H. This is illustrated as follows

F G GoF

S
5SS
I
S
o
AS)

2.2.2 Morphism as Natural Transformation

If f: X — Y is a morphism in C, then the following string diagram should be understood as follows

i Y
f* - 1 ﬂf. C

\z;/
Y

Naturality

Suppose ¢ : F = G is a natural transformation between functors F,G : C — D. Then the functoriality of ¢ can
be described by the following string diagram

F(X) X F X F X F F(X)
ox px f F(f)
G(f) f Py Py
GY) Y G Y G Y G G(Y)
X
Note that appending the string diagram £ + to the left of the string diagram of ¢ is equivalent to evaluating
Y

pat f: X =Y.

Elements of Sets

Let X be a set and z € X be an element of X. Then we represents x as a morphism « : {x} — X in Set, which
is illustrated as follows

{x}

1

20
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Function as Element or Morphism

If we have a function f: X — Y, then we can represent f as morphism f: X — Y in Set, which is illustrated as

follows
X

fi

And we can also represent f as an element f € Homse(X,Y'), which is illustrated as follows

{x}

i

Hom(X,Y)

Then we have the following equalities for Hom functor [X,—] : C — Set

{*} {*} {*}
x[(19% = = ty v, -1
f
f I*
Y [[X7 _]] Y [[X7 _]] Y [[X7 _]]
Generally, given X ER Y: %4 Y, in Set, we have the following equalities
{x} {x} {x}
g f‘*
2 [X,-] 2 [X,-] 2 [X,-]

2.3 Representable Functor

Definition 2.3.1 Presheaf
Let C be a category. A presheaf on C is a functor F' : C°P — Set.

Definition 2.3.2 Yoneda Embedding Functor
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Let C be a category. The Yoneda embedding functor is the functor Yc : C — [C°P, Set]| defined as

follows
C [COP Set]
Y Home (—, Y1) Home(X1,Y:) —L— Home(Xs, Y1)
Yc
g A Mg* ——————————— > g*l lg*
Homc (—, Y2) Homc (X7, Y2) — Homc (X3, Y2)

Ys
where the natural transformation g, is defined pointwise as follows: (g.)y = g« for any X € Ob(CP).
The contravariant version is Ycer : C°P — [C, Set], which is defined as follows

Cop [C, Set]
X, Homc (X1, —) Homc(X1,Y:) —2— Homc (X1, Ys)
Ycop
f RARS AN Mf* ——————————— > f*l lf*
X5 Homc (X3, —) Homc (X5, Y7) — Homc (X5, Y2)

Here we use the fact Homcop (—, X)) = Homc (X, —).

Let C be a locally small category. For any functor F' : C°P — Set and any A € Ob(C), there is a natural

qa,r : Hompgycy (Home (—, A) , F) — F(A)
Homc(—,A)

/\
Cer HCb Set | — da (idA)
\E/

bijection

The naturality of g4, r means that

COP x [COP, Set] Set
(A1, Fy) Hompgp(cy(Home (—, A1), F1) > ¢
Hompgh(c) (Y (=), —)
(g.m)
(A2, F») Hompgp(cy(Home (—, Az), F5) > nogogs

is a functor isomorphic to the evaluation functor
ev : C°P x [C°P Set] —> Set

(4, F) — F(A)

Covariant version
For any functor F': C — Set and any A € Ob(C), there is a natural bijection
Hom[C,Set] (HOIDC (A, —) 7F’) ;> F(A)
Homc(A,—)

C utb Set — Oa (idA)

F
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Proof. We break the proof into following steps.

e ¢ is determined by ¢4 (id4).
Suppose ¢ : Homc (—, A) = F is a natural transformation. Given any morphism f : X — A in C, the naturality
of ¢ gives the following commutative diagram

idy € Homc(4, A) f*> Homc¢(X,A) >

R

da(ida) € F(A) — Ty F(X) > ox(f)

Thus we see ¢ is determined by ¢ 4(id4) as follows
ox(f)=F(f)(da(ida)), VX € Ob(C),Vf € Homc(X, A).
This implies that the injectivity of g4, r.

e Construct the inverse of ¢4 .
Define

ra,r + F(A) — Hompgy(c) (Home (—, 4), F)
o% : Home (X, A) — F(X)
fr—= F(f)(u)

T

To ensure r4 p is well-defined, we need to check that r4 p(u) = ¢" is always a natural transformation. In fact,
given any morphism h : X; — X5 in C, it is easy to check the following diagram commutes

g € Homc(Xy,A) —"— Hom¢(X1,A) > goh

e

Flg)u) €  F(Xz) ——5— F(X1) 3 F(goh)(u)

because the functoriality of F' gives the identity F'(go h) = F(h) o F(g).
For any u € F(A), we have

(qa,rorar)(u) =qar(¢")
= ¢ (ida)
= F(ida)(u)
= idp(a)(u)

:u7

which implies that g4, r is surjective. Therefore, g4 r is a bijection and r4 r is the inverse of g4, F.

We can also manually check that (ra,r o ga.r)(¢) = ¢ for any natural transformation ¢ : Homc (—, 4A) = F,
by evaluating the natural transformations at id 4,

((ra,poqar) (), (da) = (rar(Palida)))a(ida)
= F(ida)(¢a(ida))
= idp(a)(Pa(ida))
= ¢a(ida).

® g4 r is natural in A and F.
Hompgh(c) (Yc(—),—) is a functor obtained by the composition

YoP id
(¥e.id)

Hompy ——
CoP x [C°P, Set] 25 [C°P, Set] x [C°P, Set] — @),

Set
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Given any g : Ao — Ay and 7 : F; — F5, we should check the following diagram commutes

Hompgh(c)(Yc(Ar), F1) o en- Hompgh(c)(Yc(Az), F2)

’1A1,F1‘/ ‘/‘M%Fz

Fl(Al) FQ(AQ)

F2(g)ona,
It suffices to check that the following diagram commutes

(g:)"

HOHI(Yc(A]_)7F1) HOIH(Yc(AQ),Fl)

M+
M qAy,Fy
qAy,Fy Hom(Yc(41), F) (8)" Hom(Yc(As2), F3)
qAq,Fy
Fl(Al) F1(9) Fl(AQ) qAg,Fy
NAy NAqy
F:
F2(A1) 2(9) FQ(AQ)

To check the commutativity of the left square

Hompgn(c) (Ye(A1), Fi) ———— Hompgyc)(Ye (A1), Fa)

qu,Fl‘ ‘qu,FQ

Fi(Ay) Fy(Av)

nAy
we can verify that for any ¢ € Hompgy(c) (Yc (A1), F1),
qay,F © s (9) = qay,p, (N0 9)
=(no ¢)A1 (ida,)
=14, (04, (id4,))
=14, ©qa,,F (D).
To check the commutativity of the front square

Hompgp(cy(Yc (A1), Fh) e, Hompgp(cy(Yc(Az2), Fh)

qu,FQl lqu,Fz

FQ(Al) FQ(AQ)

Fa(g)

we can verify that for any ¢ € Hompgh(c) (Yc (A1), F2), we have
Q4,75 © (94)" (V) = a0, 7, (Y0 g4)

= (o 9*)A2 (ida,)

= 1ha, 0 gs (ida,)

=14,(9)

= F3(9)(¢a, (ida,))

= F3(9) © qa,, 7, (¥).
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For the covariant version, the following string diagram shows ¢ is determined by ¢ (id4)

¢x(f) = F(f)(9a(ida)), VX € Ob(C),Vf € Homc (4, X).

{*} {*} {*}
idg
! ida [A, A]
Aa — = A A, — =
[4,-] 4, -] A
¢ f ¢ f
X F X F X F
For any u € F(A), we can define ¢* : Homc (4, —) = F by
{+} {x} {+} {*}
d = af 2, PR,
f o f
X  [A -] X  [A4,-] X F X F
and check that the naturality of ¢* as follows
{*} {*}
idg [[A7 hﬂ 4 id 4
A — g
X
g h
Xl [[Aa _ﬂ X2 [[Aa _ﬂ
]¢%l I¢%2
{*} {*}
U A
A Ffi£§l+ g
X1
g h
Xl F Xg F

Then it is straightforward to see ¢% (ida) = u and ¢?4(da) = ¢,
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Corollary 2.3.4 Yoneda Embedding

Let C be a locally small category. The Yoneda embedding functor Y¢ : C — [C°P, Set] is fully faithful. That
is, for any A;, A3 € Ob (C), the morphism set map

Ycltome(4y,45) : Home (A1, A2) — Hompgp(c) (Home (—, A1), Home (—, 42))
f—f«

is a bijection. That justifies the name “embedding” because C is embedded into Psh(C) via Y¢ as a full
subcategory.

Proof. By Yoneda lemma, there is a natural bijection
Hompgp(cy (Home (—, A1), Home (—, A2)) = Homc (A1, Az),
which is given by

TA,ve(As) : Home (A1, Ag) — Hompgy(c) (Home (—, A1) , Home (—, A2))

: Home (X, A1) — Home (X, A
Fes f (f)x c(X, Ay) C(_ 2)
gr— filg)=foyg
and
Ay, Ye(As) : Hompgncy (Home (—, A1) ,Home (—, A2)) — Homc (A1, Az)
HOmc(—,Al)
/\ .
cop ﬂqb Set | — ¢a, (ida,)
Homc(—,A2)
Note that 74, y.(4,) is exactly the morphism set map YC|HomC(A1,A2)' O

Yoneda embedding allows us to regard any category C as a full subcategory of Psh(C). So in the sense of
categorical isomorphism, we can identify any object A € Ob(C) with a presheaf Homc(—, A).

An object in a category is equivalent to the collection of all arrows pointing to that object. In other words,
the information we care about is which arrows from an object itself and other objects would point to this object,
while the object’s internals are completely regarded as a black box.

The arrows between objects in a category are equivalent to the transformations between sets of arrows pointing
to objects. Specifically, suppose f is an arrow from object A to object B, then any arrow pointing to A can be
transformed into an arrow pointing to B by appending an f, which is exactly what f, does. Conversely, if there
is a way to naturally transform all arrows pointing to A into arrows pointing to B, then this transformation must
be realized by appending an arrow between A and B.

Definition 2.3.5 Representable Functor
Let C be a locally small category.

e A functor F : C — Set is called representable if it is naturally isomorphic to Homc (A4, —) for some
A € Ob(C).

e A functor F' : C°P — Set is called representable if it is naturally isomorphic to Homc¢ (—, A) for
some A € Ob(C).

A representation of F is a pair (4,¢), where A € Ob(C) and ¢ : Homc (4, —) = F is a natural

isomorphism.

According to Yoneda lemma, ¢ : Homc (A, —) = F'is 1-1 correspondence with an element ¢ 4(id4) € F(A).
We define an universal element of F is a pair (A,u) where A € Ob(C) and u € F(A) such that u
corresponds to a natural isomorphism ¢ : Homc (4, —) = F. Specifying a universal element of F' is

equivalent to specifying a representation of F'.
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¢x : Home (4, X) AN F(X)
{*}
A
A
f — fe
X
X ]
X F
A
| (4}
{x}
s — s
X F
| X F
X

The naturality diagram of ¢
Homc (A4, X) SN Homc(A,Y)

¢X‘/N N‘/(ﬁy

F(X) ————— F(Y)

F(h)
can be translated into the following calculus rules
{+} {x}
A A
fe fe
X =
he X
Y X
| "
Y F Y F
A A
{x} {x}
X/ s B s
h B X F
Y F X
h
Y Y

Proposition 2.3.6 Equivalent Characterizations of Representable Functor
Suppose F' : C — Set is a functor. Then the following statements are equivalent:

(i) F is representable by universal element (A, u)
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(ii) (A, wu) is initial in the category [. F'= ({*} | F)), which corresponds to 1 B8, Get + £ .

(iii) (A, ") is initial in the category (Ycer | F'), which corresponds to C°P Jeor, [C, Set] i
(iv) (4,Qdu: {*} — F(A)) is a universal morphism from {*} to F.

(v) For any (X, z) € Ob( [ F), there is a unique morphism (A,u) — (X,z) in [ F' (which is a morphism
f:A— X in Csuch that F(f)(u) = x).

Suppose F' : C°P — Set is a functor. Then the following statements are equivalent:

(i) F is representable by universal element (A, u)
(ii) (A, wu) is initial in the category [, F'= ({*} | F'), which corresponds to 1 B Ser « £ cop
(iii) (A, ¢") is terminal in the category (Yc | F'), which corresponds to C X, [COP, Set] L8 1

(iv) (A,Qu: {*} — F(A)) is a universal morphism from {x} to F.

(v) For any (X,z) € Ob ([, F), there is a unique morphism (A,u) — (X,z) in [, F (which is a
morphism f: X — A in C such that F(f)(x) = u).

Proof. (i) <= (ii). Suppose (A, u) is an object of [. F' and ¢* : Homc (A, —) = F be the natural transformation

(qu(f):F(f)(u)v vaHomC(AvX)a
which can be illustrated by the following diagram

fs

ida € Homc¢(A, A) —— Homc(4, X) f
| |
u=¢4da) € F(A) —Fm— F(X) > o%(f)

F(f)

Thus we have

(A, u) is initial in /F <~ VY(X,z) € Ob </ F> , f € Home(A, X), F(f)(u) =«
C ¢
< VX €Ob(Q), Vz € F(X), 3'f € Homc(A4, X), ¢%(f) =
< VX € Ob(C), ¢% is bijective
<= ¢" is a natural isomorphism

<= (A, u) is a universal element of F.

(i) <= (iii). (A, ¢") is initial in (Ycor | F') if and only if for any X € Ob(C) and any natural transformation
¥ : Home (X, —) = F, there is a unique f € Homc (A4, X) such that ¢“ o f* =

Homc (A, —)
S
£ F
: /f
HOmc (X, —)

28



2. CATEGORY THEORY 2.3. REPRESENTABLE FUNCTOR

or equivalently
Vx(idx) = (¢ o f*)x (idx) = % (f).
Suppose F is representable by universal element (A, u). Then ¢* : Homc (A4, —) = F is a natural isomorphism.

Since
Yeor [omc(4,x) + Home (4, X) — Homyc sey (Home (X, —) , Home (4, —))
[

is a bijection, there is a unique f € Homc (A, X) such that f* = (¢*)" o ¢ or equivalently ¢* o f* = 1.
Conversely, suppose (A, ¢*) is initial in (Ycor | F'). Then for any X € Ob (C) and any x € F(X), there exist
natural transformation ¢* : Home (X, —) = F' and unique f € Homc (A4, X) such that z = 9% (idx) = ¢%(f),

Homc (A X
I
Home (X, X

which implies ¢% is bijective. Thus ¢ is a natural isomorphism and (A, ) is a universal element of F. O

Corollary 2.3.7 Initial Object Characterized by Representable Functor

Suppose C is a locally small category.

e A € Ob(CQ) is initial in C if and only if the functor A{*} : C — Set is representable and naturally
isomorphic to Home (A4, —).

e A € Ob(C) is terminal in C if and only if the functor A{*} : C°P — Set is representable and naturally
isomorphic to Home (—, A4).

Proof. Let [A{x} : C — Set be a constant functor. It is easy to see that the category [. [A{x} is isomorphic to C
through the functor

p:/CZI{*}—>C
(Cx)— C

As established in Proposition 2.3.6, (4,%) € Ob(C) is initial in [ A{*} if and only if [A{*} is a representable
functor with a universal element (A, *), which proves the first statement. The second statement can be obtained
by applying the first statement to C°P.

In addition, an alternative ad-hoc proof is conceivable. If [A{*} is naturally isomorphic to Homc (A, —) through
6 : Homc (A, —) = A{x}, we have no choice but to define fx(idx) = *. Note that A{x}(A) = {*}. Yoneda

lemma also implies that 6 must correspond to * € A{x}(A) and accordingly 6 is the unique natural isomorphism
from Homc (A, —) to A{*}. O

Lemma 2.3.8
Let F : C — D be a functor and X € Ob(D). Consider functors

1 ax D il C

1 a{x} Set Homp (X,F(—)) C

We have the following category isomorphism

(X | F) 2 ({+} | Homp (X, F(—))) = /C Homp (X, F(~))
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through the functor (4, u) — (A, du), whose action on commutative diagrams is illustrated as follows

X —%“ 5 F(A) {x} —2% — Homp (X, F(A))
g iF(h) — Qg iF(h)*
F(B) Homp, (X, F(B))

Proposition 2.3.9 Equivalent Characterizations of Universal Morphism
Let ' : C — D be a functor, A, X € Ob(D) and v : X — F(A) be a morphism. Then the following
statements are equivalent:

(i) (A,u) is initial in the category (X | F).
(ii) Homp (X, F'(—)) is representable by universal element (A, w).
(iii) (A, Au) is initial in the category [ Homp (X, F(—)) = ({*} | Homp (X, F(—))).
Dually, the following statements are equivalent:
(i) (A,u) is terminal in the category (F' | X).
(ii) Homp (F'(—), X) is representable by universal element (A, u).

(iii) (A, Au) is initial in the category [, Homp (F(—),X) = ({*} | Homp (F(—), X)).

Proof. Tt suffices to show (i) <= (iii). The category (X | F) is isomorphic to [ Homp (X, F(—)) through the
functor

X —" 5 F(A) {x} —2“ % Homp (X, F(A))
g iF(h) — - iF(h)*
F(B) Homp, (X, F(B))

We can also verify it directly.

(A,u) is initial in (X | F) <= V(B,g) € Ob(X | F), 3lh € Homc (A, B), F(h)ou=g
<= VB € Ob(C), Vg € Hom¢(X, F(B)), 3'h € Homc(A, B), F(h)ou=g

< V(B,HWyg) € Ob (/ Homp (X,F(—))) , Alh € Homc (A, B), F(h). o Du = g
C
<= (A4,u) is initial in /HomD (X, F(-))
C
The dual version is similar. O

Example 2.3.1 Identity Functor idse; is Representable
The identity functor idse; : Set — Set is representable by ({*},id(.;). The natural isomorphism ¢ :
Homse; ({#}, —) = idse; is defined by

¢x : Homse ({*}, X) — X
fr—f(*)
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Naturality of ¢ means that for any function h : X — Y, the following diagram commutes

Homse: ({*}, X) —= Homse: ({*},Y)

o Jo

X Y

Example 2.3.2 Ob : Cat — Set is Representable
The functor

Cat Set
C Ob(C)
FJ «NQ/E/V& J{Fob
D Ob(D)

Ob : Cat — Set is representable by (1,id,;). The natural isomorphism ¢ : Homea (1,—) = Ob is
defined by

¢c 5 HomCat (1, C) L) Ob(C)
F+— FOP(e)

Naturality of ¢ means that for any functor H : C — D, the following diagram commutes

Homc,: (1, C) L Homc,: (1, D)

| |

Ob(C) ———— Ob(D)

Example 2.3.3 Mor : C — Set is Representable
The functor

Cat Set
C Mor(C)
FJ{ le\[/o\r/\/~> J FMor
D Mor(D)

Mor : Cat — Set is representable by (2, — e). The natural isomorphism ¢ : Homca (2, —) = Mor is
defined by

éc : Homc,e (2,C) — Mor(C)
Fr— FMO (0 5 @)

Naturality of ¢ means that for any functor H : C — D, the following diagram commutes

Homc,: (2,C) SELLIN Homc,: (2, D)

«| [
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2.4 Limit and Colimit

Definition 2.4.1 Cone

Let J, C be categories and F': J — C be a functor. Consider functors
c—25,q 281

The comma category (4] [AF) is called the cone category from C to F, denoted by Cone(C, F).
According to Lemma 2.3.8, we have category isomorphism

Cone(C, F) = (2 L OF) = ({} | Homy ¢ (A(~), F)) = /C Homy, ¢ (B(~), F).

e Objects: The objects in Cone(C, F') are all natural transformations

where C' € Ob(C). Such h: AC = F is called a cone from C' to F because it can be viewed as a
family of morphisms (h; : €' —= F(i)),copy) in C such that the following diagram commutes for each

morphism A : ¢ — 7 in J

F(X)

e Morphisms: The morphisms in Cone(C, F') are commutative triangles shown as follows

nc X&
f.u -

nc’

Equivalently, a morphism from cone (h; : C' = F(i));cop(y) to cone (hj: C" — F(i));cob(y) is a mor-
phism f: C — C’ in C such that the following diagram commutes for each i € Ob(J)

Definition 2.4.2 Limit
Let J,C be categories and F' : J — C be a functor. The limit of F', denoted by l'gl_] F, is the terminal
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object of Cone(C, F'). For each morphism A : ¢ — j in J, we have the following commutative diagram

For simplicity, we may write @F instead of 1&1 ) F

Definition 2.4.3 Cocone
Let J, C be categories and F': J — C be a functor. Consider functors

1-25,,q«2c

The comma category (F | [A) is called the cocone category from F' to C, denoted by Cocone(F, C).

e Objects: The objects in Cocone(F, C) are all natural transformations

where C' € Ob(C). Such h : F = AC is called a cocone from F to C because it can be viewed as a
family of morphisms (h; : F'(i) = C),c0py) in C such that the following diagram commutes for each

morphism A : ¢ — 7 in J
i —> F(
F(i) = ()

e Morphisms: The morphisms in Cocone(F, C) are commutative triangles shown as follows

nc
!
™~

uc’

Equivalently, a morphism from cocone (h; : F'(i) = C);copyy to cocone (h; : F(i) = C');cqy ;) I8 a mor-
phism f: C' — C” in C such that the following diagram commutes for each i € Ob(J)

Definition 2.4.4 Colimit
Let J, C be categories and F': J — C be a functor. The colimit of F'; denoted by hﬂ F, is the initial object
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of Cocone(F,C). For each morphism A : ¢ — j in J, we have the following commutative diagram

F(\)

For simplicity, we may write hglF instead of hﬂ ) F.

Definition 2.4.5 Connected Limit

Let J be a category. Then a J-shaped limit (resp. colimit) is called a connected limit (resp. connected
colimit) if the category J is connected.

Proposition 2.4.6 Limit Characterized by Representability

Let J,C be categories and F' : J — C be a functor. The limit of F' exists if and only if the functor
Homy, ¢ (A (-), F)

Cer
o Homyj (|ZIC1, )2 (hi : C1—F(1));con0)
Homyy ¢ (B(—),F)
g A~~~ A~~~y (B9)* (9%)icob)
C, Homyy ) (AC2, F) 5 (hiog: Co——F(i));conyy  F(i) F(5)

F(\)

is representable. In this case, the universal element coincides with (@1 F, (Zi : ILHF — F (Z)) ‘ Ob(J)) and
1€

we have

Homyy,q) (B (~), F)  Home (—, Jim F) .
Dually, the colimit of F* exists if and only if the functor Homy ) (F, [ (—)) : C — Set is representable. In

this case, the universal element coincides with (h_ng F, (éi cF(i) — li_ngF)ieOb(J)) and we have

Homy, ¢ (F, 2 (—)) = Homc (th 7) .

Proof. According to Proposition 2.3.6, Hom ¢) (4 (=), F') is representable by the universal element (A, u) if and
only if (A,u) is initial in [.,, Hom ¢ (A (—), F), which is equivalent to saying that for any C' € Ob(C) and
(hi) € Hompy ) (KUC, F), there is a unique morphism f : C'— A in C such that h; = f*(u;) = u; o f for each
1 € Ob(J). This is exactly the universal property of limit. O

Lemma 2.4.7
If J is a small category with a terminal object ¢, then for any functor F' : J — C, we have hglF >~ F(t).

Proof. Since for every j € Ob(J), there is a unique morphism A; : j — ¢, (F(t), (F'(X\) : F(j) — F(t))je()b(J)) is
a cocone from I to F'(t). We need to show that it is initial. Note that F'(\;) = F'(id;) = idp(;). For any cocone
(C’, (hj : F(j) — C)]EOb(J)), there is a morphism h; : F((t) — C such that for any j € Ob(J), hy o F(A;) = hj,
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which means the following diagram commutes

C
hj i he
F(t)
F(j) ——5— F()

If there is another morphism g : F'(¢t) — C' such that for any j € Ob(J), g o F(\;) = h;. Take j = ¢, and we have

g = hu. Therefore, (F(t), (F(\5) : F(j) = P(£)) copy)) 18 the colimit of F.
O
Example 2.4.1
Let C be a category and X € Ob(C). Consider the hom functor Home (X, —) : C — Set. We have
ling Home (X, —) 2 {x}.
Proof. Let hX = Homc(X, —). By Proposition 2.4.6, we have
Hommic seq (A, 2 (~)) = Homse (Tim 5, — ) .
where [ : Set — [C, Set] is the diagonal functor. By Yoneda Lemma, we have natural isomorphism
Homjc seqy (1™, (—)) = Homc se (™, =) 0 A = evx 0 4 = idse: = Homsee ({}, —) .
The last isomorphism has been proved in Example 2.3.1. Therefore, we have
Homget (hﬂ hx, —) =~ Homser ({*},—) -
Since Yoneda embedding is full and faithful, we have li_n;th >~ {«}. O

Definition 2.4.8 l'gl_] Functor

Let J be a small category and C be a category. If for any functor F : J — C, h(LnJ F exists, then we have a
functor

[J,C C
F @JF
G yLnJG
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where @1 | 0 is induced by the universal property of @1 | G

lim F
—J

AN

F(i) F(j)

jim, G
G(i) G(5)

Definition 2.4.9 lim  Functor
Let J be a small category and C be a category. If for any functor F': J — C, ligJ F exists, then we have a
functor

[J,C C
F ligJF
G ligJG

where hgl | 0 is induced by the universal property of hgl | F

Proposition 2.4.10 Diagonal is Left Adjoint to Limit: [ Lmj
Let J be a small category and C be a category. If for any functor F' € [J, C], ££n : F' exists, then the functor
limg - [J,C] — Cis right adjoint to the diagonal functor [ : C — [J, C]

|
X
c 1 [Jq
‘\._/
jm,

We have a natural isomorphism

HOHI[J’(:] (lZIC’7 F) =~ Homc <C’7 wF>
J
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Proposition 2.4.11 Diagonal is Right Adjoint to Colimit: liglJ 1A

Let J be a small category and C be a category. If for any functor F € [J, C], @ ) F exists, then the functor
lignJ : [J,C] — Cis right adjoint to the diagonal functor [ : C — [J, C]

~
b, 1L+ C

~_
|

We have a natural isomorphism

Homy, ¢ (F, AC) = Homc (h_n} F, C’>
J

Definition 2.4.12 Complete Category

A category C is complete if it has all small limits. That is, for any functor F': J — C with J small, @F
exists.

Definition 2.4.13 Cocomplete Category

A category C is cocomplete if it has all small colimits. That is, for any functor F' : J — C with J small,
@F exists.

Definition 2.4.14 Bicomplete Category

A category C is bicomplete if it is both complete and cocomplete.

Example 2.4.2 Examples of Bicomplete Categories
The following categories are bicomplete: Set, Grp, Ab, Ring, R-Mod, K-Vect, Top.

Definition 2.4.15 Finitely Complete category

A category C is finitely complete if it has all finite limits. That is, for any functor F' : J — C with J a
finite category, mF exists.

Definition 2.4.16 Finitely Cocomplete category

A category C is finitely cocomplete if it has all finite colimits. That is, for any functor F : J — C with
J a finite category, th exists.

Definition 2.4.17 Filtered Category
A category J is filtered if

e J is nonempty.

e For any pair of objects j1, j2 € Ob(J), there exists an object j5 € Ob(J) and morphisms j; — js and
J2 = J3-

e For any pair of morphisms f, g : j1 — jo, there exists an object j3 € Ob(J) and a morphism h : jo — js
such that ho f = hog.
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Definition 2.4.18 Cofiltered Category
A category J is cofiltered if J°P is filtered. Equivalently, J is cofiltered if

e J is nonempty.

e For any pair of objects j1, jo € Ob(J), there exists an object j5 € Ob(J) and morphisms j5 — j; and
J3 = Ja-

e For any pair of morphisms f, g : j1 — jo, there exists an object j3 € Ob(J) and a morphism A : j3 — jo
such that foh = go h.

Lemma 2.4.19
Let C be a filtered category. Then

(i) Given a finite family of objects (¢;);—, € Ob(C), there exists an object ¢ € Ob(C) and morphisms
¢; —cforeachi=1,2,---  n.

(ii) Given a finite family of morphisms (f; : ¢ — ¢/);; € Hom(c, ), there exists an object ¢’ € Ob(C)
and a morphism ¢ : ¢ — ¢’ such that go f; = go f; for each i,j =1,2,--- ,n.

Proof. (i) We prove this by induction on n. For n = 1, we can take ¢ = ¢; and f; = id.,. Suppose the result is
valid in the case of n = k — 1. Then we can find an object ¢ € Ob(C) and morphisms g; : ¢; — ¢ for each
i=1,2,--+ ,k — 1. By the definition of filtered category, there exists an object ¢ € Ob(C) and morphisms
h:cd —candh:c, — c. Take f; =h'og; foreachi=1,2,--- ,k—1 and f, = h. Then we prove the case
of n =k.

(ii) We prove this by induction on n. For n = 1, this holds trivially. Suppose the result is valid in the case of

n =k —1. Then we can find a morphism h : ¢ — ¢* such that ho f; = ho f; foreach 4,5 =1,2,--- |k — 1.

By the definition of filtered category, there exists an object ¢ € Ob(C) and a morphism h* : ¢* — ¢” such
that h* oho fi = h* oho f;. Take g = h* o h, then we prove the case of n = k.

O

Proposition 2.4.20 Equivalent Characterizations of Filtered Category
The following are equivalent for a category C.

(i) Cis filtered.

(ii) For any finite category J and functor F' : J — C, the exists a cocone from F to an object ¢ € Ob(C).

Proof. (i) = (ii). By Lemma 2.4.19, there exists an object a € Ob(C) and morphisms f; : F(j) — a for each
j € Ob(J). For each morphism A : j — 5/ in J, we have a pair of parallel morphisms

F(j) ! a
F

3"

By Lemma 2.4.19, there exists an object ay € Ob(C) and a morphism g, : @ — a) such that
gro fi=gno firoF(N).

Again by Lemma 2.4.19, we can find an object b € Ob(C) and morphisms hy : ay — b. Now we have a family of
parallel morphisms
(hxogr:a— b))\eMor(J) :

Again by Lemma 2.4.19, there exists an object ¢ € Ob(C) and morphisms h : b — ¢ such that

hohAogA:hohNogN.
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Hence [ := h o h) o gy is a well-defined morphism from a to ¢. Since the following diagram commutes for any
A € Mor (J)
lof;

we have constructed a cocone from F' to ¢

(lofj:F(j)—>c)

jEOb() *

Definition 2.4.21 Cofiltered limit
A cofiltered limit is a limit of a functor F' : J°? — C where J is a filtered category.

Definition 2.4.22 Filtered Colimit
A filtered colimit is a colimit of a functor F' : J — C where J is a filtered category.

Definition 2.4.23 Thin Category

A thin category or (0, 1)-category is a category in which any two objects have at most one morphism
between them.

A preordered set (X, <) can be regarded as a thin category X with objects being elements of X and
morphisms being

{x} fz<y
o otherwise

Hom(z,y) = {
Therefore, we obtain a category isomorphism between the category of preordered sets and the category of

thin categories

F : PreOrdSet — (0, 1)-Cat
(X, )— X

Example 2.4.3 Directed Set

A directed set (or filtered set) is a preordered set in which every finite subset has an upper bound.

A directed set (X, <) can be regarded as a filtered (0,1)-category with objects being elements of the set
X and morphisms being

{x} fz<y
o) otherwise

Hom(z,y) = {

Definition 2.4.24 Inverse Limit

A inverse system is a functor F': J°P — C where J is a filtered thin category.

According to Example 2.4.3, J can be regarded as a directed set (J, <). Thus inverse system F' can be equiv-
alently defined as a family of objects (F})._ ; in C together with a family of morphisms (f; j: : Fj < Fjr)
such that

JjeJ <’

(1) for any j € J, fjJ‘ = idFj,
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(ii) for any j < j' < 3", fj 0 = fij o fir g

Here, j < j' is a short notation for (j,5') € {(4,7) e I x J | j < j'}.
A inverse limit is a limit of a inverse system.

Example 2.4.4 Pushforward Cone by Functor

Let J,C,D be categories and K : J — C, I': C — D be a functor. F' induces the following pushforward
functor between cone categories

Cone (C, K) Cone (D, F oK)
h idgoh
AC & K MF(C) 222ty po i
Fy
Zfl o JZF(f)
; h’ ,\ idpoh’
ne' i K OF (C') 22, o Kk

Definition 2.4.25 Preserve, Reflect, Create Limits
Suppose J, C, D are categories and K : J — C is a diagram. A functor F': C — D is said to

e preserves the limit of K if for any cone pu € Cone(C, K),

w is terminal in Cone(C, K) = F,u is terminal in Cone(D, F o K)

e reflects the limit of K if for any cone p € Cone(C, K),

F.p is terminal in Cone(D, F'o K) = p is terminal in Cone(C, K)

e creates the limit of K if

— F reflects the limit of K, and
— if 5 is terminal in Cone(D, F o K), then there exists a cone p in Cone(C, K) such that F,pu is
terminal in Cone(D, F' o K).
e strictly creates the limit of K if for any terminal object n € Cone(D, F' o K),

— there exists a unique cone p in Cone(C, K) such that F.u = 7, and

— moreover, 4 is terminal in Cone(C, K).

Suppose K C Ob ([J, C]) is a class of diagrams valued in C. We say that F preserves (reflects, creates, strictly
creates) limits for K if it preserves (reflects, creates, strictly creates) limits for each diagram K : J — C in
K.

We say that F preserves (reflects, creates, strictly creates) limits of shape J if it preserves (reflects, creates,
strictly creates) limits for all diagrams K : J — C.

It is clear from the definition that if a functor F strictly creates the limit of a diagram K, then it creates the
limit of K.

Proposition 2.4.26

Suppose J, C, D are categories and K C Ob ([J, C]) is a class of diagrams valued in C. If F': C — D creates
limits for K and l&n ! F o K exists for each K € I, then l&n | K exists for each K € K and F preserves
them.

Proof. For any diagram K : J — C in K, the hypothesis asserts that there is a cone p : Ud = F o K in
Cone(D, F o K). As F creates these limits, there must be a limit cone A : e = K in Cone(C, K) such that
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F.X:AF(c) = FoK is a limit cone. Since F reflects limits, A is a limit cone, which means that C admits limits
for K. To see that F' preserves them, consider another limit cone A’ : ¢’ = K. The two limit cones in Cone(C, K)
are isomorphic and by composing isomorphisms we see that the cone FN : JFc¢ = F o K is isomorphic to the
limit cone pu : d = F o K. This implies that F\ : F¢’ = FK is again a limit cone, proving that F preserves
these limits. O

Definition 2.4.27 Conservative Functor
A functor F': C — D is conservative if it reflects isomorphisms. Equivalently, F' is a conservative functor
if for any morphism f in C,

f is an isomorphism in C <= F(f) is an isomorphism in D.

Proposition 2.4.28

Suppose K : J — Cis a diagram and F' : C — D is a conservative functor. If l'&nK exists, and F' preserves
@K, then F reflects gnK

Proposition 2.4.29 Fully Faithful Functor Reflects Limits

Any full and faithful functor reflects all limits and colimits.

Proof. Let F': C — D be a full and faithful functor. Suppose K : J — C is a diagram,
(4 + A — K(i));con() € Cone(C, K)

is a cone over K, and (F'(¢;) : FI(A) — F o K(i));c0p(y) 18 @ limit cone over Fo K. We want to show that (£;);coJ)
is initial in Cone (C, K).
Suppose (h; : B = K(i));con(y) € Cone (C, K) is another cone over K. Then

(F(hi) : F(B) — F 0 K(i))c01,) € Cone (D, F o K)

is a cone over F' o K. By the universal property of F'(A), there exists a unique morphism ¢’ : F(B) — F(A) such
that F(¢;) o g’ = F(h;) for each i € Ob(J)

Since F is full and faithful, there exists a unique morphism g : B — A such that F(g) = ¢’. We can check
that

If there exists another morphism ¢ : B — A such that ¢; o ¢ = h; for all i € Ob (J), then we have
Vie Ob(J), F(t;oq) = F(6;)o Flg) = F(h) = Flg)=g = q=g.
Thus we show that (£; : A = K(i));copy) is initial in Cone (C, K). O

Proposition 2.4.30

Suppose K C Ob ([J,C]). If F: C — D creates limits for K and @F o K exists for all K € K, then @K
exists for all K € K and F' preserves limits for /.
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Proof. For any K € I, since l&nF o K exists and F' creates limits for C, there exists a limit cone

(ei m K — K (i € Cone (C, K)

)>i60b(J)
such that
F&-:F(' K)%F K‘) € Cone (D, F o K
(Pt : F (1im OK(0)) oy € Cone (D F oK)
is terminal in Cone (D, F' o K), i.e it is a limit cone over Fo K. Given any limit cone in Cone (C, K), it is isomorphic
to (£i);con(s), which implies that its image under F' is isomorphic to (F'(4;));cop(y)- Thus we show F preserves
limits for K. O

Let C be a category and F' : J — C be a functor. If a category C has equalizers and all products indexed
by the classes Ob(J) and Hom(J), then C has all limits of shape J.

Proposition 2.4.32

Suppose A is a small category. Denote Ob(A) = Disc (Ob (A)). Then the forgetful functor U : [A,C] —
[Ob(A),C]= ][ C

a€cOb(A)
[A,C] IT C
acOb(A)
F (F(a))aGOb(A)
QH /\/\/\g\/\d J 1 6.
a€Ob(A)
G (G(a))anb(A)

strictly creates all limits and colimits that exist in C. These limits are defined objectwise, meaning that
for each a € Ob(A), the evaluation functor ev, : [A, C] — C preserves all limits and colimits existing in C.

Proof. Given a diagram F : J — [A, C], suppose the limit @1 U o F exists and can be written as

((L(a))ae()b(A)7 (fj = (lj,q : L(a) — F(j)(a))anb(A))je()b(J)) ‘

O

The next result shows that functor categories inherit limits and colimits, defined “objectwise” in the target
category: that is, given a J-indexed diagram in [A, C] whose objects are functors F; : A — C, the value of the
limit functor @je ; F; : A — C at an object a € A is the limit of the J-indexed diagram in C whose objects are

the objects Fj(a) € Ob(C), which reads as follows:

@ﬂﬁw@ﬂw

J€J J€J

Proposition 2.4.33 Evaluation Functor Preserves Limits

Let A be a small category and C be a category. Given a diagram F' : J — [A, C] with J small, if for any
a € A, the diagram

evgoF ) —E2 BT = €
has a limit, then
(1) lim F" exists.

(ii) For any a € A, ev, preserves Jim F.
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Definition 2.4.34 Exact Functor

Let F be a functor between finitely complete categories categories C and D.
e Fis left exact if it preserves finite limits.
e Fis right exact if it preserves finite colimits.

e F'is exact if it is both left and right exact.

Example 2.4.5 Limit in Set
Let F : J — Set be a functor. Then

—

<i_F 2 ¢ (2i)icobw) € H F(i) | YA:i—jin Homy(z,7), F(A)(2;) = z;
i€Ob(J)

where a and § are defined by and the map /; : @F — F(i) is given by the composition

imF —— [ FG) —— F().
i€Ob(J)

@1 F also can be constructed from product and equalizer

lim F = ker | ] F(z’)%; [I F(codom (X))

1€0b(J) AeMor(J)

where a and 8 are induced by the following diagrams

F (dom (A)) o) 1 FG) 5 (:)icob()
i€Ob(J)
POV "
F(codom()\)) «———— I F(codom(})) >  (F(A)(Zi))rimsjeMor)
AeMor(J)

II F@) E (T4)icob(y)
i€Ob(J)

Tcodom(X)

)
F(codom (M) «——— I )F(COdom(/\)) > (%j)rimsjeMor(J)
AeMor(J

Example 2.4.6 Colimit in Set

Let F': J — Set be a functor. Define a relation ~* on [[ F(i): for any (i, ), (5,y) € ][] F(2),
i€Ob(J) i€Ob(J)

(i,x2) ~* (j,y) <= there exists A : i — j in Hom,(4, j) such that F(\)(z) = y.

Let ~ denote the equivalence relation generated by ~*. Then

liny F [T FG)/~

i€Ob(J)
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and the map ¢; : F(i) — h_H;F is given by the composition

Fii)—— [] FG)—— ][] FG)/
i€Ob(J) i€Ob(J)

Proof. Tt is straightforward to show

ling ' IT Gy

i€0b(J)

by checking the universal property of th

F(X)
First, we check that for any morphism A : ¢ — j in J and any x € F(i), we have

ti(x) = mou(x) = (i, z)]~ =[5, F(N)(@)]~ = 7o 1 (F(A)(z)) = £; 0 F(A)(2).

Suppose (C, (hi)icob(s)) is a cone over F', then by the universal property of coproduct, there a unique map
)

g: 11 F(z - C deﬁned by g(i,x) = h;(x) such that g o ¢; = h;. Note that if (i,2) ~ (j,y), then we can
icOb(J)
suppose there exists A : 4 — j such that F'(\)(z) = y. Hence h(i,z) = hi(z) = h;(F(N)(z)) = h;(y) = h(j,y).
Then by the universal property of quotient set, there exists a unique map f: [[ F(i)/ ~ — C such that
i€Ob(J)
fom=g. Thus we have
foli=fomou=gou=h.

What is left is to show that f is unique. Suppose there exists another map f': ][ F(i)/ ~ — C such that
i€Ob(J)

flotli=fomory =gou =h;.

By the universal property of coproduct, we have f'om = g = fom. Since 7 is surjective, there must be f' = f. O

Example 2.4.7 Filtered Colimit in Set
Let F': J — Set be a functor and J is a filtered category, then the colimit @ ! F has an explicit description

| I o)/~
J j€Ob(J

where the equivalence relation ~ is defined as follows: for any (i,z), (j,y) € [I F(i),
i€Ob(J)

(1,2) ~ (j,y) <= there exists A\; : i — k and Ay : j — k such that F'(A\;)(z) = F(A\2)(y).

44



2. CATEGORY THEORY 2.4. LIMIT AND COLIMIT

Proof. 1f J is a filtered category, first we can check
(1,2) = (j,y) <= there exists A1 : i — k and Ay : j — k such that F(A;)(z) = F(A\2)(y).

is an equivalence relation that = contains ~*. It is clear an equivalence relation. If (i,2) ~* (j,y), then there
exists A : ¢ — j such that F(A\)(z) = y. Hence there exists A\ = A and \g = id; such that F(A1)(z) = F(A2)(y).
Thus we have ~*C =.

To show = = ~, let’s assume = is any equivalence relation containing ~*. If (¢, z) = (j,y), then there exists
A1:i— kand Ay : j — k such that F(\)(z) = F(A\2)(y) = z. Hence

(i,x2) ~* (k,z) and (j,y) ~" (k,2) = (i,2) = (k,2) and (j,y) = (k,2) = (i,2) = (4, y).

This implies = contains ~. Therefore, =~ is the smallest equivalence relation containing ~*, which means ~
coincides with ~. O

Definition 2.4.35 Final Functor
A functor F : C — D is final if for every object d € D, the comma category (d | F') obtained from

1 consty D F C

is connected. That is, given any d € Ob (D), (d | F) is nonempty, and for any morphisms d — F(c) and
d — F(c) there exists a zigzag of morphisms (f1, f2, -, fon) such that the following diagram commutes

Lemma 2.4.36

Let F': C = D and G : D — E be functors. If both lim & o F' and lim G exist, then there exists a natural
morphism between colimits

@GoF—)liﬂG

Proof. Suppose p: GoF = ] limC G o F is a colimit cone in Cocone(Go F,E) and v : G = 1 li_r)nD G is a colimit
cone in Cocone(G, E). Then by universal property of lim G o F, we can get the following commutative diagram

G(F(c)) —— lim GoF

i,
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Proposition 2.4.37 Equivalent Characterization of Final Functor

Let F: C — D be a functor. The following are equivalent:
(i) F is final.

(ii) For any functor G : D — E, the natural morphism between colimits
limGo F — lim G
is an isomorphism.

Note that d € Ob (D) is a final object in D if and only if the functor consty : 1 — D is final.

Definition 2.4.38 Initial Functor
A functor F': C — D is initial if the opposite functor F°P : C°P — D°P is final.

Proposition 2.4.39 Limits Commute with Limits

Let F':1xJ — C be a functor. Suppose for each i € Ob (l), the limit of the diagram F(i,—) : J — C exists
and is denoted by F; o := @J F(i,—). Define a diagram F_ o, : | — C as follows

| C
i Jim | F(i,—)
F_ o
/\J( A~~~ me()\)

where F_ () is induced by the universal property of l&n VB (&, =)

im, F(i, )

N

F(i,5) F(i,j")
oo (M)
F(\idy) lim | F@',—) F(\id;r)
(i, ) (', 5')

Then im, F_  exists <= l&n XJF exists. Moreover, if either im, F_  or @liF exists, we have

imF = 1limF_ .
i

IxJ

[
natural isomorphism

Similarly, Suppose for each j € Ob (J), the limit of the diagram F(—,7) : | — C exists and is denoted by
Foo j = lim, F(—,7). Then im | Foo  exists if and only if lim  F' exists. Moreover, if either lim | Fi, _ or
@IX | F' exists, we have natural isomorphism

@F = 1'£1F007_.
IxJ J
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Proof. For any cone
h= (e F’*O")ieow) € Ob (Cone (C,Im F_ . ),

we can construct a cone

é(h) == (c iy gy T F(i,j))(i,j)GOb(li) € Ob (cone (c,rglF)) .

To verify it is a cone, we need to check for any morphism (A, p) : (4,5) — (¢, 7) in | x J, the following diagram

commutes

C
N
Fioo

Fi’,oo

)
M{ J,WJ,

F(i,j) —Fom F(@i',5")

Note that F'(A, p) = F(idy/, ) o F(A,id;). It is sufficient to show the following diagram commutes

o F(Aid;r)
F(i,j)

G

c
N

. 4> -y
F’L,DO Foo(V) Fl ,00

F(id;,p) F(idy,p)

F(i,j) (i, j)

F(Aid;r)
Conversely, for any cone
9i,j . .
=(c =% F(i, ) € Ob (Cone (C, F)) ,
g (C (3.7 (4,)€0b(IxJ) lgl
we can construct a cone

b(g) = (e 25 Fi,w)iEOb(l) € Ob (Cone (CJm F.)) .

through the universal property of @F(@, -)

Proposition 2.4.40 Colimits Commute with Colimits

Let F : 1 xJ — C be a functor. Suppose for each i € Ob (I), the colimit of the diagram F(i,—) : J — C
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I C

i lim F(i, —)
AJ s B lpm(,\)
i’ lim F'(i', —)

where F_ () is induced by the universal property of @F(Z, -)

N

liﬂF = li%mF_,oo.

Proof. This can be proved by duality. Here we give another proof.

1,C] 4 [gp— J,C]

o o

B, [,C]] — [I x J,C] «— [I,[J,C]]

Using the adjunction between I&H and 1

we have

Definition 2.4.41 |-colimits commute with J-limits in C

MF(i’ _)
F(i, 5) (5"
F_ (N
F(A,id;) lim F(i', —) F(Xid;)

(i, 5) F(i',5")

2.4. LIMIT AND COLIMIT

exists and is denoted by Fj o := hgqF(z, —). Define a diagram F_ , : | — C as follows

Then h_n; F_ - exists if and only if h_n}F exists. Moreover, if hﬂ F exists, we have natural isomorphism

Let I, J, C be categories. Suppose C has all I-shaped colimits and all J-shaped limits. Then for any functor
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F :1xJ— C, there is canonical morphism

h < lim lim F (i, j) — lim lim F(i, )

iel jel J€d el

If this morphism is an isomorphism, we say |-colimits commute with J-limits in C.

Proof. First for any ¢ € Ob(l), we can construct a cone

(yin F(i, ) 22 F(i, §) =L @F(i,j)) e Ob (cOne ( ))
jel iel FEOb(J)

And by the universal property of L IEF( ,7), we can induce a morphism h; L m F(i, j) @111 F(i,7) such
7€l el jel JEl e
that the following diagram commutes

F(X\id;r)

F(i,5) F(i,j)
Lilﬁj
F(ids,0) * %%F(%J) F(id, )
F(i,j’) F(i',j')

F(\id;)
Doing this for each ¢ € Ob(l), we can get a cocone
<yLn F(i, ) 25 @@F(i,j)) € Ob (Cocone (c,mgmgp)) ,
jel jed el i€0b(l) jed iel

which is shown in the following commutative diagram

i F(i,j) —— Lm PG 5)
j€J S~ Jj€J RN
\\\\\\\ i h7 \\\\\
Tl N
_____ s
Ti,j T EL}F(Z j)
7€ i€l

F(i,j) —— F(i',j) ———— lim F(i, j)
i€l

F(i,j') —— F(i,j') ———— lim F(i, j"
i€l
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Finally, by the universal property of hgngn F(i,7), we can induce a morphism
iel jeJ

j€J i€l jel

JEd J
\ ) \‘\\h
hs - s
’ ' jel el
F(i,j) —— F(i"j) lim F(7, )
il

|

— lim F (i, )

i3, N
i€l

Proposition 2.4.42

Let I, J, C be categories. Suppose C has all I-shaped colimits and all J-shaped limits. Then the following
are equivalent:

(i) l-colimits commute with J-limits in C.
(ii) The functor limy, [I,C] — C preserves all J-shaped limits.

(iii) The functor Jm, [J,C] — C preserves all |-shaped colimits.

Proposition 2.4.43

In Set, we have
(i) Filtered colimits commute with finite limits.

(ii) Coproducts commute with connected limits.

Proof. (i) Let | be a filtered category and J be a finite category. Let F : | x J — Set be a functor.

First we prove the canonical map

h: h_I}n@F(Z,j) — limligF(i,j)
il jel e iel

<

(a; jeOb(J)} — ([95]) ;om0

is injective. Let a = [(aj)jeOb(J)} with a; € F(i,7) and b = [(bj)jeob(J)} with b; € F(i, ). If h(a) = h(b),
then for each j € Ob(J), we have [a;] = [b;] in liﬂF(i,j), which implies there exists morphisms ¢; : ¢ — i,
and ¢; : i — i; in | such that <

Fpj,id;)(a;) = F(1;,id;)(b;)
holds in F'(i;,j). Consider the subcategory W of | consisting of ¢; and 1; for all j € Ob(J). By Proposi-
tion 2.4.20, there exists a cocone from H : W < | to m € Ob(J).

% an € Ob (Cocone (H, 1)) .
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This implies for any j € Ob(J),

Fp,id;)(a;) = F(ni o ¢j,id;)(a;)
= F(ni,id;) o F(g;,1d;)(a;)
= F(ni,id;) o F(¢;,1d;)(b;)
= F(ni o ¢;,1d;)(b;)
= F(¢,1d;)(b;)

holds in F(m, j). Consider the functor

| Set
7:1 hﬂF(Zla])
jel
A oo J{
oy F_ oo(N)

Z‘2 hﬂF(ZQa])

Jjed
Then there exist morphisms ¢ : 7 — m and ¥ : i’ — m in | such that

Foel) (@) om0 ) = 1im Pli:idy)(a) = lmn P, 1)) = Pooce(9) (85),c0n00)

jed
which implies a = b. So the map h is injective.
To Specify an element a in the filtered colimit h_n} @ F(i,j), it is sufficient to specify a map {x} — I&H F(i,7)

iel jel Jed
or alternatively a cone

vi=({* U—J>F27) € Ob [ Cone | Set,lim F'(i, — .

(0= Fid) ( ( fim F( >>>

Let w be another cone over @F(i’, —) correponding to b € M@F(Z,]) Suppose h(a) = h(b). Then
jed iel jel

there exists a morphism A : ¢ — @’ in | such that the following diagram commutes

Giving an element z € @h_n}lF(z,]) is equivalent to giving a map ¢, : {*} — limh_r)nF(i,j). By Proposi-
jed il jel iel
tion 2.4.6, this is equivalent to specifying a cone over hﬂF(z, =)

i€l

({*} i, @F(i,j)) € Ob (Cone (Set,ligF(z’, ))) .
i€l jeOob(J) i€l

By the construction filtered colimits in Set, for each j € Ob(J), there exists a ¢; € Ob(l) and a morphism

gj : {*} = F(ij,j) such that f; = v;, ; o g;, where ¢;, ; : F(ij,j) — lim F(, j) are the morphisms in the
icl

cocone of colimit. Since | is filtered and J is finite, there exists £ € Ob(l) with morphisms \; : i; — k for

each j € Ob(J).

Given any morphism g : 5 — j' in J; the following two diagrams commutes

F(iy, j) ———— lim F(i, )

g{ / ©
.| \

Fliyj") —— lm F(i, ')
i€l
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o F();,id) ) F(\;/,id) o
F(ij,7) : F(k,j) 2 F(ij,j)
F(id,u) F(id,u)
Fij, ) i F(k,j')
Y
lny F (i, )
i€l

Combining these two commutative diagrams, we obtain
tiygr © F(Aj,idyr) o F(idj, p) © gj = iy 0 F(Ajr,idyr) o gy,

or equivalently
ti,jr 0 F(Nj, 1) 0 gj = th,jr 0 F(Njr,1dyr) 0 gjr,

which is illustrated in the following diagram

(i, ]

)
\F()‘jxu)

F(k, j") = lim F(i, j')

F
2
{+}
i€l
X %/,idj/)

F(ij’vjl)

By the property of filtered colimits in Set, there exists an object k, € Ob(l) and morphisms o, : k — k,
and 8, : kK — k, such that

F(ay,idj) o F(Aj,p) 0 gj = F(Bu,id; ) o F(Ajr,id;) o gy,

namely
FlayoXj,p)og; =F(BuoAj,idj) o gj.

Consider the subcategory K of | consisting of &, (k,.),cmor(y and morphisms «,,, 3, for each p € Mor(l).

By Proposition 2.4.6, since the inclusion functor G : K < | is a finite diagram, there exists a cocone from
G to k € Ob(l)

k
/ G € Ob (Cocone (G, 1)) .
k i; k
B g

neMor(l)
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Then we can define a cone over F' (%, —) as follows

€ Ob (cOne (Set, F (% —))) .

To verify it is a cone, we need to check for any morphism p : j — 5’ in J, the following diagram commutes

/\

(rj c{x} LN F(i;,5) M F (k j))
FEOb(J)

F(ij, ) F(ij,j')
F('yo)\j,idj)l JF(voAjz,idj/)
k, j — e
P (k3) s £ (59)

This can be derived from the following diagram

/\

zj,] lg a]
F(Xj,idj) F(Xridy)
Pk, j) —* s Pk, ') % Fky: ')
woidy
F(7,id;) F(v,id,)
F(&u,id;r)

F (ki) —mm— £ ()

By the universal property of lglF (E,j), there exists a unique morphism r* : {*} — @F (E,j). Com-
j€d Jj€J

pose r* with the canonical morphism lglF (E, j) — @@F(i,j), we obtain a morphism v : {x} —

l&nhﬂ F(i,7). To prove h is surjective, ite Jis sufficient toz\felzfjig that the following diagram commutes

/\

lim Jim F'( lim lim F'(7, )
el gel JGJ i€l

We need to check that for any j € Ob (J), the following diagram commutes
{*}
J{u
limy im F/(i, )
iel jel
|

lim F(i, j) 4 limlim F(i, j)

i€l 7€d el
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This follows from the commutativity of the outer square and all inter loops but the right one in the following
diagram

lim F (%, ) lim liny (i, )

jel j€d el

/

By the universal property of gnth (4,7), ¢z is the uniqueness morphism such that 7; o ¢, = f; for any
jed iel
j € Ob(J). So we have ¢, = howu.
(ii) Let | be a discrete category and J be a connected category. Let F : | x J — Set be a functor.
First we prove the canonical map
b [Tlim PG, 5) — lim [T PG, )
iel J€J J€d el

(L (aj)jeOb(J)) = ((4:45)) jeon)

is injective. Let a = (i,(aj)jeow)) with a; € F(i,j) and b = (i',(bj)jeOb(J)) with b; € F(i’,j). If
h(a) = h(b), then for each j € Ob(J), we have (¢,a;) = (¢',b;) in [[ F(¢,j), which implies ¢ = ¢’ and a; = b;.
i€l
So the map h is injective.
Next we prove h is surjective. Let # = ((ij, a;)) con(y) be an element in lim [ F(i, j), where a; € F (i, j).
j€J i€l
Define the map

[ #Gw: [TFCH — JTF6T)
icl icl icl
(i,a) — (i, F'(i, 1) (a)) -
For any morphism g : 7 — 7’ in J, compatibility requires
(i a5) = [ F i, ) (g, a5) = (i3, F(i;, 1) (a;))
i€l
which forces
ij/ = ij and ajr = F(ij, u)(aj).
Since J is connected, we can assume i; = i* for all j € Ob(J). And we get (a;);cop) € @F(i*,j) by
Jj€J
checking the compatibility condition
aj = F(i*, p)(a;), for any morphism p: j — j'.
Thus we have
h (Z (“J’)jEOb(n) = ((1,95))jeon(y) = -

This proves the surjectivity of h and hence h is a bijection.

2.4.1 Product and Coproduct
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Definition 2.4.44 Binary Product

X
1
1
1

2N

Vi —VixYes —> Y

In the diagram Y; Jx Py Y5, the information in X is coarsened through f; and reinterpreted in Y7, while
the same information in X is processed in another coarsening manner through f> and reinterpreted differently in
Ys.

Y, €& V) x Yy 25 Y5 is the most refined way to combine the information in Y7 and Y5 such that Y; x Y5 exactly
captures the mixture of information in Y7 and Y5 and the projections m; and 7y can coarsen the information in
Y1 x Y; exactly to recover the information in Y; and Y5 respectively.

Example 2.4.8 Binary Product in Set
Let Y7 and Y5 be sets. The binary product Y; x Y5 can be constructed as follows

Y1 x Yo ={(y1,92) |y1 € Y1 and y € Y2} .
71 : (Y1, Y2) — Y1,
T2 (Y1, Y2) — V2.

Given any Y; Jox B2y Y5, there exists a unique map

f1 X fg X — Yi X )/2
z — (fi(z), f2(x))

such that m1 o (f1 X f2) = f1 and 3 0 (f1 X f2) = fo.

Definition 2.4.45 Binary Coproduct

Y
/*\

X, —L1>X1UX2 <TX2

2.4.2 Fibered Product and Fibered Coproduct

Definition 2.4.46 Fibered Product / Pullback
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Example 2.4.9 Pullback in Set
Let Y7, Y5, and A be sets and f; : Y1 — A, fo: Yo — A be maps. The fibered product Y; x4 Y5 can be

constructed as follows

2.4. LIMIT AND COLIMIT

Y1 x4 Yo ={(y1,92) | y1 € Y1 and yo € Y5 such that fi(y1) = fa(y2)}.

Given any X Iy Y; <& Vs, there exists a unique map

such that the following diagram commutes

Proof.

Let C be a category which admits fibered products. Let o :
morphisms in C. Then there is an isomorphism

X — Y1 XA Y2
z— (f(z),9(z))

Y — A

Proposition 2.4.47 Diagonal Base Change for Fibered Products

X Xsy = (X XT Y) X(SXTS) S.

XUsY=(XUrYy) Usurs) S.

TX

S—>T,f: X — S,andg:Y — S be

Dually, let C be a category which admits fibered coproducts. Let 0 : T — S, f: S - X,and g: S —» Y
be morphisms in C. Then there is an isomorphism

az

Y Yy
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2. CATEGORY THEORY 2.5. ADJOINT FUNCTOR

XxTYﬁSXTS

We have the following isomorphisms natural in Z:

Hom(Z,(X x7Y) Xsxrs5S)
=~ Hom(Z, X X7 Y) Xttom(z.5x.s) Hom(Z, S)
~ {(a,b)|a € Hom(Z, X x7Y), b € Hom(Z,S), hoa = A, o b}
{(a,b) ’a € Hom(Z, X) Xpom(z,r) Hom(Z,Y), b € Hom(Z,S), hoa = A, o b}
{(a1,a2,b) |a; € Hom(Z, X), as € Hom(Z,Y), b € Hom(Z,S), 00 foa; =cogoas, foa; =goas =b}
{(a1,a2)|a € Hom(Z, X), b € Hom(Z,Y), foa; = goaz}
m(Z, X) XHom(z,s) Hom(Z,Y)
m(Z, X x5 )

1M

1

Ho
Ho

1%

where the forth isomorphism follows from the natural isomorphism

Hom(Z, S x7 S) — Hom(Z, S) X Hom(z,1) Hom(Z, S)
¢pr— (pog,pog).

By Yoneda lemma, we have the desired isomorphism

X ><5'Y = (X XT Y) X(8x18) S.

Definition 2.4.48 Fibered Coproduct / Pushout

2.5 Adjoint Functor

Definition 2.5.1 Adjoint Pair of Functors

An adjoint pair of functors is a tuple (L, R, ) consisting of a pair of functors C C D and a natural
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2. CATEGORY THEORY 2.5. ADJOINT FUNCTOR

isomorphism
HomD(L(_)v_)

C®? xD NMé Set
Homc(—,R(-))
which means for any X € Ob(C) and Y € Ob(D), there is a bijection
®yy : Homp (L(X),Y) — Homc (X, R(Y))
(L) Ly)— (x £ R(Y))

natural in X and Y. L is called the left adjoint of R, and R is called the right adjoint of L. We write
L 4 R to denote that L is left adjoint to R.

The naturality square of ® means that for any morphism g : Xo — X7 in Cand h : Y7 — Y5 in D, the following

diagram commutes
Homp (L(g),h)

HOIHD (L(Xl), Yl) HOIHD (L(X2)7 YQ)

DPxy,vy |~ ~ 1 Px,,vy

Homce (X1, R(Y1)) Homc (X2, R(Y2))

Homc(g,R(h))

which in turn can be explicitly written as for any f: L(X;) — Y7 in D,

Px,y, (hofolL(g)=R(h)o®x, v,(f)og.

Definition 2.5.2 Adjunction Unit and Counit
Let (L, R,®) be an adjoint pair of functors. The adjunction unit n of this adjunction is a natural

transformation
idc n
/—\
C Hn C
\_/‘
RoL
L R

defined by nx = ®x (x) (idL(X)) for any X € Ob(C), where ®x 1,(x) is the natural bijection

®x 1 (x) : Homp (L(X), L(X)) = Homc(X, RL(X))

idpx) — nx

The adjunction counit ¢ of this adjunction is a natural transformation

LoR R L
/—\
D Hs D
\_/’ &)
idp

defined by ey := @E(ly) v (idg(y)) for any Y € Ob(D), where @E(ly) y is the natural bijection

‘I)_l

R(Y),Y * Homp (R(Y), R(Y)) — Homc(LR(Y), R(Y))

idR(y) — €y
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2. CATEGORY THEORY 2.5. ADJOINT FUNCTOR

Proof. By naturality of @, for any morphism ¢ : X5 — X; in C, we have the following commutative diagram

. L * L(g)). .
idp,(x,) 3 Homp (L(X1), L(X1)) ~ 225 Homp (L(X2), L(X1)) + 22 Homp (L(X,), L(X2)) € idpx,)

Pxy,L(x1) Px5,L(X1) @x,,L(Xy)
g* (RL(9)).
nx, = HOmC(Xl,RL(Xl)) e HOch(XQ,RL(Xl)) — HOmc(X27RL(X2)) S nNx,
Since
(L(9))* (idr(x,)) = Llg) = (L(9))« (idL(xy)) 5
we have

9*(77X1) = (I)Xz,L(Xl)(L(g)) = (RL(Q))* (ﬁ)@)a
which implies the naturality square of 7 commutes

X, — 5 X

nxgl ‘/nxl

Similarly, we can show that for any morphism h : Y7 — Y5 in D, the naturality square of ¢ commutes

LR(Y;) — LR(vy)

5'1’1‘/ ‘/5 Y2

N—m—"n

Proposition 2.5.3 Adjunction Isomorphism Determined by Unit or Counit

Let (L, R, ®) be an adjoint pair of functors and 1 and e be the adjunction unit and counit respectively.
Then

Oxy(f)=R(flonx: X = R(Y), Vf:L(X)—Y,
Oy (9) =eyoL(g): L(X) =Y, Vg:X - R(Y).

Proof. For any object X € Ob(C) and any morphism f : L(X) — Y in D, we have the following commutative
diagram

idyx) € Homc(L(X),L(X)) —f— Homc(L(X),Y) >  f
Px L(x) Dxy

For any object Y € Ob(D) and any morphism g : X — R(Y") in C, we have the following commutative diagram

idpy) € Homp(R(Y),R(Y)) —Z— Homp(X,R(Y)) > g

—1 —1
(I>R(Y),Y (I)R(Y),Y

ey € Homc(LR(Y),Y) —7 Home(L(X),Y) 3 ' (9)
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2. CATEGORY THEORY 2.5. ADJOINT FUNCTOR

Lemma 2.5.4 Snake Equations

Let (L, R, ®) be an adjoint pair of functors and n and e be the adjunction unit and counit respectively.
Then we have the following equalities of natural transformations

L L
"

L2 LRI 1| =id; _ =
L L
R R

"

[R 22 RLR%R} —idg _ _

R R

Proposition 2.5.5

If F:C— D and G: D — C are inverse functors, which means F'o G = idp and G o F' = id¢, then we have
F+HGand GHF.

Proof. The snake equations of the adjunction unit and counit holds trivially because the unit n : id¢ = G o F'
and counit € : F'o G = idp are identity natural transformations. O

Definition 2.5.6 Wire Bending
Let C, D, C', D’ be categories and L, R, L', R', H, K be functors shown in the following diagram

c—H2 ¢
Ll 4 |R L' 4 |r
4>. /
D = D
There are bijections between the following sets of natural transformations

Homc py (L'H, K L) # Homc c)(H,R'KL)

Hompp p) (L'HR, K) % Homp c(HR, R'K)

natural in both H and K such that <« =>"! and > =p* = id. > is called wire bending because its
action can be visualized as bending the wires of adjoint pairs in the following string diagrams
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2. CATEGORY THEORY

H L
M
L K

ID
R H L

0

K

2.5. ADJOINT FUNCTOR

>
—
L K R
B
R H
>
—
g
K R

We only explicit define o here. The other wire bendings are defined similarly using the unit or counit of the

adjunctions.

L K R

The fact that < is the inverse of > follows from the snake equations.

I
Given pair of functors C
R

Proposition 2.5.7 Equivalent Definition of Adjoint Functor Using Unit and Counit

D there is a bijection between the following sets

T : {adjoint pair (L, R, ®)} = {(L, R,n,e) that satisfies snake equations}

®— (nx =@ (idrx)) ey = 27" (idry)))
Pxy(f) == R(f) onx +— (n,¢)

Proof. Suppose (L, R,n,¢) satisfies snake equations. Consider the diagram

1 —2 ¢

X L X

>

i e, f
Y Y

ny
X X
Ui
f _ nx
B ) f
R Y R Y R
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2. CATEGORY THEORY 2.5. ADJOINT FUNCTOR

As the string diagram shows, we find ® x y conincides with the wire bending map
> : Homp (L(X),Y) == Homc(X, R(Y))

which is natural in both X and Y. Hence ® is a natural isomorphism. It is straightforward to check that T is a
bijection. 0

Proposition 2.5.8 Uniqueness of Adjunction

If (L, R,n,¢) and (L, R, 7/, ) are two adjoint pairs of functors, then there is a unique natural isomorphism
1 : R = R’ such that

L R L R

Proof. Consider the diagram

R R

R R

1 is a natural isomorphism since it has inverse id“. The first equality in the statement of the proposition follows
from 9 = ¢**> =id; = n'. The uniqueness of 9 follows from the injectivity of

< Hom[D’C] (R7 R/> ; Hom[cyc] (idc, R/L) .
Similarly, the second equality follows from ¢ = 1% = id;' = e. And the uniqueness of v follows from the

injectivity of
D> HOHI[C’D] (L/, L) = Hom[DyD] (LR, idD) .

Proposition 2.5.9 Equivalent Definition of Adjoint Functor Using Representable Functor

(i) A functor L : C — D has right adjoint if and only for each ¥ € Ob(D), Homp (L(—),Y) is repre-
sentable. If so, the universal element of Homp (L(—),Y) is (R(Y),ey).

(ii) A functor R : D — C has left adjoint if and only for each X € Ob(C), Homc (X, R(—)) is representable.
If so, the universal element of Homc (X, R(—)) is (L(X),nx)-
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2. CATEGORY THEORY 2.5. ADJOINT FUNCTOR

Proof. We only prove (i) here. The proof of (ii) is similar. If (L, R, ®) is an adjoint pair of functors, then for each
Y € Ob(D), we have an isomorphism

®_y : Homp (L(—),Y) = Homp (—, R(Y)).
where ®_y is the horizontal composition

Homp(L(—),—)

Corxl =25 CPxD ~|l® Set

Homc(—,R(—))

Since
(‘I’:}Y>R(Y) (idr(v) = Priyyy (idre)) = ev,

we see Homp (L(—),Y) is representable by (R(Y),ey).
Conversely, suppose for each Y € Ob(D), Homp (L(—),Y) is representable. Then for each Y € Ob(D), there
exist a natural isomorphism
#(Y) : Homp (—, Ry ) = Homp (L(—),Y)

for some Ry € Ob(D). Proposition 2.3.6 implies that (Ry, ¢(Y")) is terminal in the category (Yc | Homp (L(-),Y)),
which corresponds to

C Yo, [Cop, Set] ZHomoHY) g

Given any morphism % : Y7 — Y3 in D, since (Ry,, ¢(Y2)) is terminal in (Yc | Homp (L(—),Y")), there exists a
unique morphism Rj, : Ry, — Ry, in C such that the following diagram commutes

#(Y1) #(Y1)

YC (RYI) E— HOHlD (L(_)a }/1) HOHlC (_a RY1) — HOIIID (L(_)7 YVl)
Ye(Ra)! lh* = (Rn), ! ‘/h*
YC (RY2) W HOmD (L(—), )/2) HOmC (—, RYQ) W HOInD (L(—), YQ)

Thus we can define a functor R : D — C by R(Y) := Ry and R(h) := Rj,. We can also define a natural
isomorphism ® : Homp (L(—), —) = Homp (—, R(—)) by

®xy : Homp (L(X),Y) — Homc (X, R(Y))
(L(X) L)Y) — (X (e(¥V)x) (/) R(Y))

The naturality of ® can be check as follows: for any morphism g : Xo — X; in Cand h : Y7 — Y5 in D, the
following diagram commutes

L * *
Homp (L(X1), Y1) —9° s Homp (L(Xs),Y:) — 5 Homp (L(Xa), Y2)
Pxq,vq (¢(Y1)x1)71 Px,,v1 (¢(Y1)X2)71 Pxo.,v5 (¢(Y2)X2)71
Home (X1, R(Y1)) —————> Home (X3, R(Y1)) —— o Home (X2, R(Y2))

Therefore, (L, R, ®) is an adjoint pair of functors. O

Corollary 2.5.10 Equivalent Definition of Adjoint Functor Using Universal Morphism
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Given pair of functors C C D , then the following are equivalent

(i) LHR.

(ii) For every object X € Ob(C), there exists (L(X), g R(L(X))) initial in (X | R), i.e. there exists

a universal morphism from X to R.

(iii) For every object Y € Ob(D), there exists (R(Y),L(R(Y)) == Y) terminal in (L | Y), i.e. there

exists a universal morphism from L to Y.

Proof. This is a direct consequence of Proposition 2.5.9. According to Proposition 2.3.9, for each X € Ob(C),
Homc (X, R(—)) is representable by (L(X),nx) is equivalent to that (L(X), X = R(L(X))) is initial in (X | R).

X — ™ RL(X)) {x} —2  Homc (X, R(L(X)))
) iR(gq) - %R(gq)*
R(Y) Hom¢ (;(, R(Y))

Similarly, for each Y € Ob(D), Homp (L(—),Y) is representable by (R(Y), ey ) is equivalent to that (R(Y),ey)
is terminal in (L | Y).

L(X) Homp (L(X),Y)
L) ! Ly 21
L(R(Y)) e Homp (L(R(Y)), Y) o {1

2.6 Kan Extension

Definition 2.6.1 Kan Extension

Let C, D, E be categories and K : C — D, F': C — E be functors. A left Kan extension of F' along K is
a pair (Lang F,7) consisting of

e a functor Lang F' : D — E,

e a natural transformation 7 : F' = (Lang F') o K

C £ E
\ Mn/
K Lang F'
D

such that for any pair (R, ¢) consisting of

e a functor R: D — E,

e a natural transformation £ : FF = Ro K,
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there exists a unique natural transformation « : Lang F' = R such that
F F
n
= Lang I
3
Jlea
K R K R
A right Kan extension of K along F' is a pair (Rang F|,¢) consisting of
e a functor Rang F : D — E,
e a natural transformation ¢ : (RangF)o K = F
C E E
X‘ ﬂe AKF
D
such that for any pair (L, ) consisting of
e a functor L : D — E,
e a natural transformation § : Lo K = F,
there exists a unique natural transformation 8 : L = Rang F such that
K L K L
g
0
= Rang F
€
F F
2.7 Monoidal Category
Definition 2.7.1 Monoidal Category
A monoidal category is a category V equipped with
(i) Tensor product: a functor ® : V. x V — V.
V xV V
(X1, Y1) X197
®
| |
(X2,Y2) Xo®Ys
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(ii) Associator: a natural isomorphism a

(iii) Unit object: an object 1 € Ob(V)
(iv) An isomorphismin V: ¢::1®1 —1
such that the following two conditions holds

(i) The pentagon axiom: the following diagram commutes

(A B)®C)®D

aca,B,c)®idp a(A®B,C,D)
(A®(B®C))®D (A® B)® (C ® D)
a(A,BRQC,D) a4(A,B,C®D)

AR (B®C)® D) A®(B®(C®D))

idA®a(B,C,D)

(ii) Unit axiom: the functors 1® —:V — V and —® 1:V — V are category equivalences.

A strict monoidal category is one for which the natural isomorphisms a, A and p are identities. Every monoidal
category is monoidally equivalent to a strict monoidal category.

Definition 2.7.2 Cartesian/Cocartesian Monoidal Category

e A cartesian monoidal category is a monoidal category with finite products endowed with a where the
tensor product is the categorical product and the unit object is the terminal object. If a category has all
finite products, then we say it is cartesian monoidal.

e A cocartesian monoidal category is a monoidal category where the tensor product is the categorical
coproduct and the unit object is the initial object. If a category has all finite coproducts, then we say it
is cocartesian monoidal.

Example 2.7.1 Category of Endofunctors is a Monoidal Category

Let C be a category. The category of endofunctors [C,C] is a monoidal category with the following
structure

(i) Tensor product: composition of functors.

(ii) Associator: the natural isomorphism a is the identity.
(iii) Unit object: the identity functor idc.

)

(iv) Unit isomorphism: the natural isomorphism ¢ is the identity.
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Definition 2.7.3 Braided Monoidal Category
A braided monoidal category is a monoidal category V equipped with an isomorphism natural in

X,Y € Ob(V)
BX,Y XY Y X
called the braiding such that the following two conditions hold:

(i) The hexagon axiom: the following diagram commutes

(XQY)®Z %2, 70(X®Y)

a;(,ly,z ag,lX,Y
X® Y ®2) ZoX)8Y
idx®By)Z BX,Z®idY

XR(UZY) —— (X ®2)9Y

—1
Ax z,y

Definition 2.7.4 Symmetric Monoidal Category
A symmetric monoidal category is a braided monoidal category V satisfying the following condition:

BY,X (¢] BX,Y = idX®Y~

2.8 Enriched Category

Definition 2.8.1 Enriched Category
Let V be a monoidal category. An V-enriched category C consists of

(i) Object set: a set of objects Ob(C).
(ii) Hom-object: for each pair of objects A, B € Ob(C), an object Homc¢ (A4, B) € Ob(V).
(iii) Composition: for each triple of objects 4, B,C' € Ob(C), a morphism in V
o: Hom¢(B,C) ® Homc(A, B) — Homc(A4, C)
(iv) Identity: for each object A € Ob(C), a morphism Zdy4 : 1 — Hom¢ (A, A) in V.

such that the following conditions hold
(i) For each quadruple of objects A, B, C, D € Ob(C), the following diagram in V commutes

(Hom(C, D) ® Hom(B, C)) ® Hom(A, B) —— Hom(C, D) ® (Hom(B, C') ® Hom(A, B))

o ®idHom(A,B) idgom(c,p) ® ©

Hom(B, D) ® Hom(A, B) Hom(C, D) ® Hom(A4, C)

Hom(A, D)
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(ii) For each pair of objects A, B € Ob(C), the following diagrams in V commute

Zdp® idsom
1 ® Homc (A4, B) L < ) Hom¢ (B, B) ® Homc(A4, B)

N

Homc (A4, B)
idHom ®Zd
Homc (4, B) Homc B 72 s Home (A, B) ® Home (A, A)
Homc (A, B)

Definition 2.8.2 Enriched Functor
Let V be a monoidal category and C and D be V-enriched categories. An V-enriched functor F : C — D

consists of
(i) Object map: a map FOP : Ob(C) — Ob(D),

(ii) Hom-object morphisms: for each pair of objects A, B € Ob(C), a morphism F)'% : Homc(4, B) —
Homp (F(A), F(B)) in V, such that for any triple of objects A, B,C' € Ob(C), the following diagram

in V commutes
Hom (Y, Z) ® Hom (X,Y) ———— Hom (X, Z)

Fy"zr®F¥f§l lF;I?"Zr
Hom (FY,FZ) ® Hom (FX,FY) —— Hom (FX,FZ)

Mor

Hom(X, X) —> Hom(FX, FX)

\/

2.9 2-Category

Definition 2.9.1 Strict 2-Category
Let Cat be the Cartesian monoidal category consisting of all small categories. A strict 2-category is a

Cat-enriched category. We define the following sets

e 0-morphism set: Ob(C)

e 1-morphism set: Homc(X,Y') for any X,Y € Ob(C)

e 2-morphism set: Homc(f,g) for any X,Y € Ob(C) and f, g € Homc(X,Y)
For any X,Y, Z € Ob(C), we have the following composition bifunctor

Homc (Y, Z) x Hom¢(X,Y) Homc (X, Z)
(f's 1) frof
(9',9)M s Ha'oo

(g, 9) gog
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which are called the horizontal composition of 2-morphisms. The functoriality of © means that given any
vertical composition of 2-morphisms

@, 9)ﬂ

we have the following equality

O (¢ 08),(¥ob))= (1) 0b)o (o) =0, )00 (¢ 0)= (¥ oi)o (6 o0)

which is called the interchange law.

Example 2.9.1 Cat as 2-category

The category Cat is a strict 2-category with the following structure
e 0-morphism set: Ob(Cat)
e l-morphism set: Homc,(C, D) := [C, D] for any C,D € Ob(Cat)
e 2-morphism set: Homcat(F, G) := Homc pj (¥, G) for any C,D € Ob(Cat) and F,G € [C, D]

2.10 Internalization

Traditional Bourbaki-style mathematical structures are formulated within set theory, or put differently, within the
ambient category Set. The concept of Internalization entails reformulating these mathematical structures in a
broader ambient category C, which typically need some extra structures to express the correponding mathematics.
The extra structure required on an ambient category C is referred to as a doctrine for internalization.

2.10.1 Monoid Object

Monoids can be internalized in the doctrine of monoidal categories.
Example 2.10.1 Monoid Objects in Monoidal Categories
Monoid objects internal to Cartesian monoidal categories
e Set: traditional monoid.

e Cat: (small) strict monoidal category.

Top: topological monoid.
e Mon: commutative monoid.

Monoid objects internal to general monoidal categories
e (R-Mod, ®g, R) for R € Ob(CRing): associative R-algebra.
[ ]

Ab, ®z,Z): ring.

(
(
(Ch (R-Mod) , ®g, (R)nez) for R € Ob(CRing): differential graded R-algebra.
(

[C,C],0,idc) for C € Ob(Cat): monad on C.

Commutative monoids can be internalized in the doctrine of symmetric monoidal categories.
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2.10.2 Internal Category
Definition 2.10.1 Internal Category
Let C be a category with pullbacks. A category internal to C consists of
(i) Object of 0-morphisms: an object Cp € Ob(C).
(ii) Object of 1-morphisms: an object C; € Ob(C).
(iii) Source and target morphisms: two morphisms s,t¢ : Cq; — Cj.
(iv) Identity assignment: a morphism e : Cy — Ch.
(v) Composition: a morphism c: C; x¢, C1 — Ci.
such that the following diagrams commute

(i) Source and target of identity morphisms

Co
idf% le \idfo
Co e Cl 415) Co

(ii) Source and target of composition

Cl <L Cl Xy Cl L Cl

Co Cy Co

(iii) Associativity of composition

(iv) Left and right unit laws

Definition 2.10.2 Double Category
A double category D is a category internal to Cat.

INTERNALIZATION
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Chapter 3

Homological Algebra

3.1 Abelian Category

3.1.1 Ab-enriched Category

We will refer to Ab-enriched functors as additive functors. Some literature refers to Ab-categories as preadditive
categories. We will not use this term in this note.

Definition 3.1.1 Biproduct
Let C be an Ab-category and X7, X5 be objects in C. A biproduct of X; and X5 is a diagram

’Ll 7;2
X1 ﬁp X1 D X2 T; X2
1 2
such that
e proi =idx,, p2oiz =idx,.

(] il o p1 + 7;2 O P2 = iXm@Xz'

Empty biproduct is defined to be the zero object.

Proposition 3.1.2 Equivalent Conditions of Existance of Biproduct
Let C be an Ab-category and X;, Xo be objects in C. Then the following are equivalent

(i) Product X; x X5 exists.
(if) Coproduct X7 IT X, exists.

(iii) Biproduct X; & X5 exists.

Proposition 3.1.3 Equivalent Conditions of Existance of Zero Object
Let C be an Ab-category. Then the following are equivalent

(i) Initial object (empty product) exists.
(ii) Terminal object (empty coproduct) exists.

(iii) Zero object (empty biproduct) exists.

Proposition 3.1.4 Ab-enriched Functors Preserve Biproducts

Ab-enriched functors preserve finite biproducts.
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Definition 3.1.5 Kernel and Cokernel
Suppose C is a category with zero object and f : X — Y is a morphism in C. The kernel of f is the
equalizer of f and the zero morphism, which is denoted by ker f. The universal property of kernel is given
by the following diagram
M
S
.
ker f —— X —5 Y

The cokernel of f is the coequalizer of f and the zero morphism, which is denoted by coker f. The
universal property of cokernel is given by the following diagram

P

X%Y—H:okerf

3.1.2 Additive Category

Definition 3.1.6 Additive Category
An Ab-category is additive if it has all finite biproducts.

3.1.3 Abelian Category

Definition 3.1.7 Abelian Category
An additive category A is abelian if

(i) Every morphism has both a kernel and a cokernel.

(ii) Every monomorphism and every epimorphism is normal. This means that every monomorphism is a
kernel of some morphism, and every epimorphism is a cokernel of some morphism.

Proposition 3.1.8
If A is an abelian category, then [C, A] is abelian for any small category C.

Proposition 3.1.9 Exact Functors in Abelian Category
Let A and B be abelian categories and F' : A — B be an additive functor. Then

(i) F is left exact if and only if F preserves kernels, or equivalently,

) F(f) ) F(g)

0— XLV Zisexact = 0— F(X F(Y F(Z) is exact.

(ii) F is right exact if and only if F preserves cokernels, or equivalently,

) F(f) F(g)

XLy 47— 0isexact = F(X F(Y) F(Z) — 0 is exact.

(iii) F is exact if and only if F' preserves kernels and cokernels, or equivalently,

0—X-Lv 4 7 oisexact = O—)F(X)&F(Y)MF(Z)—>Oisexact.
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Definition 3.1.10 Cohomology Functor

Let A be an abelian category and

x 1,y _9,7

be an exact sequence in A. The cohomology functor H : Ch (A) — Ab is defined by
H(X G YN Z) = coker[im(f) — ker(g)].
Proposition 3.1.11 Exact Functor Preserve Cohomology
Let F: A — B be an exact functor between abelian categories. Suppose
x Ly Lz
is an exact sequence in A. Then we have the following natural isomorphism

F(f)

F(H[XLY&Z])%H[F(X)

Proof.
F (H [X Ly 4 ZD = F coker[im(f) — ker(g)]

= coker[F im(f) — Fker(g)]
= coker[im(F' f) — ker(Fg)]

:H[FX%FY&Z}

Proposition 3.1.12 Hom Functors are Left Exact

Let A be an abelian category. Then given any X € Ob(A), Homa(X,—) : A — Ab and Homa(—, X) :
A% — Ab are left exact functors.

Proof. To prove that Homa (X, —) is left exact, we need to prove that it preserves kernels. Let f: Y — Z be a
morphism in A, the universal property of ker f is illustrated by the following diagram

0
ker f —— Y { Z
f

It suffices to show that ¢, : Homa (X, ker f) — Homa (X,Y") satisfies the universal property of ker f..

G

¥ 0
Homa (X, ker f) ——— Homa (X,Y) { Homp (X, Z)
- —

This reduces to checking that ker f, = ¢, (Homa (X, ker f)).

If 1i(h) € s (Homp (X, ker f)), then f, (¢s(h)) = foroh = 0, which means that h € ker f.. Conversely,
if g € ker f., then f.(9) = fog = 0. By the universal property of ker f, there exists a unique morphism
h: W — ker f such that : o h = g. This means that g = t.(h) € ¢, (Homa (X, ker f)).

The proof for left-exactness of Homa(—, X) can be obtained by duality. O
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Definition 3.1.13 Split Exact Sequence
Let A be an abelian category and

0o—s XSy 237240

be an exact sequence in A. The sequence is said to be split if there exists morphisms r : ¥ — X and
s : Z — Y such that Y is the biproduct of X and Z, which is illustrated by the following diagram

f
X2V eS 2
g

T

Proposition 3.1.14 Equivalent Characterizations of Split Exact Sequence
Let A be an abelian category and

0o—s Xty 2,240

be an exact sequence in A. Then the following statements are equivalent
(i) The sequence is split.

(ii) f has left inverse, i.e. there exists a morphism r : ¥ — X such that r o f = idx.

f N 0

0 X Y
idXJ //3/7*
ez
X

(iii) g has right inverse, i.e. there exists a morphism s: Z — Y such that go s =idy.

Z

,
3 ,
,
s , q
’ ldz
’
,
%

OXngZ 0

(iv) The homomorphism f* : Homa (Y, A) — Homa (X, A) is surjective for any A € Ob(A).

(v) The homomorphism g, : Homa(A,Y) — Homa (A, Z) is surjective for any A € Ob(A).

Proof. (i) = (iv). Suppose r : ¥ — X is a left inverse of f. Given any h € Homa (X, A), there exists
hor € Homa (Y, A) such that f*(hor) =horo f = h, which means that f* is surjective.

Y57 0

(iv) = (il). Suppose f* is surjective. Given any h € Homa (X, A), there exists A’ € Homa (Y, A) such that
f*(W') = h. This means that b’ o f = h. Let r := h/, then 7o f = h. O
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3.2 Complex

3.2.1 Complex in Additive Category

Cochain Complex

Definition 3.2.1 S-graded Object of a Category

Let C be a category and S be a set. The category of S-graded object of C is defined as the functor
category [Disc(S), C], denoted by Grg (C). The explicit description of the category is given as follows

e Object: a collection of objects { X}, ¢ in C.

e Morphism: a collection of morphisms {f, : X; — Y} g in C.

Definition 3.2.2 Category with Translation

A category with translation is a category C equipped with an auto-equivalence functor
T:C—C

called the shift functor or translation functor or suspension functor.

Example 3.2.1 Shift Functors on Z-graded Category
Let C be a category. Given k € Z, the k-th shift functor on Grz (C) is an endofunctor [k] defined by

GI’Z (C) GI’Z (C)
X =(x9) X[k] = (X[K]') = (X*+)
, [¥] .
£=( fl)l oy lf[k]—(f’“”)
v = (v') YIK = (Y[H) = (Y*+)

Example 3.2.2 Shift Functors on Z™-graded Category

Let C be a category. In a similar manner, given ki,--- ,k,, € Z, the (k1,--- , ky)-th shift functor on
Grzm (C) is an endofunctor [ky, - , k] defined by

Grzm (C) Grzm (C)
A= (Anrim) Alky, - k] = (Alky, -+ k] im) = (ABFR e imtlm)
T [
B — (B in) Blkt, - k] = (Blly -+ 1 ) = (Bt i)

Lemma 3.2.3
If C is an additive category, then Grzm (C) = [Disc(Z™), C] is an additive category.

Definition 3.2.4 General Differential Object in a Category with Translation

A general differential object in a category C with translation T is a pair (X, dx) consisting of an object
X in C and a morphism dx : X — T(X) in C.

(0]
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Definition 3.2.5 Differential Object in an Additive Category with Translation

A differential object in an additive category C with translation T is a pair (X, dx) consisting of an object
X in C and a morphism dx : X — T'(X) in C such that T'(dx) odx = 0.

Definition 3.2.6 Differential Z-Graded Object

Let A be an additive category. The category of differential Z-graded objects of A consists of the
following data

e Object: differential objects (X, dx) in the additive category Grz (A) with translation [1].

e Morphism: morphisms f : (X,dx) — (Y,dy) are morphisms f : X — Y in Gry (A) such that
fll]edx =dyo f.

Definition 3.2.7 Cochain Complex

Let A be an additive category. The category of cochain complexes of A, denoted by Ch(A), consists of
the following data

e Object: cochain complex of A, which consists of a collection of objects X* = (X™)_ _, in A and a
collection of morphisms d% = (d" : X" — X’”‘l)nGZ in A

..._>X"fn£>Xn+1_d%i>Xn+2_>...
such that d}“ ody =0 for all n € Z.

e Morphism: a collection of morphisms (f™ : X™ — Y™) _, in A such that frlody =d% o fm for all
n ez

] n+1
d% dx

xn xntl X nt2 — oo

fn f’n+1‘/ ‘/fn+2

Yy = Yn+1 — Yn+2 ..
dy dy

Ch(A) is isomorphic to the category of differential Z-graded objects of A.

Chain Complex

Definition 3.2.8 Homotopy between Morphisms of Chain Complexes

A homotopy h between a pair of morphisms of chain complexes f, g : X4 — Y, is a collection of morphisms
h; : X; = Y; 41 such that we have
Ji—gi=diy10hi +hi_10d;

for all ¢. Two morphisms f, g : X, — Y, are said to be homotopic if a homotopy between f and g exists.

3.2.2 Chain Homotopy

Definition 3.2.9 Homotopy between Morphisms of Cochain Complexes
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A homotopy h between a pair of morphisms of cochain complexes f,g: X®* — Y* is a collection
of morphisms h? : X? — Yi~1

i—1 i i1 i+2
dx xi % oyt X iy X
h® f”ll/ hit? ‘/f’i«i»Z
Rit3
Yi Yi-i—l Yi+2
i—1 i i1 i+2
dy dy d; d

such that , 4 . , 4 '
fl_gl:d?10h1+hl+lodz)(
for all 7 € Z. Two morphisms f,g : X® — Y* are said to be homotopic if there exists a homotopy between

f and g. A morphism f: X*® — Y* is said to be null homotopic if it is homotopic to the zero morphism
0: X*—Y°.

Proposition 3.2.10 Additive Functor Preserves Cochain Homotopy

Let F' : A — B be an additive functor between additive categories. Suppose h is a homotopy between a pair
of morphisms f,g : X* — Y* in Ch(A). Then (F(h%));cz is a homotopy between F(f),F(g) : F (X®) —
F(Y*)in B.

Definition 3.2.11 Homotopy Equivalence between Cochain Complexes

A morphism f: X®* — Y* of cochain complexes is a homotopy equivalence if there exists a morphism
g:Y*® — X*® such that fog and go f are homotopic to the identity morphisms of X*® and Y, respectively.
We say that X*® and Y* are homotopy equivalent if there exists a homotopy equivalence between X*®
and Y*.

3.2.3 Cohomology

Definition 3.2.12 n-th Cohomology Functor

Let A be an abelian category. Given any n € Z, the n-th cohomology functor of a cochain complex X*®
is defined to be the functor
H"(X*®) :=kerd"/imd" .

Definition 3.2.13 Quasi-isomorphism

A morphism f : X®* — Y of cochain complexes is a quasi-isomorphism if the induced morphism
H™(f) : H*(X*) — H™(Y*) is an isomorphism for all n € Z.

Lemma 3.2.14
If f: X* — Y* is null homotopic, then H™(f) = 0 for all n € Z.

Proof. Let h be a homotopy between f and the zero morphism. Then we have
M= d;’}_l oh™ 4+ h"tlod%
for all n € Z. This implies that f™ induces the zero morphism on cohomology for all n € Z. O

Proposition 3.2.15 Homotopic Morphisms Induce the Same Morphisms on Cohomology

Let f,g: X* — Y* be homotopic morphisms of cochain complexes. Then the induced morphisms H"(f)
and H"(g) on cohomology are the same for all n € Z.
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Proof. Let h be a homotopy between f and g. Then we have
fMm—g" = d;‘l oh™ + A" ody
for all n € Z. This implies that f™ and g™ induce the same morphism on cohomology for all n € Z. O

Corollary 3.2.16 Homotopy Equivalences are Quasi-lsomorphisms

A homotopy equivalence of cochain complexes is a quasi-isomorphism.

Definition 3.2.17 Acyclic Complex
A cochain complex X* is acyclic if H*(X*®) = 0 for all n € Z.

Proposition 3.2.18
Let A be an abelian category and X® € Ob (Ch(A)) be a cochain complex. Then the following are equivalent

(i) X* is acyclic.
(ii) X* is exact, that is, exact at each X™.

(iii) The zero morphism 0 — X*® is a quasi-isomorphism.

3.3 Resolution

3.3.1 Projective and Injective Objects

Definition 3.3.1 Projective Object

An object P in an abelian category A is projective if for any epimorphism f : X — Y and any morphism
g: P — Y, there exists a morphism h : P — X such that foh =g.

P
3}; <y
L
X Y
7 0

Proposition 3.3.2 Equivalent Characterizations of Projective Objects
Let A be an abelian category and P be an object in A. Then the following are equivalent

(i) P is projective.
(ii) Homa (P, —) is exact.

(iii) Every short exact sequence

in A splits.
(iv) Exta(P, X) =0 for all X € A.

Proof. (i) = (ii). Since Homa (P, —) is a left exact functor, it suffices to show that Homa (P, —) preserves
epimorphisms. Let f: X — Y be an epimorphism in A. We need to show that f,. : Homa (P, X) — Homa(P,Y)
is surjective. Let g : P — Y be a morphism in A. Since P is projective, there exists a morphism h : P — X such
that f.(h) = f o h =g. This means that f. is surjective.
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(i) = (iii). If P is projective, then for any short exact sequence 0 — X Ly %po 0, there exists a
morphism h : P — Y such that ho g =idp.

0 X Y

By Proposition 3.1.14, this implies that the short exact sequence splits. O

Definition 3.3.3 Injective Object

An object I in an abelian category A is injective if for any monomorphism f : X — Y and any morphism
g: X — I, there exists a morphism h : Y — I such that ho f = g.

0 X

Proposition 3.3.4 Equivalent Characterizations of Injective Objects
Let A be an abelian category and I be an object in A. Then the following are equivalent

(i) I is injective.
(ii) Homa(—,I) is exact.

(iii) Every short exact sequence

in A splits.
(iv) Exta(f,X) =0 for all X € A.
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Chapter 4

Group

4.1 Basic Concepts

Definition 4.1.1 Group
A group is a set G together with a binary operation - : G X G — G such that

(i) (Associativity) Vz,y,z € G, (z-y)-z=x - (y - 2).
(ii) (Identity) Je € G such that Vx € G, e -z =z e = z.

(iii) (Inverse) Vz € G, 3z~ € Gsuchthat z-z ' =271 .z =e.
Since the identity of a group is unique, we denote it by 15 or simply 1.

Definition 4.1.2 Opposite Group

Let G = (G, x) be a group. The opposite group of G is the group G°P = (G, x°P), where x°P : Gx G — G
is defined by x %x°P y = y - z. If we consider G as a category BG, then we have category isomorphism

BGP = (BG)°P.

Proposition 4.1.3 Group is Isomorphic to Its Opposite group

G is isomorphic to G°P through the isomorphism z — x~!. This is same as saying that BG is isomorphic
to (BG)°P through the functor °P defined in Definition 2.1.8.

Definition 4.1.4 Subgroup

Let G be a group. A subset H of G is called a subgroup of G if H is a group with respect to the binary
operation of G. In this case, we write H < G.

4.2 Group Homomorphism

Definition 4.2.1 Group Homomorphism
Let G, H be groups. A group homomorphism from G to H is a function ¢ : G — H such that
v,y € G, pley) = (z)e(y).

Definition 4.2.2 Isomorphism
Let G, H be groups. A group homomorphism ¢ : G — H is called an isomorphism if ¢ is bijective. In
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this case, we say that G and H are isomorphic and write G = H.

Proposition 4.2.3 Properties of Group Homomorphisms
Let G, H be groups and ¢ : G — H be a group homomorphism. Then

(1) e(1c) =1a.

(i) Vz € G, p(a-1) = p(z) 1.

(ifi) Vn € Z, p(z") = p(x)".

(iv) K < G , then o(K) < H.
) <

(v) If K < H, then ¢~ }(K) < G.

Definition 4.2.4 Kernel of Group Homomorphism
Let ¢ : G — H be a group homomorphism. The kernel of ¢ is defined by

kerop ={z € G| p(z) =1x}.

Proposition 4.2.5 Property of Kernel
Let G be a group. Then

(i) Let ¢ : G — H be a group homomorphism. Then ¢ is injective if and only if ker ¢ = {1¢}.

Definition 4.2.6 Normal Subgroup

Let G be a group. A subgroup H of G is called a normal subgroup if gHg~! = H for all g € G. In this
case, we write H < G.

Proposition 4.2.7 Equivalent Definition of Normal Subgroup
Let G be a group and H be a subgroup of G. Then the following are equivalent:

(i) H is a normal subgroup of G.
(i

(ili) gHg ! C H for all g € G.

Vg € Inn(G), v4(H) C H.

)

)

)

(iv) gHg=! = H for all g € G.

(v) gH = Hg for all g € G.

(vi) H is a union of conjugacy classes.
)

(vil) H = ker ¢ for some group homomorphism ¢ : G — K.

Proposition 4.2.8 Properties of Normal Subgroup
Let G be a group.

(i) {1¢} and G are normal subgroups of G.

(i) f H< K <G and H <G, then H < K.

(iii) If H <ehar K < G, then H < G.
)

(iv) Normality is preserved under surjective homomorphisms: if f : G — H is a surjective group homo-
morphism and N < G, then f(N) < H.

81



4. GROUP 4.2. GROUP HOMOMORPHISM

(v) Normality is preserved by taking inverse images of homomorphisms: if f : G — H is a group
homomorphism and N <1 H, then f~}(N) < G.

(vi) Normality is preserved on taking finite products: if N3 <t Gy and Ny <1 G, then Ny x No <Gy x Gs.

(vii) Given two normal subgroups, N and M, of G, their intersection N N M and their product NM =
{nm :n € N and m € M} are also normal subgroups of G.

Definition 4.2.9 Simple Group
A group G is called simple if G is nontrivial and the only normal subgroups of G are {1¢} and G.

Let G, H be groups and ¢ : G — H be a group homomorphism. Define natural projection

m:G— G/kery
gr— gkerop

Then there exists a unique group homomorphism @ : G/ker¢o — H such that the following diagram
commutes

G—*2 +H

G/kerp

Moreover, @ is injective and we have G/ ker ¢ & imep.

Corollary 4.2.11 First isomorphism theorem
Let G, H be groups and ¢ : G — H be surjective group homomorphism. Then G/ker p & H.

Proposition 4.2.12 Universal Property of Quotient Group

Let G be a group and N < G be a normal subgroup. Suppose 7 : G — G/N is the natural projection.
Then 7 is initial in the category of group homomorphisms ¢ : G — H such that N C ker .

That is, for any group H and group homomorphism ¢ : G — H such that NV C ker ¢, there exists a unique
group homomorphism ¢ : G/N — H such that the following diagram commutes

G—2 3 H

21
g
.
i S
o0 e
.

G/N

Proof. Since N C ker @, there is a canonical projection

p:G/N — G/kerp
gN — gker ¢

According to the following diagram, we can define ¢ by ¢ = @ o p.

G—* L H

T
- I
.
- I
g s 1P
P |
.
. I

G/N —— G/kerp
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Let G be a group and H, K be subgroups of G. Then HK is a subgroup of G and H N K is a normal

subgroup of H. Moreover, we have
HK/H=K/(HNK).

4.3 Construction

4.3.1 Free Object

Let A be set. Define a string over the A to be a finite sequence of elements of A. The concatenation of two
strings @1 -~ - a,, and by - - - b, is a binary operation ¢ defined by

ai---a,oby---by,, =ay---apbyr- by,

Definition 4.3.1 Word

Let S be a set. Define 57! = {s7* | s€ S}. A word on S is a string over SUS™! L {1}. T is called an
empty word. The length of a word w is the number of letters in w.

Definition 4.3.2 Reduced Word
Let W(.S) be the set of all words on S. Define a relation ~ on W () as follows: for any s € S

s7ls~1, sslx1, 1s~s, sla1

Define ~ to be the equivalence relation generated by ~. Let = : W(S) — W(S)/ ~,w — [w]. denote the
quotient map. It is easy to see that for any [w]. € W(S)/ ~, there exists a unique representative element
p(w) € W(S) which has shortest length among all representatives of [w]~. A word w is called reduced if

plw) = w.

Definition 4.3.3 Free Group

Let S be a set. The free group on S, denoted by Freeg,(S), together with a function ¢ : S — Freeg,p(S),
is defined by the following universal property: for any group G and any function f : S — G, there exists a
unique group homomorphism f : Freeg,(S) — G such that the following diagram commutes

Freegrp(S) 26

The free group Freeg:,(S) can be contructed as follows: as a set it consists of all reduced words on S. The
binary operation - is concatenation with reduction defined by

wy - we = pwy o wa).

The identity element is the empty word. The inverse of a word is obtained by reversing the order of the
letters and replacing each letter by its inverse.

Example 4.3.1 Forgetful Functor U : Grp — Set
The forgetful functor U : Grp — Set forgets the group structure of a group and returns the underlying set.

(i) U is representable by (Z,1). The natural isomorphism ¢ : Homg,, (Z, —) = U is given by

(]5@ : I{OIH(;rp (Z, G) ; U(G)
fr—= 1),
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A group homomorphism from Z to G is uniquely determined by its action on 1.

(ii) U is faithful but not full.

Proof. (i) ¢ : Homgp (Z, —) = U is the composition of the following natural isomorphisms
Homgp, (Z, —) = Homgrp (Freegep ({*}), —) = Homset ({*}, U(—)) = U.

(ii) U is not full because not every mapping f : Z — G is a group homomorphism.

Proposition 4.3.4 Free-Forgetful Adjunction Freeg,, 4 U
The free group functor Freegy, is left adjoint to the forgetful functor U : Grp — Set

Freegy,

7
Set L Grp

~_

U
The adjunction isomorphism is given by

©s.c : Homgp(Freeg,(S), G) — Homsget (S, U(G))
g — g (el

Proof. First we show that ¢g ¢ is injective. Suppose g1, g2 : Freegp(S) — G are two group homomorphisms
such that g; o ¢ = g2 o ¢. By the universal property of free group, we have g; = g2. Then we show that ¢g ¢ is
surjective. Suppose f : S — U(G) is a function. By the universal property there exists a group homomorphism

f: Freegrp(S) — G such that psc(f) = fo ¢ = f. Finally, we show that ¢g ¢ is natural in S and G. Suppose
h : S — Sy is a function and ¢ : G; — G2 is a group homomorphism. Then we can check that for any

g € Homgp (Freegrp(S2), Ga),
¢s,,61(qogots) =(gogots,)oLs,
=qogo (s ots,)
={qogols,

= $55,G2 (g © LSz)'

4.3.2 Inverse Limit

Definition 4.3.5 Inverse Limit in Grp
Let | be a filtered thin category and F' : I°°P — Grp be a functor. To unpack the information of F', denote

I:=0b(l), G; := F(3) and f;; := F(i — j). An inverse system is a pair ((Gi)z‘el ; (fij)i<jez> where
fij : Gj — Gy is a group homomorphism for each 7 < j such that

(i) fi =idg, for alli e I.
The inverse limit of ((Gi)ieI , (fij)i<jel) is the cofiltered limit Jim F*, also denoted by lim, _, G;, which

can be constructed as a subgroup of [[,.; G; as follows

lim G = {(Cﬂz‘)z‘el e[[¢:

x; = fij(z;) foralli < j e I}
1€l iel

equipped with natural projections =; : @ie s G; — G;.
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Example 4.3.2 Inverse Limit lién221 G;

Let | = (Z>1,<) be a filtered thin category and F' : I°° — Grp be a functor. To determine an inverse
system, it is sufficient to specify G; and f; ;41 : Giy1 — G; for all ¢ € Z>;. The inverse limit of this inverse
system is denoted by 1'&ni> L G, which we now write as G for simplicity.

G can be imaged as a tree with root layer being Go = {1} and i-th layer being G;. Each node in G; has a
unique parent node in G;_;, which is determined by f;;_1. An element in G is a path starting from the
root and passing through each G; exactly once along the edges of the tree. The i-th component x; of an
element x € G includes all information of its history path from Gy to G;, which makes x1,xs, -+, z;_1
redundant.

4.4 Group Action
4.4.1 Definitions

Definition 4.4.1 Symmetric Group

The symmetric group on a set X is the group whose elements are all bijections from X to X, with the
group operation of function composition. The symmetric group on X is denoted by Sym(X) or Autge(X).
If X ={1,2,--- ,n}, then we denote Sym(X) by S,,.

Definition 4.4.2 Group Action
Let G be a group and X be a set. A group action of G on X is a group homomorphism

0 : G — Autset(X)
g— 0y

If G acts on X by o, we say (X, o) is a G-set. If there is no ambiguity, we simply say X is a G-set.

Proposition 4.4.3 Equivalent Definition of Group Actions
Let G be a group and X be a set. A group action of G on X can be alternatively defined as a map

GE XX — X
(g,2) — g
such that
(i) Ve e X, e-x =
(ii) Yg,h € G, Yz € X, (gh) -z =g - (h-x).
The equivalence of the two definitions is given by
og(x) =9g- .

We say X is a right G-set if X is a left G°P-set.

Definition 4.4.4 G-equivariant Map

Let G be a group and (X, o), (Y,0’) be G-sets. A map f: X — Y is called G-equivariant if for all g € G
and z € X, we have

flg-z)=g- f(z).

Equivalently, f is G-equivariant if it is a natural transformation f : o(—) = o¢/(—) such that for any
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g € G, the following naturality diagram commutes

BG o — 7 o

Definition 4.4.5 Category of G-sets
The categories of left G-sets, denoted by G-Set, are defined as follows:

e Objects: G-sets.
e Morphisms: G-equivariant maps.
e Composition of morphisms is the composition of functions.

G-Set can be identified with the functor category [BG, Set], given by the following isomorphism of categories

G-Set = [BG, Set]
(X,0)— (e = X, 0:G — Autset(X))

Example 4.4.1 Trivial Group Action

Let G be a group and X be a set. The trivial group action of G on X is defined as o, = idx for all
g €aq.

Example 4.4.2 Actions on X Induce Actions on 2%
If a group G acts on a set X, then G acts on the power set 2% by

g-A={g-z|ze A}
Definition 4.4.6 Product of G-Sets
The product of two G-sets X and Y is defined as the set X x Y with the G-action
g9 (x,y)=(g9-7,9y).
Alternatively, the product of two G-sets can be defined as the product of two functors, cf. Proposition 2.4.33.

Definition 4.4.7 Coproduct of G-Sets
The coproduct of two G-sets X and Y is defined as the set X LY with the G-action

{g~a a€eX
g-a=
g-a a€yY

Alternatively, the coproduct of two G-sets can be defined as the coproduct of two functors, cf. Proposi-
tion 2.4.33.

Example 4.4.3 Autc(X) acts on Homc¢(X,Y) and Homc(Y, X)
Let X and Y be objects in a category C. Then Autc(X) acts on Homc(X,Y) by the composition of
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functors
BAutc(X) T BAutc(X)°P Cop _ Home(—¥) o
o O X i Hom(X,Y)
9‘/ g—l ‘/g—l [(gl>*
° Ol X Hom(X,Y)

Writing explicily, the action is given by

Autc(X) x Home(X,Y) — Home(X,Y)

(9. f) — fog™
Similarly, Autc(Y") acts on Homc (Y, X) by
BAutc(X) c —Homem) |, ey
o X Hom(Y, X)
o X Hom(X,Y)

Writing explicily, the action is given by

Autc (Y) x Homc¢ (Y, X) — Homc¢ (Y, X)
(9, f)—gof

Example 4.4.4 Actions on X Induce Actions on Homse (X, Y")

If G acts on X through a functor o(—) : BG — Set, then it also acts on Homse:(X,Y') for any set Y by
the composition of functors

-t a(—)°P omset(—,
O, ger I, geqor Homsal= ) gy

The left action on Homse (X, Y) is given explicitly as follows: for all g € G, f € Homget(X,Y) and = € X,

(9-)z)=flg™" - 2).

Equivalently, the right action x on Homse (X, Y) is given by
(fx9)(x) = flg- =)

Proof. We can check that
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and also check that

—~

fxgq)(g2-z)
(91 (g2 - 2))

((9192) - )

* (9192)) ().

((f*g1)xg2)(x) =

O =

Definition 4.4.8 Orbit of a Group Action
Let G be a group acting on a set X. For x € X, the orbit of x is defined as

Gr={g-z|geG}.

Definition 4.4.9 Orbit Space
Let G be a group acting on a set X. The orbit space of G acting on X is defined as

G\X ={Gz |z € X}.
If G acts on X, then G acts on G\ X trivially by ¢ - Gz = Gx.

Proposition 4.4.10 Orbit Decomposition

Let G be a group acting on a set X. We define a equivalence relation ~ on X by
x~y < Gr=Gy.

Then the equivalence class of z is exactly Gz. The quotient set X/ ~ is exactly the orbit space G\ X. And
we have a partition of X by the orbits of G acting on X

X = |_| Gx.

GzeG\X

Proof. We can check that the equivalence class of x is Gz. If y ~ x, then y € Gy = Gz. If y € Gz, then Gy C Gz
and z € Gy. Note x € Gy implies Gz C Gy. We have Gz = Gy, i.e. x ~ y. O

If G acts on X, then G acts on G\ X trivially.

Definition 4.4.11 G-invariant element

Let G be a group acting on a set X. An element z € X is called G-invariant if Gx = {z} or equivalently
|Gz| = 1. The set of all G-invariant elements is denoted by X¢

XC={zeX|Gx={2}}={z€X|VgcG,g z=2a}

Definition 4.4.12 Stabilizer Subgroup

Let G be a group acting on a set X. For x € X, the stabilizer subgroup of of G with respect to x is
defined as
Stabg(z) ={g € G| g -z =z}

It is easy to see that Stabg(x) is a subgroup of G.

Proposition 4.4.13 Properties of Stabilizer Subgroup

Let G be a group acting on a set X. For o € X, the stabilizer subgroup Stabg(z) has the following
properties

(i) z € X¢ <= Stabg(z) =G.
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(i) ker (G — Autset(X)) = ) Stabg(z).

TeX

(ili) Stabg(gw) = gStabg(x)g~* for any g € G. Hence, we have a bijection between the G-orbit of z and
the conjugacy class of stabilizer subgroup Stabg ()

Gx — Cl(Stabg(z))

gxr —> gStabg(:v)gf1

(iv) Stabg(gz) = Stabg(x) <= ¢ € Ng(Stabg(x)).

If X ~ G is a right action, then we have Stabg(zg) = g~ !'Stabg(z)g for any g € G.

Proof. (i)
r€ XY < VgeG,gr =1 < Stabg(z) = G.
(i)
g €ker (G — Autset(X)) <= Ve e X, gr=2 < g€ ﬂ Stabg ().
reX

(iii) Let h € Stabg(gx), meaning h(gx) = gx. Applying g~! to both sides, we get g~ 'h(gz) = g~ '(g92) = .
Thus, g~ hg € Stabg(z), meaning h € gStabg(z)g~t. Conversely, if h € gStabg(z)g~!, then h = gkg~! for
some k € Stabg(x). Therefore, h(gx) = g(kx) = gz, so h € Stabg(gz). Thus, Stabg(gz) = gStabg(z)g~!.

(iv)
Stabg(gz) = Stabg(r) <= gStabg(z)g~' = Stabg(zr) <= g € Ng(Stabg(z)).

Definition 4.4.14 Faithful Group Action

Let G be a group acting on a set X. The action is called faithful if any of the following equivalent
conditions holds

(i) G — Autset(X) is injective.
(ii) (N Stabg(z) = {lc}.

rzeX

(iii) Ve e X, g e =2 = ¢g=1g¢.
For any group action, we can always make it faithful by quotienting out the kernel of G — Autse(X).

Definition 4.4.15 Free Group Action

Let G be a group acting on a set X. The action is called free if any of the following equivalent conditions
holds

(i) For all z € X, Stabg(z) = {1} .

(i) IreX, g =0 = g=1¢.

It is clear that a free action is faithful, but the converse does not hold in general. For example, the dihedral
group D3 acts on an equilateral triangle faithfully but not freely, since the reflections fix one vertex and swap the
other two.

Definition 4.4.16 Transitive Group Action

Let G be a group acting on a set X. The action is called transitive if any of the following equivalent
conditions holds

(i) For any x,y € X, there exists g € G such that g-x = y.
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(ii) X has only one orbit, i.e. X = Gz for any = € X.

If G acts transitively on X, then X is called a transitive G-set or homogeneous space for G.

The following proposition shows that we can understand a group action on a set X by studying the group
action on each G-orbit Gz separately.

Proposition 4.4.17 G Acts on Orbit Gx Transitively

Let G be a group acting on a set X and z € X. Then G acts on the orbit Gz by left multiplication
transitively. And we have a G-set isomorphism

X = |_| Gz,
GzeG\X

which decomposes any G-set into coproduct of transitive G-sets.

Proposition 4.4.18 Properties of G-equivariant Maps between Transitive G-sets

Let G be a group acting on a set X and Y transitively. Then we have

(i) Any G-equivariant map f : X — Y is uniquely determined by its value at one point z € X:
flg-x)=g-f(z), Vged.

(ii) If X # @, then any G-equivariant map f : X — Y is surjective.
(iii) Assume z € X and y € Y. Then the following are equivalent:

a) There exists a unique G-equivariant map f : X — Y such that f(z) = y.

b) There exists a unique G-equivariant map p : G/Stabg(z) — G/Stabg(y) such that
p(Stabg(x)) = Stabg(y).

c) Stabg(z) C Stabg(y).

Proof. (i) For any 2’ € X, we can assume =’ = ¢ - x for some g € G. Since f is G-equivariant, we have
flg-z) =g f(x)

(ii) Suppose z € X, and y = f(x) € Y. For any ' € Y, we can assume y’ = g -y for some g € G. And we have

!

flg-x)=g-fl@)=g-y=y.
(iii) a) = ¢). Suppose f: X — Y is a G-equivariant map such that f(x) = y. For any g € Stabg(z), we have

9y = gf(z) = f(gz) = f(z) = v,
which implies g € Stabg(y). Thus we show that Stabg(x) C Stabg(y).

¢) = a). suppose Stabg(x) C Stabg(y). We can define f : X — Y by f(g-2) = g-y. It is well-defined
since
g1 T =gy => g5'g1 € Stabg(x) => g, 'g1 € Staba(y) = g1-y=9g2-y.

a) <= b). It is a direct consequence of Proposition 4.4.26.

Corollary 4.4.19 GG-maps between Left Coset Spaces
Suppose H, K are subgroups of G. Then we know G left acts on G/H and G/K.

(i) f «: G/H — G/K is a G-map, then « has the form a(gH) = grK, where the element r € G
satisfies H C rKr—1L.
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(ii) If there exists r € G such that H C rKr~!, then the map a : G/H — G/K defined by a(gH) = grK
is a G-map.

Proof. (i) Suppose « : G/H — G/K is a G-map and a(H) = rK. The equivariance condition gives a(gH) =
grK. And By Proposition 4.4.18, we have

H = Stabg(H) C Stabg(rK) = rStabg(K)r~' = rKr™'.

(ii) If there exists r € G such that
H = Stabg(H) C rStabg(K)r~! = Stabg (rK),

then by Proposition 4.4.18, there exists a unique G-map « : G/H — G/K such that o(H) = rK. Thus
a(gH) = grK for all g € G.
O

Proposition 4.4.20 Transitive G-set Isomorphism Criterion
Suppose X, Y are transitive G-sets and x € X, y € Y. Then we have
(i) There exists a G-set isomorphism f : X = Y such that f(x) = y if and only if Stabg(x) = Stabg(y).

(ii) X &Y as G-sets if and only if Stabg(x) and Stabg(y) are conjugate subgroups in G.

Proof. (i) Suppose there exists a G-set isomorphism f : X = Y such that f(z) =y. Then f~!1:Y = X is
also a G-set isomorphism such that f=!(y) = z. By Proposition 4.4.18, we have both Stabg(z) C Stabg(y)
and Stabg(y) C Stabg(x), which implies Stabg(z) = Stabg(y).

Conversely, suppose Stabg (x) = Stabg(y). By the previous proposition, there exists a unique G-equivariant
map f: X — Y such that f(z) = y. There also exists a unique G-equivariant map h : Y — X such that
h(y) = z. Since for any g € G, we have

hof(g-z)=h(g-y)=g-h(y)=g-a, fohlg-y)=[flg-z)=g f(z)=g"y,
we know ho f =idx and f oh =idy. Thus f is a G-set isomorphism.

(ii) Suppose X =Y as G-sets. Then there exists a G-set isomorphism f : X — Y. We can assume f(z) =gy
for some g € G. By the previous proposition, we have

Stabg (z) = Stabg(f(z)) = Stabg(g - y) = gStabg(y)g ™.

Conversely, suppose Stabg(z) and Stabg(y) are conjugate subgroups in G. Then there exists g € G such
that
Stabg (x) = gStaba(y)g ™" = Staba(g - y).

By the previous proposition, we have a G-set isomorphism f : X = Y such that f(z) = g-y. Thus X £ Y
as G-sets.
O

Example 4.4.5 The Orbit Decomposition of Subgroup Action

Let G be a group acting on a set X with orbit decomposition

iel

Suppose H be a subgroup of G and G has right coset decomposition

G=||Hy;

jeJ
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Then H also acts on X and each G-orbit is disjoint union of some H-orbits, which can written as

keK

More concretely, Gz; is the union of the cosets H(g;z;) (j € J),

JEJ

But H(g,z;) may coincide with H (g, ;) for j # j'. We can duplicate H(g;x;) (j € J) by checking if there
exists h € H such that hg;s; = g;/s;. Suppose a ~p b iff a and b in the same H-orbit. Then we get

{sik | k€ K} ={gjz;i|j €T}/ ~u .

Definition 4.4.21 Regular Group Action
Let G be a group acting on a set X. The action is called regular if any of the following equivalent
conditions holds

(i) The action is transitive and free.
(ii) For any z,y € X, there exists unique g € G such that g -z = y.

If G acts regularly on X, then X is called a principal homogeneous space for G or a G-torsor.

4.4.2 Coset

Example 4.4.6 Left Multiplication Action
Let G be a group. The left multiplication action of G on itself is defined as

mb : G — Aut(G)
g — (z— ga)

Example 4.4.7 Right Multiplication Action
Let G be a group. The right multiplication action of G on itself is defined as

m® . G° — Aut(G)
g+— (x — xg)

Definition 4.4.22 Left Cosets
R
Let G be a group and H be a subgroup of G. H®° can act on G through H° < G° ™= Aut(G), namely

H° — Aut(G)
h+— (g — gh)

The orbit of g under H® is called the left coset of H containing g, denoted by gH
gH =H°g={gh|h e H}.

The set of all left cosets of H is denoted by G/H, called the left coset space of G modulo H. G/H is the
orbit space of G under the right multiplication action of H.
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Example 4.4.8 G Acts on G/H Transitively
Let G be a group and H be a subgroup of G. G acts on G/H through

G — Aut(G/H)
g+— (zH —— gzH)

For any xH,yH € G/H, we have yH = grH for some g = yx~! € G. Thus G acts on G/H transitively.
The stabilizer subgroup of xH is given by

Stabg(zH) = xHx ™ .

Definition 4.4.23 Right Cosets
L
Let G be a group and H be a subgroup of G. H can act on G through H — G ™~ Aut(G), namely

H — Aut(G)
h+— (g — hg)

The orbit of g under H is called the right coset of H containing g, denoted by Hg
Hg={hg|heH},
which matches notation of orbit. The set of all right cosets of H is denoted by H\G, called the right coset

space of G modulo H.

Definition 4.4.24 Index of Subgroup

Let G be a group and H be a subgroup of G. The index of H in G is defined as the cardinality of G/H
or H\G, denoted by [G : H].

Let G be a finite group and H be a subgroup of G. Then |G| = |H|[G : H].

Proposition 4.4.26 G-Set Isomorphism G/Stabg(z) = Gz
Let G be a group acting on a set X and x € X. Then the map

F : G/Stabg(z) — Gx
gStabg(z) — g -z

is a G-set isomorphism. The transitive G-set G/Stabg () is defined in Example 4.4.8.

Proof. The map is well-defined since for any h € Stabg(z), we have (gh) -z =g (h-xz) = g- 2. The map is a
G-set homomorphism since for any g1, g2 € G,

F (g1 - g2Stabg(r)) = (g192) - = g1 - (92 - ©) = g1 - F' (g2Stabg(x)) .

The map is injective since for any g, h € G, if g-2 = h-x, then h~1g € Stabg(z). Hence gStabg(z) = hStabg ().
The map is surjective because for any g - x € Gz, we have F (¢Stabg(z)) = g - z. O

Let G be a group acting on a set X. For x € X, we have

G| = |Ga| - [Stabe (@),

93



4. GROUP

Proof. According to Proposition 4.4.26, we have

(Ga] = |G/Staba ()| = |G/ [Stabe ()]

4.4. GROUP ACTION

Let G be a finite group acting on a finite set X. Then the number of orbits of G on X is equal to

1
|G\X]| = [l > 1x,

geG

where X9 = {z € X | g-x = x} is the set of fixed points of g.

Proof.
DX ={(g,2) eGx X |g-x=u}

geaG

= Z |Stabg ()]

zeX

= Z ﬂ by Orbit-Stabilizer Theorem
= |G|

=161 >3

GyeG\X ze€QGy

1

=161 Y 16y

G Gyl
yeG\X

=Gl Y 1

GyeG\X
= |G| - |G\X].

4.4.3 Conjugacy Action
Definition 4.4.29 Conjugacy Action and Inner Automorphism Group

v : G — Autgrp(G)
gr— (g :x—> grg™t)

The inner automorphism group of G is defined as the image of -
Inn(G) =im~y ={v, | g € G}.

And we have inclusion relation Inn(G) < Autgp(G) — Autse:(G).
Definition 4.4.30 Conjugate Subgroups

G x 26 — 26

(9. E) — gEg™"

subgroups of G.

From Example 4.4.2, we see conjugacy action on G induces an action on its power set 2¢:

If H is a subgroup of G, then gHg~! is also a subgroup of G. We say H and gHg~

Let G be a group. The conjugacy action of G on itself is defined as a group homomorphism

are conjugate
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Proposition 4.4.31 Equivalent Characterization of Inner Automorphisms

Let G be a group and ¢ € Aut(G). Then ¢ € Inn(G) if and only if ¢ satisfies the property:
G is embedded in a group H —> ¢ extends to an automorphism of H.

To be specific, the property can be stated as: for any monomophism ¢ : G <— H, there exists ¢ € Aut(H)
such that the following diagram commutes

%H
¥

Q

A}
=

Q

— H

L

Definition 4.4.32 Outer Automorphism Group

Let G be a group. Then we have Inn(G) < Autgrp(G). And the outer automorphism group of G is
defined as
Out(G) = cokery = Autcrp(G)/Inn(G).

Definition 4.4.33 Characteristic Subgroup
Let G be a group. A subgroup H < G is called a characteristic subgroup if

Vo € Autep(G), ¢(H) C H.
It would be equivalent to require the stronger condition that Vo € Aute,p(G), ¢(H) = H, because

e(H)CH = ¢ '(H)CH = H C o(H).

Definition 4.4.34 Fully Characteristic Subgroup
Let G be a group. A subgroup H < G is called a fully characteristic subgroup if

Vo € Endep(G), ¢(H) C H.

Definition 4.4.35 Word Map

Suppose G is a group and
:L’::L';Xll ...x;i;" €F<x1,... 7I'IL>

is a reduced word in a free group of rank n, where o, € Z — {0} for ¥k = 1,2,--- ;m. The word map
induced by z is defined as a map

wy : G — G
QOm

(917"' 7gm) Hggl"'gim .

Definition 4.4.36 Verbal Subgroup

Let G be a group and W be a collection of word maps. A subgroup H < G is called a verbal subgroup
if H is the subgroup generated by

{w(gla”' 7gn) |'LU€W, g’LeG}

Definition 4.4.37 Commutator
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1

Let G be a group. The word map induced by zyx~'y~! is a binary operation defined on G, denoted by

[ ]:GxG— G
(z,y) — [z, y] = ayz~ 'y~

[x,y] is called the commutator of z and y.

Proposition 4.4.38 Properties of Commutator
Let G be a group. Then

(i) @ commutes with y if and only if [z,y] = 14.
(i) 2,97 = [y,2].
(iii) For any homomorphism f: G — H, f([z,y]) = [f(x), f(y)].

Proposition 4.4.39

According to the extent that a subgroup is preserved by endomorphisms, we have the following inclusions

{verbal subgroups} C {fully characteristic subgroups} C {characteristic subgroups} C {normal subgroups} .

Definition 4.4.40 Commutator Subgroup

Let G be a group. The commutator subgroup or derived subgroup of G is the subgroup generated
by all the commutators, denoted by

G, G = {lz, 9] [ 2,y € G}).

Proposition 4.4.41 Properties of Commutator Subgroup
Let G be a group. Then

(i) [G,@G] is a verbal subgroup with W = {[,:]}. Hence [G,G]| < G.
(ii) [G, @] is the smallest normal subgroup of G such that G/[G, G] is abelian.
(i) [G,G] ={l¢} if and only if G is abelian.

Definition 4.4.42 Abelianization
Let G be a group. The abelianization of G is defined as the quotient group

G*® = G/[G, G).

Proposition 4.4.43 Universal Property of Abelianization

Let G be a group and A be an abelian group. Then any group homomorphism f : G — A factors through
G? uniquely, that is, there exists a unique homomorphism f : G® — A such that the following diagram

commutes
G i A
N g
Gab

96



4. GROUP 4.4. GROUP ACTION

Definition 4.4.44 Normalizer
Let G be a group and S be a subset of G. The normalizer of S in G is defined as

Ne(S)={geG|gSg~" =5}.

Let G acts on 2¢ by conjugation (c.f. Definition 4.4.29). Then Ng(S) = Stabg(S) < G.

Proposition 4.4.45 Normalizer of a Subgroup is the Largest Subgroup in which the Subgroup is Normal

Let G be a group and H be a subgroup of G. Then H <<N¢g(H). Moreover, Ng(H) is the largest subgroup
of G in which H is normal, i.e.

HaK<G = H<K <Ng(H) <G.

Proof. For all n € Ng(H), we have nHn~! = H, which implies H <{Ng(H). Suppose H 1K < G. Then Vk € K,
kHEk™' = H. Hence k € Ng(H). Therefore we prove the maximality of Ng(H). O

Definition 4.4.46 Centralizer
Let G be a group and S be a subset of G. The centralizer of S in G is defined as

Ce(S)={geG|VseS, gs=sg}.
The centralizer of {x} is the stabilizer subgroup of x under conjugacy action, denoted by

Co(z)={g€G|gr =129} ={g9€G|grg~' =z} = Stabg(z) = Ng(z).

Definition 4.4.47 Center of a Group
Let G be a group. The center of G is defined as the centralizer of G in G, denoted by

Zg =Cq(G)={g€G|Vx € G, g =2xg}.

Proposition 4.4.48 Normalizer Ng/(S) Acts on S by Conjugation
Let G be a group and S C G. Then N¢g(S) acts on S by conjugation, i.e. by the group homomorphism

Vs : Ng(S) — Autset(S)

g+— Ygls

where v,|s(s) = gsg~! for all s € S. Moreover, we have ker Ug = Cg(S) < Ng(S).

Proof. g is obtained from restriction ¥g : Ng(S) < G L Autse(G). Since for any g € Ng(S), 7,4]s(S) =
{gsg7' € G|se S} CS, wesee Ug(g) =g4|s € Autset(S). The kernel of U is

ker Us = {n € Ng(S) | ynls =ids} = {n € Na(S) | Vs € S,nsn™" = s} = Ng(5) N Ca(S) = Ca(9).

Let G be a group and H be a subgroup of G. By Proposition 4.4.48, Ng(H) acts on H by conjugation
through the group homomorphism Uy : Ng(H) — Autse(H). We assert that

Ne(H)/Co(H) = Im¥ gy < Autgp(H).
Hence it is legal to define

Uy :Ng(H) — Auterp(H)
g’_>'79‘H
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Corollary 4.4.50 Kernel and Cokernel of Conjugation Action 7 : G — Autgp(G)

Let G be a group. Then G/Z¢ = Inn(G). That means the conjugation action of a central element is trivial.
The kernel and cokernel of the conjugation v : G — Autg.p(G) can be connected by the following exact
sequence

1 — Zg — G -1 Autgp(G) — Out(G) — 1.

Proof. Take H = G in Theorem 4.4.49 we can get G/Zg = Inn(G). O
Proposition 4.4.51 Properties of Centralizer
Let G be a group and S be a subset of G. Then

(i) § <€ Ca(Ca(S)).

Proposition 4.4.52 Properties of Center
Let G be a group. Then

(1) Ze =Nyeq Cal9)-
(ii) Zg <char G-

(iii) A group is Abelian if and only if Zg = G.

Proof. (i) According to Corollary 4.4.50 and Proposition 4.4.13 (ii), we have

z€Zg < vekery < z€ () Calg)
geG

Definition 4.4.53 Conjugacy Class

Let G be a group. The orbit of a under conjugacy action is called the conjugacy class of a, denoted by
Cl(a) = {gag™" | z € G}.

Two elements a,b € G are called conjugate if Cl(a) = CI(b).

Proposition 4.4.54 Conjugacy Class of Element of Center is Singleton

Consider a group G under conjugacy action. The G-invariant elements under conjugacy action are elements

in the center of G:
a € Zg < Cl(a) ={a} < Cg(a) = Stabg(a) =G.

Proof. According to Proposition 4.4.13 (i), Cl(a) = {a} <= Stabg(a) = G.

a € Zg <= VgeGqG, go=ag
—VgeGq, gag ' =a

= Cg(a) = {a}

Proposition 4.4.55 Conjugacy Class Equation

Suppose G is a finite group. If the distinct conjugacy classes of G which are not singletons are
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Cl(z1),-- -, Cl(zy), then we have the conjugacy class equation

|G| = Z [G: Zg (z;)]

Proof. With the orbit decomposition of G under conjugacy action, then by orbit-stabilizer theorem we have

Gl= Y |Clx)|= Y [G:Stabg(x)]=|2(G)|+ Y _[G: Za(x;)].
j=1

GzeG\G GzeG\G

Proposition 4.4.56

Let G acts transitively on a set S. Choose s € S, and let H = Stab(s). Then we have group isomorphism
Ng(H)/H = Alltg_set(S).

Proof. For any n € Ng(H) with image i € Ng(H)/H, since G acts transitively on S, we can define a map
o(n): S — S
g-S+—— gn_l -8
and check ¢(71) € Autg.set(S) by
o (1) € Autgset(S). ¢(7) is well-defined:
m=n¢€Ng(H)/H
= mten'H
= Jhe Hm *=n"1h
= ¢(m)(s) =gm™' -s=gn"th-s=gn"" s =¢(n)(s).

e ¢(7) is a G-set morphism: ¢(7)(g-s) =gn~t-s=g-¢(n)(s)
e ¢(n) is a bijection: ¢(n 1) is the inverse of ¢ (7).

For any automorphism ¥ € Autg_set(.5), by transitivity we have (s) = n~! - s for some n € G. For h € H,
hn=t-s="h-9(s) =(h-s) =1(s) =n"1-s, hence nhn™! € H and n € Ng(H). This gives a well-defined map

7 : Autgset(S) — No(H)/H
PY—n
Clearly n(¢(71)) = 7i. Suppose ¥ € Autg.set(S) and 9(s) =n~1-s. Then ¢(n(v))(g-s) = gn~1-s = gio(s) = ¥(g-s),
which imples ¢(n(y0)) = 1. Therefore, ¢ : Ng(H)/H — Autg.set is bijective. And it is easy to check that this ¢

is an isomorphism of groups,

p(nm)(g-s) = p(Mm)(g-s) = glnm)™" s =gm 'n"! s =¢(n)(gm ™" s) = p(n) o p(M)(g - 5).

4.5 Symmetric Groups

Definition 4.5.1 Symmetric Group

The symmetric group on a set X is the group of all permutations of X, denoted by Sx = Autse(X). If
X ={1,2,--- ,n}, then we denote Sx by S,.
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Definition 4.5.2 k-Cycle
Let n > 2 and k > 1 be integers. A k-cycle in S, is a permutation o € S;, such that there exist a subset
of P, ={1,2,--- ,n}, denoted by A = {a1,as,--- ,ax}, satisfying

(i) o(a;) = a4 for i =1,2,--- [k —1,

(ii) o(ag) = a1,

(iii) o(z) = x for x € P, — A.

Definition 4.5.3 Cycle Decomposition

Let n > 2 and 0 € S,,. A cycle decomposition of ¢ is a product of disjoint cycles ¢ = 0105 - - 0, such
that o; is a k;-cycle for i = 1,2,--- ;rand k; + ko +--- + k, = n. (k1, ko, -+ , k) is called the cycle type
of 0. Equivalently, a cycle decomposition of ¢ is the decomposition of P, into orbits under the action
of (o).

Let X,Y be finite sets, where X = {1,2,--- ,n} is the set of points to be colored and Y is the set of colors.
Suppose a group G acts on X through ¢ : G — Autse(X). Then it also acts on YX by Example 4.4.4.
Define that a coloring configuration of (X,Y, o) is an orbit in Y /G. Then the number of essentially
distinct coloring configurations is

1
Y¥/G| = €] >y,
geG

where ¢(g) 1= |(g)\X| = [{o4)\X| denotes the number of cycles in the cycle decomposition of o4 € S,,.

Proof. We apply Burnside’s lemma 4.4.28, which states that
1
Y/l = i |0
] geG

where
(V) ={fev¥|flg-a) = f(x) forall z € X}
={feY* {9z ={g)y = f(z)=f(y)}.

Define an equivalence relation ~, on X by  ~; y <= (g9)x = (g9)y. Then we have X/ ~4 = (g)\X. By the
universal property of the quotient set, for any map f: X — Y satisfying x ~y = f(v) = f(y), there exists a
unique map f : (04)\X — Y such that the following diagram commutes

X f Y

(g \X

And we have a natural bijection between (YX)g and Y(9\X | which implies that |(YX)gf = |y, O

Definition 4.5.5 Cycle Index Polynomial
Let G be a subgroup of S,,. The cycle index polynomial of G is defined as

1 (& C
Z(ty,ta, g G) = @ Z tll(g)tzz(g) . tfln(g)’
geG

where ¢ (g) denotes the number of k-cycles in the cycle decomposition of o4. |G|Z (1,12, - ,t,; G) can be
seen as a generating function, where the coefficient of ¢{*¢5? - - - t» represents the number of permutations
in G with excatly c; k-cycles for k =1,2,--- n.
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Let X,Y be finite sets, where X = {1,2,--- ,n} is the set of points to be colored and Y is the set of colors.
Suppose w : Y — ZY; is a weight function which assigns a weight w(y) = (w1(y), w2(y), -, wm(y)) to
each color y € Y. Consider the genrating function

q($1, . ,xm) _ Z lﬂlul(y)xgm(y) L f%"‘(y),
yeY

where the coefficient of the term z{'x5? - - x%m is the number of colors with weight (a1, az, - ,ay,). For

each coloring map f: X — Y, define the its weight as W(f), where
WYX — 7%,

Fr— 3 w(f(@))

zeX

Let G be a subgroup of S,,. Given any g € G and f € XY, we can check the action of g on f does not
change its weight

W(fxg) =Y w((f*g) (@) =D w(flg-z) =Y w(f(z))=W(),

zeX zeX zeX
which implies that for each w = (w1, -+ ,wm) € ZZ;, the fiber W~ (w) is G-invariant.

Define a coloring configuration of (X,Y,G) as an orbit in YX /G. The generating function for the number
of essentially distinct coloring configurations with weight w can be expressed as

CGF(JJ‘I’ 7$m): Z ’G\Wfl(w”xfin._.xwm

wGZg‘O
:Z(Q(xlv axm)vq(xiv 7x72n)7 7Q(x?7 ,le),G)
Proof. For any w = (w1, ,wm) € Z%,, by applying Burnside’s lemma 4.4.28 to the G-set W=1(w), we have

—1 _ 1 —1 g
|G\W (w)’—@Z|W (w)!].

geG

Similar to Theorem 4.5.4, we have a bijection between
W = {fe (V) W) =w} ad {FeYOW W (For) =w},

Suppose (g\X = {(g)z1,---,{g9)x,}. We can give a coloring configuration by r consecutive steps. In the i-th
step, we just need to choose a color in y € Y for the i-orbit (g)\z;, which will contribute a term

x\l(gﬂi\U’l(y)x|2<9)l’i|w2(y) . mlgg)IillUm(y)'

Thus we have

Z |W*1(w)9| gl = H Z l,|1<g)xi|w1(y)x\2(g>w7;\w2(y) o xb’?m‘wm(y)
wetZo (9w e(g)\X \YeY
= H q (x\1<g>wi\’x\2(9>mi\’ L 7xl’§1g)mi\)
(g)zi €(gI\X
=q(zy,--- 7Jttm)cl(g)q (q;%, . ’x12n)02(9) ¢ (", ,m:‘n)c"(-") .

where
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denotes the number of orbits with size k. With this equality, we can rewrite the generating function as

CGF(xl,... ’xm): Z |G\W*1(w)|x<id1”.x<;znm

UJGZ'Z”O
.
wGZgLO | | geG
— G W)
62 2
1 .
_ = Zq(xh... )@ (22, 7953”)”2(9)...(](96?,... ,qn )en(9)
Gl 7=
:Z(Q(xla 7x’m)7q(x%a axfn)v 7Q(x?a 7xg1)1G)

Example 4.5.1 Counting the Isomers of Chlorobenzene

Replacing the H in a benzene ring with Cl, one can consider coloring the 6 vertices of the benzene ring
with two colors: H and Cl. The group action is Djo, which includes 6 rotations: 0°, 60°, ..., 300°, and 6
reflections: 3 along the opposing sides and 3 along the opposing diagonals.

Compute the cycle decomposition for each g:

Identity: 6 1-cycles, corresponding to t§.

Rotation by 1 or 5 times 60°: 1 6-cycle, corresponding to t;.

Rotation by 2 or 4 times 60°: 2 3-cycles, corresponding to #3.

Rotation by 3 times 60°: 3 2-cycles, corresponding to t3.

3 kinds of opposing side reflections: 3 2-cycles, corresponding to t3.

3 kinds of opposing diagonal reflections: 2 1-cycles and 2 2-cycles, corresponding to t3t3.

Writing out Z(tq,- - ,tg; D12):

1
Z(t1,--+ ,te; D12) = o (5 + 3t3t5 + 4t3 + 2t5 + 2t¢)

Assigning a weight of (1,0) to H and a weight of (0,1) to Cl, the corresponding generating function
is ¢(H,Cl) = H + Cl. Finally, the generating function for the number of essentially distinct coloring
configurations is:

CGF(H, Cl)
. % (B +Cn° +3(H + C)? (B2 + OP)* + 4 (B2 + C)° + 2 (B + CF)” + 2 (H° + CI°) )
= H® + H°Cl 4 3H*CI® + 3H?CI® + 3H?CI* + HCI® + C1°
The coefficients give the number of isomers for various chlorobenzene compounds. For instance, looking
at the term 3H*CI?, with a weight of (4,2), it can only be achieved using 4 H atoms and 2 Cl atoms. The

coefficient 3 indicates that there are 3 isomers for dichlorobenzene. The 3 isomers are 1,2-dichlorobenzene,
1,3-dichlorobenzene, and 1,4-dichlorobenzene, plotted as follows:

: Cl Cl : Cl Cl :
Cl Cl
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4.6 Abelian Group

Definition 4.6.1 Abelian Group
An abelian group is a group G such that G is commutative. That is, for all a,b € G, ab = ba.

An Abelian group is a Z-module and we have category isomorphism Ab = Z-Mod.

Example 4.6.1 Forgetful Functor Ug,p, : Ab — Grp

The forgetful functor Ug, : Ab — Grp is a functor that sends an abelian group to its underlying group. It
is a fully faithful functor.

Example 4.6.2 Forgetful Functor U : Ab — Set

The forgetful functor U : Ab — Set forgets the group structure and sends an abelian group to its underlying
set.

(i) U is representable by (Z,1z).
(ii) U is full but not faithful.

Definition 4.6.2 Free Abelian Group

A free abelian group generated by a set X is an abelian group denoted by Z®X which satisfies the
following universal property: for any group G and any funtion f : X — G, there exists a unique group
homomorphism ¢ : Z€X — G such that the following diagram commutes

where ¢ : X — Z%X is the canonical injection.
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Chapter 5
Ring

5.1 Basic Concepts

Definition 5.1.1 Ring
A ring is a set R together with two binary operations + and - on R such that

(i) (R,+) is an abelian group.
(ii) (R,-) is a monoid.
(iii) - is distributive over +,

a-(b+c)=a-b+a-c
(a+b)-c=a-c+b-c

A ring is a monoid object in the category Ab. In other words, a ring is an Ab-enriched category with only one
object.
A ring R is an R-module over itself.
A ring R is a Z(R)-algebra and also a Z-algebra. In fact, we have the following category isomorphism

Ring = Z-Alg.

Definition 5.1.2 Unit Group of a Ring

Let R be a ring. The unit group of R is the group of invertible elements of R under multiplication,
denoted by R*. We can define a functor (—)* : Ring — Grp that sends a ring to its unit group

Ring Grp
R Rx
1 =
S Sx

Proposition 5.1.3 Adjunction Z[—] - (—)”
(=) : Ring — Grp has a left adjoint which sends each group G to the group ring Z [G].

Next we define the morphisms in the category Ring.

Definition 5.1.4 Ring Homomorphism
Let R, S be rings. A ring homomorphism from R to S is a map f : R — S such that

(i) fla+b) = f(a)+ f(b) for all a,b € R.
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(ii) f(a-b) = f(a)- f(b) for all a,b € R.
(iii) f(1gr) =1s.

Definition 5.1.5 Zero Divisor

Assume that a is an element of a ring R.
e a is called a left zero divisor if there exists a nonzero x in R such that axz = 0.
e a is called a right zero divisor if there exists a nonzero « in R such that za = 0.
e a is called a zero divisor if there exists a nonzero x in R such that az = za = 0.

e a is called a regular element if it is neither a left zero divisor nor a right zero divisor.
0 is never a regular element.

Proposition 5.1.6 Set of Regular Elements is a Multiplicative Set

The set of regular elements in a ring R is a multiplicative set.

Proof. Let a,b be regular elements in R. We are to show that ab is also a regular element. Suppose that there
exists a nonzero x € R such that (ab)z = 0. Then a(bx) = 0. Since a is a regular element, we have bz = 0. Since
b is also a regular element, we have x = 0. This is a contradiction.

Similarly, if there exists a nonzero y € R such that y(ab) = 0, then we can deduce that (ya)b = 0. Since b is a
regular element, we have ya = 0. Since a is also a regular element, we have y = 0. This is also a contradiction.
Therefore, ab is a regular element. O

Definition 5.1.7 Domain
A nonzero ring R is called a domain if one of the following equivalent conditions holds:
(i) 0 is the only left zero divisor in R.

(ii) 0 is the only right zero divisor in R.

Definition 5.1.8 Ideal
Let R be a ring and I C R be an additive subgroup.

o Left ideal: If for every r € R, rI C I, then I is called a left ideal of R.
e Right ideal: If for every r € R, It C I, then [ is called a right ideal of R.
e Two-sided ideal: If I is both a left and a right ideal, then it is called a two-sided ideal.

A left, right, or two-sided ideal I that satisfies I # R is called a proper ideal. In commutative rings, left
and right ideals are the same and are simply called ideals.

Sometimes we just say ideal to mean two-sided ideal.

Proposition 5.1.9 Equivalent Characterizations of ldeals
Let R be a ring. Then
(i) Submodules of the left R-module R are precisely the left ideals of R.
(ii) Submodules of the right R-module R are precisely the right ideals of R.
(iii) Sub-bimodules of the R-R bimodule R are precisely the two-sided ideals of R.

Especially, if R is commutative, then the ideals of R are precisely the submodules of the R-module R.
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Definition 5.1.10 Kernel of a Ring Homomorphism
Let f: R — S be a ring homomorphism. The kernel of f is the set

ker f = f~'(0s) = {r € R| f(r) = 0s}.

Proposition 5.1.11 Kernel of a Ring Homomorphism is an Ideal

Let f: R — S be a ring homomorphism. Then ker f is a two-sided ideal of R. If S is not a zero ring, then
ker f is a proper ideal of R.

Proof. Let a,b € ker f and r € R. Then f(a) = f(b) = 0g. Hence f(a +0b) = f(a) + f(b) = 0g, f(ra) =
f(r)f(a) =0g and f(ar) = f(a)f(r) = 0g. Therefore, a + b,ra,,ar € ker f.

If S is not a zero ring, then 1g # 0gs. Hence f(1g) = 1g # Og, which implies 1r ¢ ker f. Therefore, ker f is a
proper ideal of R. O

Proposition 5.1.12 Surjective Ring Homomorphisms Map Ideals to Ideals

A ring homomorphism f : R — S is surjective if and only if maps two-sided ideals to two-sided ideals.

Proof. First, assume that f is surjective. Let I be any two-sided ideal of R. Since f is a homomorphism between
addition group (R,+) and (S,+), (f(I),+) is a subgroup of (S,+). Now take any element y € f(I) and any
s € S, we are to show sy € f(I) and ys € I. Since f is surjective, there exists an r € R such that s = f(r). Also,
since y € f(I), there exists an © € I with y = f(z). Then

sy = f(r)f(z) = f(rz).

Because I is a two-sided ideal in R, we have rx € I, hence f(rz) € f(I). Similarly,
ys = f(2)f(r) = f(zr) € f(I).

Thus, f(I) is a two-sided ideal of S.
Conversely, suppose that for every two-sided ideal I of R, the set f(I) is a two-sided ideal in S. In particular,
consider the two-sided ideal I = R. Then f(R) is a two-sided ideal of S. Note that 15 € f(R). We have f(R) = S,

so f is surjective.
O

Definition 5.1.13 Reduced Ring

A ring R is called reduced if it has no nonzero nilpotent elements, or equivalently, if for any = € R,
2
=0 = z=0.

Proposition 5.1.14 Examples of Reduced Ring

(i) Subrings, products, and localizations of reduced commutative rings are again reduced rings.
(ii) Every integral domain is reduced.

(iii) Z/nZ is reduced if and only if n = 0 or n is square-free.

Proof. (i) Let R be a reduced ring and S be a multiplicative subset of R. For any gf € S7IR, if (f) = f—: =0,

then there exists ¢ € S such that ¢f™ = 0, which implies (¢f)” = 0. Since R is reduced, we have ¢f = 0,

which means f = 0. Hence S™'R is reduced.
O

Definition 5.1.15 Local Ring

A ring R is called local if it has a unique maximal ideal.
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Definition 5.1.16 Local Ring Homomorphism

Let f : R — S be a ring homomorphism and mg and mg be the unique maximal ideals of R and S
respectively. Then f is called a local ring homomorphism if f(mg) C mg or equivalently f~!(mg) = mpg.

5.2 Construction

5.2.1 Initial Object and Terminal Object

Proposition 5.2.1 Initial Object in Ring
The ring Z is an initial object in Ring. That is, for any ring R, there exists a unique ring homomorphism
p:Z— R
n—n-1lg

Proof. I 4 : Z — R is a ring homomorphism, then (1) = 1 implies
Yn) =1+ +1) =p1)+---+p(1) =n-1z.
Therefore, ¥ = . 0

Definition 5.2.2 Characteristic of a Ring

Let R be a ring and ¢ : Z — R be the unique ring homomorphism. Then ker ¢ = nZ and imyp = Z/nZ,
where n € Z>o. The characteristic of R is defined to be n, denoted by char(R).

Equivalently, char(R) is the smallest positive integer n such that n - 1 = Og if such an integer exists.
Otherwise, the characteristic of R is 0.

Proposition 5.2.3 Terminal Object in Ring
The ring Z is an initial object in {0}.

Since the forgetful functor Ring — Set is a right adjoint, it preserves all limits. Hence the underlying set of
the terminal object in Ring is the terminal object in Set, which is the singleton set {x}.

5.2.2 Quotient Object

Definition 5.2.4 Quotient Ring

Let R be a ring and I be a two-sided ideal of R. Equip the additive group R/I with the following
multiplication operation:
(r+1)-(s+1):=(rs+1I), r,s€R.

Then R/I forms a ring, which is called the quotient ring of R modulo I. The quotient map R — R/I
is called the quotient homomorphism.

Proposition 5.2.5 Universal Property of Quotient Rings

Let R be a ring and I be a two-sided ideal of R. Then the quotient map 7 : R — R/I is a surjective ring
homomorphism with kernel I. Moreover, for any ring S and any ring homomorphism f : R — S such that
I C ker f, or equivalently f(I) = {0}, there exists a unique ring homomorphism f : R/I — S such that

the following diagram commutes

R%S

A
7TJ/ R
-~ ;MF

R/I

Moreover, f is injective if and only if ker f = I. f is surjective if and only if f is surjective.

107



5. RING 5.2. CONSTRUCTION

Proposition 5.2.6 Kernel of a Ring Homomorphism is a Two-sided Ideal
Let f: R — S be a ring homomorphism. Then ker f is an two-sided ideal of R.

Proposition 5.2.7 Image of a Ring Homomorphism is a Subring
Let f: R — S be a ring homomorphism. Then imf is a subring of S.

Let f : R — S be a ring homomorphism. Then R/ ker f = imf.

Proposition 5.2.9
Let f: R — S be a ring homomorphism. Then we have the following map

{two-sided ideals of S} — {two-sided ideals of R containing ker f}
I — f7H(Is)

Furthermore, if f is surjective, then we obtain a bijection

{two-sided ideals of S} — {two-sided ideals of R containing ker f}
I — (1)
flh) «— 1

Corollary 5.2.10
Let R be a ring and I be a two-sided ideal of R. Then we have the following bijection

{two-sided ideals of R/T} — {two-sided ideals of R containing I}
JII={j+I|jed}«—J

Example 5.2.1

Let R be a commutative ring and aq,--- ,a, € R be elements in R. Then

(a1, ,an) /(a1) = (a2 + (a1), -+, an + (a1))

is a ideal of R/(ay).

Proof. For any x = ria; + -+ - + rpa, + (a1) € (a1, ,a,) /(a1), we have
T=r1a1 + -+ Tpan + (a1) = r2(as + (a1)) + -+ rp(an + (a1)) € (a2 + (a1),- - ,an + (a1)) -

This implies (a1, ,an) /(a1) C (a2 + (a1), -+ ,an + (a1)).
Conversely, for any y = ro(az + (a1)) + - + rn(an + (a1)) € (a2 + (a1), -+ ,an + (a1)), we have

y=raaz+ - +rnan + (a1) € (a1, -, an) /(a1).

This implies (ag + (a1), -+ ,an + (a1)) € (a1, - ,ay) /(a1). Therefore, we prove the equality. O

Let R be a ring and I and J be two-sided ideals of R such that I C J. Then J/I is a two-sided ideal of
R/I and we have the following isomorphism
R/I
—— = R/J.
J/I /
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5.2.3 Free Object

Definition 5.2.12 Free Ring

Let S be a set. The free ring on S, denoted by Freering(S), together with a function ¢ : S — Freering(5),
is defined by the following universal property: for any ring R and any function f : S — R, there exists a
unique ring homomorphism f : Freeging(.S) — R such that the following diagram commutes

FreeRing (S) ——a—lf—> R

The free ring Freering(S) can be contructed as the free Z-algebra on Freemon(.S)

FreeR;ng(S) = @ Zw.

wEFreemon (S)

Example 5.2.2 Forgetful Functor U : Ring — Set
The forgetful functor U : Ring — Set forgets the ring structure and retains only the underlying set.

(i) U is representable by (Z[x], x).
(ii) U is faithful but not full.

Proposition 5.2.13 Free-Forgetful Adjunction Freeging = U
The free ring functor Freering is left adjoint to the forgetful functor U : Ring — Set.

5.2.4 Graded Object

Definition 5.2.14 I-Graded Ring (Internal Definition)

Let (I,+) be a monoid. An I-graded ring is a ring (R, +, -) together with a family of subgroups (R;):crs
of (R,+) such that

(i) r= @ie[ R;.
(11) RiRj - Ri+j for all 1,] € 1.

Elements in R; — {0} are called homogeneous elements of degree i.

Definition 5.2.15 Graded Ideal
Let R be an I-graded ring with grading (R;);cs. An ideal J of R is called graded if

J:@JﬂRi.

icl

Proposition 5.2.16 Homogeneous Elements Generate Graded Ideal

Let R be a I-graded ring with grading (R;);c; and a be a two-sided ideal of R. Then a is a graded ideal if
and only if a is generated by homogeneous elements. That is,

a is a graded ideal <= a= <UH¢>, H; C R;.
iel
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Proof. If a is a graded ideal, then
a= @aﬂRi = <U(aﬂRz)>,
il iel

which means a is generated by homogeneous elements.

Assume a is generated by homogeneous elements, say a = <U Hi>, where H; € R;. Let H = {J;¢; Hi.

Then for any a € a, it can be written as
n
a = Z Tkhksk-
k=1

where 7, s € R, hy € H. Assume that rg, s have the following decomposition

icl

Ty = E Thi, Tha € Ry,
icl

sk=D Skjs Sk € Ry,
jel

Then we have
n n
a@= Z Z’"Im‘ hi Zslm‘ = Zzzrmhwm-
k=1 \i€l jer k=1 iel jeI

Suppose hj, € Ry, then 74 Ry, j € Ritm+j. Also we note hy € a implies ry ;hpsk; € a. Hence

a:izzrk’ihk‘sk’j EZCIQRZ' :@aﬁRi.

k=1 iel jel iel iel

It is clear that € (aN R;) C a. Therefore, we show that
i>0

a= @(a NR;),

i>0

which means a is a graded ideal. O

Proposition 5.2.17 Membership Criterion for Graded ldeals

Let R be a I-graded ring with grading (R;);c; and a be a graded ideal of R. Assume z = >
with z; € R;. Then

ier®i € It

re€a < x;€aforalliel.

Proof. Suppose = € a. Since a = P, ; aN R;, there exists y; € a N R; such that

el

Since R = @,¢; Ri, the decomposition of  is unique. Hence z; = y; € a for all i € I. The converse is clear. [

5.3 Category Properties

The category Ring is both complete and cocomplete.

Proposition 5.3.1 Equivalence Chracaterization of Monomorphisms in Ring

Let f: R — S be a ring homomorphism. Then the following are equivalent:
(i) f is a monomorphism.

(if) f is injective.
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(iii) ker f ={O0gr}.

Proposition 5.3.2 Sujective Ring Homomorphisms are Epimorphisms
Every surjective homomorphism of rings is an epimorphism. However, the converse is not true in general.

Proposition 5.3.3 Equivalence Chracaterization of Isomorphisms in Ring
Let f: R — S be a ring homomorphism. Then the following are equivalent:

(i) f is an isomorphism.
(ii) f is bijective.
(iii) ker f = {0g} and imf = S.
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Chapter 6

Commutative Ring

6.1 Basic Concepts

A commutative ring R is a commutative R-algebra and accordingly a commutative Z-algebra. Furthermore we

have a categorical isomorphism
CRing = Z-CAlg.

Definition 6.1.1 Noetherian Commutative Ring
Let R be a commutative ring. We say R is Noetherian if one of following conditions holds:
(i) R as an R-module is Noetherian.
(ii) Every ideal of R is finitely generated.
(iii) Every prime ideal of R is finitely generated.
)

(iv) Every ascending chain of ideals of R is eventually constant. That is, if [; C I C I3 C --- is a chain
of ideals of R, then there exists n € N such that I,, = I,11 = ---.

Proposition 6.1.2 Properties of Noetherian rings

(i) If R is a Noetherian ring, then the polynomial ring R[X;, X5, -+, X,,] is also Noetherian.

(ii) If R is a Noetherian ring, then the formal power series ring R[[X1, Xo, -, X,,]] is also Noetherian.

Definition 6.1.3 Frobenius Endomorphism of a Commutative Ring
Let R be a commutative ring with prime characteristic p. The Frobenius endomorphism of R is the
ring homomorphism defined by

p:R— R
r— 7P,

Remark. The Frobenius endomorphism is a ring homomorphism since

k

k=0
p(rs) = (rs)? =17s” = p(r)p(s).

or+s)=(r+s)P = Z (p) rRsP™F = 1P 4 5P = () + ¢(s),
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6.1.1 Ideals

Definition 6.1.4 Ideal

Let R be a ring. A subset I C R is called an ideal if
(i) I is a subgroup of (R,+).

(ii) I is closed under multiplication, i.e. a € I and b € R implies ab € I.

Proposition 6.1.5 Ideal as Submodule
Let R be a ring and I C R be a subset of R. Then [ is an ideal of R if and only if I is a submodule of R
as an R-module.

Definition 6.1.6 Prime Ideal
Let R be a commutative ring. An ideal I C R is called prime if
(i) I # R, i.e. I is a proper ideal.

(ii) abe I = a €T orbel,ie. there exist no two elements in R whose product is in I but neither of
them is in .

Proposition 6.1.7

Let R be a commutative ring and p be a prime ideal of R. If zy---z, € p, then there exists some
i€{1,2--- ,n} such that z; € p.

Proof. We prove this by induction on n. The case n = 1 is trivial. Suppose the statement holds for n = k. If
Ty Tprr €, then &y -z €p or xpyy € p. If 21 -+ xp € p, then there exists some i € {1,2,-- ,k} such that
x; € p. If x41 € p, then we are done. Hence the statement holds for n = k + 1. O

Proposition 6.1.8 Preimage of a Prime Ideal is a Prime Ideal

Let f: R — S be a commutative ring homomorphism and p C S be a prime ideal. Then f~1(p) is a prime
ideal of R.

Corollary 6.1.9 Contraction of a Prime Ideal is Prime

Let R be a commutative ring and S C R be a subring. If p C R is a prime ideal, then p N S is a prime
ideal of S.

Proof. Let ¢ : S < R be the inclusion map. Then :~*(p) = pN S is a prime ideal of S. O

Proposition 6.1.10 Prime Ideal Equivalent Definition

Let R be a commutative ring and I C R be an ideal. Then I is prime if and only if R/I is an integral
domain.

Definition 6.1.11 Maximal Ideal

Let R be a commutative ring. An ideal I C R is called maximal if
(i) I # R, i.e. I is a proper ideal.

(ii) There exists no ideal J C R such that I C J C R.

Proposition 6.1.12 Maximal Ideal Equivalent Definition
Let R be a commutative ring and I C R be an ideal. Then I is maximal if and only if R/T is a field.
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Proposition 6.1.13
If R is a ring and [ an ideal of R such that I # R, then R contains a maximal ideal m such that I C m.

Proof. Let A be the set of ideals of R not equal to R, ordered by inclusion. We must show that whenever C is
a chain in A it has an upper bound in A, since then the result follows immediately from Zorn’s lemma. So let’s
take such a chain C.

Let I = UJec J. Now suppose z1,x2 are in I. Then there are Ji,Js in C such that x; € J;. Either J; C Jy
or Jo C J;. Without loss of generality, we assume the former follows. Then x1 € Jo, so x1 + 22 € Jo C I. Also if
a € R then ax; € Jo C I for each 7. It follows that I is an ideal.

It now just remains to check that I # A. But 1 ¢ J for each J € C, s01 ¢ I and I # R as required. O

Proposition 6.1.14 Non-Unit Elements Lies in Maximal Ideals

Let R be a commutative ring. Then the following are equivalent:
(i) = ¢ R*.
(i) (2) # R

(iii) z lies in a maximal ideal of R.

Proof. (i) = (ii). If (z) # R, then there exists r € R such that ro = 1. Hence x € R*.
(il) = (iii). If (x) # R, by the proposition above, there exists a maximal ideal m such that () C m.
(iii) = (i). If z € R*, then (z) = R and there exists no maximal ideal containing (). O

Corollary 6.1.15

Let R be a commutative ring. Then

R—R* = U m.

meMaxSpecR

Proof. This is a direct consequence of Proposition 6.1.14. O
Definition 6.1.16 Ideal generated from subset

Let R be a commutative ring and Z(R) be the set of all ideals of R. Suppose S C R be a subset. The
ideal generated by S, denoted by (), is the smallest ideal of R containing S, i.e.

(S) = ﬂ 1= {irisi|n€Z+,ri GR,siES}.

I€Z(R) i=1
r, € R} .

scr
It S ={a,...,an}, we write
riGR,pGp,n€Z+}.

(8) = (a1,...,an) = {Zriai
i=1

If S = p is a prime ideal, we write

(p) =pR = {Zn—p

=1

Definition 6.1.17 Ideal Operations

(i) Sum:
I+J={a+blacl,beJ}=(IUJ),
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ZIt:{atl + -t ay, |TLEZ+,ti ET,ati EIti}.
teT

(ii) Product:

IJ = {i aibi
i=1

(iii) Power: I° = R,
=71---I={a"|ael},
—

n times

(iv) Radical:
VI={reR|r"elforsomenecZ,}= ﬂ p

peSpecR
ICp

Proposition 6.1.18 Sum of Generated Ideals
Let R be a commutative ring and S be a subset of R. Then

() = 3(s).

As a result,
(al,...,an)—l—(bl,...,bm) = (al,...,an,bl,...,bm).

Proof.

Z(s) ={as, + - +as, | n€Zs,s; €S,as, €(si)}
seS
={rsi1+ - +rpsn|nE€Zy,s; €5, 1 €R}
= (9).

Proposition 6.1.19 Product of Generated Ideals
Let R be a commutative ring and S, T be subsets of R. Then

(S)(T) = (ST).

As a result,
(al, oo .,an)(bl, 000 ,bm) = (albl, 000 ,albm, o0 .,anbl, 0o .,anbm).

Proposition 6.1.20 Properties of Ideal Operations

) InJ2CcIJCInJCI+J

I(J+K)=1J+IK

)
() INJ+K)2INJ+INK
(iii)

)

(iv
I L= JIL.
teT teT
(v) I(JK) = (IJ)K

(vi) (a)" = (a")

neZJr,aieI,bieJ}({ab|a€[,beJ}).
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(vii) I°DVIDIDI?PDI?D---

(viii) vVI =T,
(ix) VI" =VI, VIT =vVINJT =vVInVJ

Proof. (i) Since {ab |a € I,be J} CINJ, wesee [J = {ab|la€l,be J}) CInNJ. Also we can check
INJCIUJC(IUJ)=1+J.

(vi) If x € (a)™, then x = ri(rea)™ = rirja™ € (a™). If y € (a™), then y = ra™ € (a)™.

Definition 6.1.21 Semiring of Ideals of a Commutative Ring

Let R be a commutative ring. Then the set of all ideals of R forms a semiring under the operations
of addition and multiplication. The zero ideal (0) is the additive identity and the unit ideal R is the
multiplicative identity.

Proposition 6.1.22 Surjective Ring Homomorphism Induces Semiring Homomorphism of ldeals

If o : R — S is a surjective ring homomorphism, then ¢ induces a semiring homomorphism from the
semiring of ideals of R to the semiring of ideals of S.

Proof. First, we show ¢ preserves addition of ideals. Let I, J be ideals of R. Then

oI+J)=¢p({a+blacI,be J})
={p(a+d)|acl,be J}
— {pla) + p(b) [ac I,be J}
={z+ylzcel)ycel)}
= @) + ().

Then we show ¢ preserves multiplication of ideals. Let I, J be ideals of R. We have

p(IJ) =¢ <{Zaibi

()

= {Z p(ai)e(b;)
i=1
_ {zy

— o(D)e().

Finally, we show ¢ preserves the multiplicative identity. This follows immediately from the fact that ¢ is surjective.
O

n€”Zy,a; €1,b; EJ})

neZJr,aieI,bieJ}

ne€ly,a; €1,b; GJ}

neZy,xico)y € @(J)}

Proposition 6.1.23
Let I and J be ideals of a commutative ring R and p be a prime ideal of R. Then

INJCp < IJCp <= ICporJCp.

Proof. We have the following chain of implications:

e INJCp = IJ Cyp. Note that IJ C I NJ. The result follows immediately.
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e [JCp = ICyporJCp. Assume IJ Cp. Suppose I C p and J C p. Then there exist a € I — p and
b€ J—p. Since p is prime, ab € IJ C p implies a € p or b € p, which is a contradiction. Hence I C p or
J Cp.

e /[CporJCp = INJ Cp. Note that I NJ C I. The result follows immediately.

Definition 6.1.24 Radical Ideal
An ideal T is called a radical ideal if T = V/T.

Proposition 6.1.25 Radical Ideal Equivalent Definition
Let R be a commutative ring and I C R be an ideal. Then I is radical if and only if R/I is reduced.

Definition 6.1.26 Nilradical

The nilradical of R, denoted by Mg, is the radical ideal v/0 consisting of all the nilpotent elements of R.
We have
Nr=V0={reR|r" =0 forsomenecZ,.}= ﬂ p
pESpecR

Proposition 6.1.27 Properties of Radical Ideal

(i) For any ideal I, V0 C V1.

(ii) /T is the smallest radical ideal containing I.

(iii) /p™ = /p = p for any prime ideal p, which means prime ideals are radical.
)

(iv) Suppose the natural projection = : R — R/I induces a bijection between the set of ideals of R
containing I and the set of ideals of R/, denoted by # : Z(R) — Z(R/I). Then 7 maps v/I to Mg/

(v) A commutative ring R is reduced if and only if 9z = (0).

In summary, we have the following chain of inclusions:

{maximal ideals of R} C {prime ideals of R} C {radical ideals of R} C {ideals of R} .

Proposition 6.1.28 Quotient Preserves Radical, Prime, Maximal Ideals

Let R be a commutative ring and I C R be a proper ideal. Then we have bijections between the following
sets:

{ideals of R containing I} +— {ideals of R/I}
Jr— J/I

The ideal J D [ is radical, prime, or maximal if and only if J/I is radical, prime, or maximal respectively.

Definition 6.1.29 Jacobson Radical

Let R be a commutative ring and m be a maximal ideal of m. The Jacobson radical of R, denoted by
JR, is the intersection of all maximal ideals of R, denoted by

Jr = ﬂ m.

meMaxSpecR
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6.1.2 Prime Elements

Definition 6.1.30 Divisibility

denoted by a | b. If a | b. a is called a divisor of b, and b is called a multiple of a.

Proposition 6.1.31

Let R be a commutative ring.
(i) a|b < (b) C (a).

(i) ue R <= (u)=R <= VreR, u|r.

Definition 6.1.32 Prime Element

Let R be a commutative ring. An element a € R is called prime if
(i) a #0.
(ii) a ¢ R*, i.e. ais not a unit.

(iii) a|bc = a|bora]c.

Proposition 6.1.33 Prime Element and Nonzero Prime Ideal

Suppose R is a commutative ring and a € R. Then

a is prime <= (a) is a nonzero prime ideal.

Proof.

ais prime < a#0anda¢ R* anda|bc = a|boralc
<= (a) #0and (a) # Rand bc € (a) = b€ (a) or c € (a)

<= (a) is a nonzero prime ideal.

6.1.3 Local Commutative Ring

Definition 6.1.34 Local Commutative Ring

Let R be a commutative ring. Then the following are equivalent:

(i) R is a local ring.

(ii) R has a unique maximal ideal.

(iii) R has a maximal ideal m and R — m = R*.

(iv) R is not the zero ring and for every z € R, x € R* or 1 —x € R*.
)
)

(v) R is not the zero ring and if >, r; € R*, then there exist some i such that r; € R*.

(vi) R is not the zero ring and the sum of any two non-units in R is a non-unit.

Lemma 6.1.35 Nakayama's Lemma

M/3rM generates M/JrM as an R/Jg-module, then my,--- ,m,, generates M as an R-module.

Let R be a commutative ring and M be a finitely generated R-module. If the image of mq, - -

Let R be a commutative ring and a,b € R. We say a divides b if there exists ¢ € R such that b = ac,

, My, in
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Proposition 6.1.36
Let (R, m) be a local commutative ring and M be a finitely generated R-module. Let

mM = {Zn: My

r; € mym; EM,nEN}
i=1

denote the submodule of M generated by m-action and 7 : M — M/mM be the natural projection. Then
we have

o M/mM is an R/m-vector space.

o If (vy,...,v,) is a R/m-basis for M/mM, then (7= 1(v1),...,7 1(v,)) is a minimal generating set for
M.
o If (mq,...,my) is aminimal generating set for M, then (7w(mq),...,7(my)) is a R/m-basis for M /mM.

As a result, the minimal number of generators of M is equal to dimpg/y (M/mM).

Proof. The action of R/m on M/mM is defined by
7 m(m) = w(rm).
This is well-defined since if 77 = T3, then 71 — 7o = s € m. For any m € M, we have
rim —rom = sm € mM = 7w(rym) = w(ram).
Suppose (vi,...,v,) is a R/m-basis for M/mM. The rest of the proof is a direct application of Nakayama’s
lemma. O

6.2 Integral Domain

Definition 6.2.1 Integral Domain

A commutative ring R is called an integral domain if
(i) the only zero divisor of R is 0,

(ii) R is not the zero ring.
Remark. Or equivalently, we can define an integral domain as a commutative domain. O

Proposition 6.2.2 Cancellation Laws in Integral Domain

Let R be an integral domain. Then the following cancellation laws hold: given any a,b,c € R, if a # 0,
then ab = ac implies b = c.

Proposition 6.2.3 Nonzero Subring of Integral Domain is Integral Domain

Let R be an integral domain and S C R be a nonzero subring. Then S is an integral domain.

Proof. Let a,b € S be nonzero elements. Since a,b € R, we have ab =0 = a =0or b = 0. Hence S is an
integral domain. O

Definition 6.2.4 Associate

Let R be an integral domain. Two elements a,b € R are called associates if one of the following equivalent
conditions holds:

(i) a = ub for some u € R*.
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(ii) a|band b | a, i.e. (a)= (b).

If R is a general commutative ring, then we only have the implication (i) = (ii). The converse is not true
in general. For example, in C[z,y, z]/(x — zyz), T | Ty and Ty | T, but there exists no unit u such that T = uzy.

Associatedness can also be described in terms of the action of R* on R via multiplication: two elements of R
are associates if they are in the same R*-orbit.

Definition 6.2.5 Irreducible Element
Let R be an integral domain. An non-zero element a € R is called irreducible if
(i) a ¢ R*,i.e. ais not a unit.

(ii) a=bc = be R* or c € R*.
0 is never an irreducible element.

Proposition 6.2.6 Dividing Irreducible Element in PID Implies Associate or Unit
Let R be an integral domain and f,g € R. If f is irreducible and f € (g), then one of the following holds:
(i) g € R*,ie. (9) =R.

(ii) g is an associate of f, i.e. (g) = (f).

Proof. Since f € (g), there exists h € R such that f = gh. Since f is irreducible, we have g € R* or h € R*. If
g € R*, then (¢g) = R. If h € R*, then g is an associate of f and (g) = (f). O

Proposition 6.2.7 Prime Element = Irreducible Element in Integral Domain

Let R be an integral domain. Then every prime element in R is irreducible.

Proof. Let a € R be a prime element. Suppose a = bc for some b,c € R. Then a | be. Since a is prime, there must
be a | bor a | c. Without loss of generality, we can assume a | b. Then b = ad for some d € R. Thus we have

a=bc=adc = a(l—dc)=0 = de=1 = ce R*.

That implies a is irreducible. O

Proposition 6.2.8 Prime Ideal Equivalent Definition

Let R be a commutative ring. An ideal I C R is prime if and only if R/I is an integral domain.

6.3 Unique Factorization Domain

Definition 6.3.1 Unique Factorization Domain

An integral domain R is called a unique factorization domain (UFD) if
(i) every nonzero nonunit element of R can be written as a product of irreducible elements of R.

(i) if p1 - pn = q1 - G for some irreducible elements p1, -+ ,pn,q1, ", ¢m € R, then n = m and there
exists a permutation o € S, such that p; is an associate of ;) for all i =1,--- ,n.

Proposition 6.3.2 Irreducible Element <= Prime Element in UFD
Let R be a UFD and a € R. Then

a is an irreducible element <= a is a prime element.
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Proof. Let a € R be an irreducible element. Suppose a | be for some b, ¢ € R. Then be = ad for some d € R. Since
R is a UFD, we can write b =py---p, and ¢ = ¢ - - - ¢,,, for some irreducible elements p1,- - ,Pn,q1, - ,Gm € R.
Then we have

ad =bc=1p1--pnq1-- " Gm-

Since a is irreducible, a must be an associate of one of the p;’s or ¢;’s. Without loss of generality, we can assume
a ~ p1. Then a | b. That implies a is prime.
Proposition 6.2.7 shows the converse. O

Proposition 6.3.3 UFD = Normal Domain
Every UFD is a normal domain.

Proof. Let R be a UFD and K = Frac(R) be the field of fractions of R. Suppose a/b € K is integral over R and
ged (a,b) = 1. Then a/b satisfies a monic polynomial f(z) = 2™ +r,_12" "1 + -+ + ry with 7; € R. Multiplying
by 0™, we have

a" +rp 10" kb =0 = b|a".

Since R is a UFD, both a and b can be uniquely written as a product of irreducible elements. Either b is a unit
or b has an irreducible factor in common with a. Since ged (a, b) = 1, the latter is impossible. Hence b € R* and
a/b € R. O

6.4 Principal Ideal Domain

Definition 6.4.1 Principal Ideal Domain
An integral domain R is called a principal ideal domain (PID) if every ideal of R is principal.

Proposition 6.4.2

Let R be a commutative ring. Then the following are equivalent:
(i) Ris a PID.
(ii) R is a UFD with Krull dimension dim R < 1.

Corollary 6.4.3 PID — UFD
Every PID is a UFD.

Proposition 6.4.4 Nonzero Prime ldeal <= Maximal Ideal in PID
Let R be a PID and p € R. Then the following are equivalent:

(i) pis a prime element.

)

(ii) p is an irreducible element.
) (p) is a nonzero prime ideal.
) (p) is a maximal ideal.

(ii

(iv

Proof. By Proposition 6.1.33, (i) (iii). Since in UFD, prime elements are irreducible elements, (i) < (ii).
Since maximal ideals are prime, (iv) = (iii).
To show (ii) = (iv), suppose p is irreducible. Let I be an ideal of R such that
(p) CSICR

Since R is a PID, there exists some a € R such that I = (a). Then we have (p) C (a), which implies there exists
r € R such that p = ra by Proposition 6.1.31. Because p is irreducible, by definition we have a € R* or r € R*.

121



6. COMMUTATIVE RING 6.5. CONSTRUCTION

e If a € R*, then I = (a) = R.
e If r € R*, then a = r~1p, which implies (a) C (p) and thus I = (a) = (p).

This shows that there are no ideals strictly between (p) and R. Hence (p) is maximal. O

6.5 Construction

6.5.1 Product

Definition 6.5.1 Product of Commutative Rings

Let (R;)icr be a family of commutative rings. The product of the family (R;);cs is the set of all families
(r;)icr where r; € R; for all ¢ € I. The addition and multiplication are defined componentwise:

(ri)ier + (8i)ier = (ri + 8i)ier,

(ri)ier - (8s)ier = (ri - Si)scr-

Proposition 6.5.2 Ideals of Finite Product of Commutative Rings

Let R1, Ro, - -, R, be commutative rings. Then I is an ideal of the product R; X Ry X --- X R,, if and only
if [ =1 x Iy X --- x I, where I; is an ideal of R; for alli =1,2,--- ,n.

Proof. 1t is sufficient to show this for n = 2. Let I be an ideal of R; x Ry. Let pry : Ry x Ry — Ry and
pry @ Ry X Ro — Ry be the natural projections. Then pry(I) and pry(I) are ideals of Ry and Ry respectively. It
is easy to check that I C pry(I) x pry(I). To show the reverse inclusion, let (a,b) € pry(I) X pry(I). Then there
exist (a,y) € I such that pr;((a,y)) = @ and (z,b) € I such that pry((x,b)) = b. Then

(a,b) = (1,0)(a,y) + (0,1)(z,b) € I.
This implies I = pry(I) x pry(I).
Conversely, let I; and I be ideals of Ry and R respectively. Then I x I5 is an additive subgroup of Ry x Rs.
For any (a,b) € I} x Iy and (z,y) € Ry X Ry, we have
(x,y)(a,b) = (za,yd) € I} x Is.

This implies I; x I3 is an ideal of Ry X Rs. O

6.5.2 Coproduct

Since we have the isomorphisms of categories
CRing = (CRing/Z) = Z-CAlg,
the coproduct in the category of commutative rings is given by the tensor product of commutative Z-algebras.

Definition 6.5.3 Coproduct of Commutative Rings

Let R, S be commutative rings. The coproduct of R and S, denoted by R ®z .S, is the tensor product of
R and S over Z. The addition and multiplication are defined as follows:

(r1®s1)+ (ro®s2) = (11 +72) ® (81 +52) — 11 ® 82 — T2 ® 51,
(ri1®s1) - (r2 ® s2) = (r1r2) ® (s152).
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6.5.3 Quotient Ring

Definition 6.5.4 Quotient Ring

Let R be a commutative ring and I C R be an ideal. The quotient ring of R by I, denoted by R/I, is
the set of equivalence classes of the relation ~ on R x R defined by

(a,b) ~ (¢,d) <= a—del.

The equivalence class of (a,b) is denoted by a + I. The addition and multiplication on R/I are defined as
follows:

(@+ D)+ b+1)=(a+b)+1
(a+1I)-(b+1)=(ab)+1I

The addition identify is 0 4+ I and the multiplication identity is 1 4 I.

Proposition 6.5.5 Universal Property of Quotient Ring

Let R be a commutative ring and I C R be an ideal. The natural projection 7 : R — R/I satisfies the
following universal property: for any ring homomorphism f : R — S such that I C ker f or equivalently
f(I) = {0g}, there exists a unique ring homomorphism

f:R/I — S
r+1I+— f(r)

such that the following diagram commutes

P
s i
-
,
-

R/I

SN

Moreover, f is surjective exactly when f is surjective. f is injective exactly when I = ker f.

Proof. If f is surjective, then f = fom is surjective. If [ is surjective, then for any s € S, there exists r € R such
that f(r) = s. Thus f(r+ 1) = f(r) = s. That implies f is surjective.
If f is injective, then ker f = ker fom =kerm = I. If I = ker f, then
ker f={r+I€R/I|fir+1)=0}={r+I1€R/I|f(r)=0}={r+I1€R/I|rel}={0+1}={0gp/}

which implies f is injective. O
6.5.4 Free Object

Proposition 6.5.6

Define the following free functor

Set CRing

X ZIX] 3 na X ... Xon

f‘/ MF\r,\,'e\g\,\) J{Free(f) I

y ZD}] anaf(Xl)al"'f(Xn)an
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We have a pair of adjoint functors
Free

—
CRing € Set
~_
U

and natural isomorphism

Homcging (Free (X), R) = Homse (X, U(R)).

Definition 6.5.7 Free Commutative Ring

Since CRing = Z-CAlg, the free commutative ring on a set X is isomorphic to the polynomial ring Z[X],
which coincides with the free commutative Z-algebra on X.

6.5.5 Localization

Definition 6.5.8 Multuplicative Subset

Let R be a commutative ring. A subset S C R is called multiplicative if S is monoid under the multipli-
cation of R, i.e.

(i) 1€ 5.

(ii) a,be S = abe S.

Proposition 6.5.9

Let ¢ : R — R’ be a ring homomorphism and S C R be a multiplicative subset. Then ¢(S) is a
multiplicative subset of C R'.

Proof. Since 1 € S, we have 1’ = ¢(1) € ¢(S). For any o', b’ € ¢(S), there exist a,b € S such that a’ = ¢(a) and
b = p(b). Since S is multiplicative, we have ab € S. Thus a'b’ = p(a)p(b) = ¢(ab) € ¢(S). That implies ¢(5) is
a multiplicative subset of R'. O

Definition 6.5.10 Localization of a Ring

Let R be a commutative ring and S C R be a multiplicative subset. The localization of R at S is the
ring S~ R defined as the set of equivalence classes of the relation ~ on R x S defined by

(a,s) ~ (b,t) <= FJu € S such that u(at — bs) = 0.

The equivalence class of (a, s) is denoted by ¢. The addition and multiplication on S R are defined as

follows:
a b at—+bs
575w
a b_ab
s t st

€ adadiltion identity 1s + al € multiplication identity 1s <.
The addition identify is ¥ and the multiplication identity is 1

The localization of a commutative ring R at a multiplicative subset S is a commutative ring S™'R. If we
consider R as an R-module, then the localization of the R-module R at S is an S~'R-module S™'R. The
underlying sets of S™'R as a commutative ring and as an S~!R-module are the same. Furthermore, the ring
structure of ST!R is compatible with the S~™!R-module structure, which makes S™'R a commutative S™!R-
algebra. By composing the localization map R — S~'R, S™!R can also be viewed as a commutative R-algebra.

Next we introduce the universal property of localization. It says localization is the most economical way to
make a multiplicative subset invertible.
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Proposition 6.5.11 Universal Property of Localization

Let R be a commutative ring and S C R be a multiplicative subset. The ring homomorphism
¢:R— SR

I—)T
r _
1

satisfies the following universal property: for any ring homomorphism v : R — T such that ¢(S) C T* or
equivalently S C ¢~1(T*), there exists a unique ring homomorphism

Y :STIR—T
a

2 v(@@(s) !

such that the following diagram commutes

Moreover, if 1 is injective, then ¢’ is injective. If ¢ is surjective, then v’ is surjective.

b
Proof. First let’s check v’ is well-defined. Suppose ¢ 7 Then there exists u € S such that u(at — bs) = 0.
s

Since 1 is a ring homomorphism, we have
0 =(ulat — bs)) = ¥ (u) (Y(a)ip(t) — (b)Y(s)).
Since u € S and ¥(S) C T, we have ¢(u) € T*. Thus

¥ (2) = v@@®) ™ = vO) () = (i’) .

That implies 1)’ is well-defined. It is easy to check 1)’ is a ring homomorphism

v (Z N b) = (“t . bs) = dat +bs)(0(st) ™! = (@) (@) + OO = (T) + (i) .

t st

The multiplication is similar. The diagram commutes since
r _
Woplr) = v (1) = v @)™ = v(r).

Now we show 1’ is unique. Suppose there exists another ring homomorphism ¢” : ST'R — T such that the
diagram commutes. Then for any ¢ € S 'R, we have

)= (5 O (1) = O () v v ()

That implies ¥” = ¢)’. Thus 1’ is unique.
Now suppose 1 is injective. Then

ker ¢ = {% e S_lR‘w(a)(w(s))_l - o} - {g c 5—1R(¢(a) - 0} - {2 se s} — {0},

which implies 1’ is injective. O

Proposition 6.5.12 Localization of Commutative Rings as a Functor
Let CRingM be the category, whose objects and morphisms defined as follows:
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e The objects are pairs (R, S) where R is a commutative ring and S C R is a multiplicative subset.
e The morphisms from (R, S) to (R/,S’) are ring homomorphisms f : R — R’ such that f(S) C S’.

Localization of commutative rings is a functor

CRingM CRing
(R,S) SR> ¢
fJ{ L JL(f) I
il @)
(R, S SR> 70)

Let G : CRing — CRingM be functor that sends R to (R, R*) and f : R — R’ to (f, f|rx). Then we have

a pair of adjoint functors
L

~
CRingM € CRing
"\G/

and natural isomorphism

HomcRring (SR, T') = Homcgingm((R, S), (T, T*)).

Proposition 6.5.13 Localization Functor for R-CAlg

Let R be a commutative ring, S be a multiplicative set in R, and M be an R-module. Define the localization
functor as follows

R-CAlg S—1R-CAlg
A S714 5 s
fk ~Es [slm I
B s-1p > {4

Let Resp_,g-1p : ST'R-CAlg — R-CAlg be the functor that regards S—!R-algebras as R-algebras. Then
we have a pair of adjoint functors

g1
™

R-CAlg € S—1R-CAlg
<~

Res
and natural isomorphism
Homg-1z.cag(S™' 4, B) = Hompg.caig (4, Resp_, 5-1r(B)).
And we have the following commutative diagram in R-CAlg

/

Proposition 6.5.14 Properties of Localization of Rings

Let R be a commutative ring and S C R be a multiplicative subset. Then
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6. COMMUTATIVE RING 6.5. CONSTRUCTION

(i) ST'R = {0} if and only if 0 € S.

If 0 ¢ S, the localization map ¢ : R — S™!R is injective if and only if S contains no zero divisors.

)
(ii) If 0 ¢ S, then £ is invertible in S™'R if and only if there exists r € R such that ra € S.
(i)

)

(iv) Localization preserves nilradical: Mg-1z = S~ Ng. Especially, R is reduced = S~!'R is reduced.

Proof. (i)
1 0
STIR=0 << =1 < Js e Ssuchthat s-1=0 < 0€ S.

(ii) Suppose 0 ¢ S. If ¢ is invertible in S~IR, then there exists % € S7!'R such that e % = %, which implies
there exists u € S such that u(ab — st) = 0. Let r = ub € R and then we see ra = ust € S. Conversely,
a

suppose there exists r € R such that ra € S. Then ¢ - > = %, which implies ¢ is invertible.

(iii) Suppose 0 ¢ S. Given the localization map ¢ : R — S™!R, we have

o(r) =0 < gzg <= ds € S such that s-r =0.

Thus

¢ is injective <= kerp = {0} <= Vs e S,Vr € R—{0},sr #0 <= S contains no zero divisors.

(iv) By Proposition 6.5.19, localization commutes with taking radical. Thus we have Mg-1z = \/0(S™'R) =
S~IVOR = S~Mp. If R is reduced, then the nilradical of R is Mz = (0). Thus we have Mg-15 = S™Nx =
S71(0) = (0), which implies S™! R is reduced.

O
Definition 6.5.15 Total Ring of Fractions
Let R be a commutative ring. Then S = {r € R — {0} | r is not a zero divisor} is a multiplicative subset.
The total ring of fractions of R is the localization S~ R, denoted by Frac(R). The localization map
¢ : R < Frac(R) is an injective ring homomorphism.
Proof. Since 0 ¢ S and S contains no zero divisors, ¢ is injective by (iii) of Proposition 6.5.14. O

Proposition 6.5.16 Properties of Total Ring of Fractions

Let R be a commutative ring and S C R be a multiplicative subset. Then S™!R can be regarded as a
subring of Frac(R).

Proof. By the universal property of localization, there exists a unique ring homomorphism v : S™'R — Frac(R).
Since ¢ : R < Frac(R) is injective, v is also injective. O

Definition 6.5.17 Field of Fractions

If R be an integral domain, then S = R — {0} is a multiplicative subset. The total ring of fractions
Frac(R) = S™'R = R(g) is a field, call the field of fractions of R.

Definition 6.5.18 Localization of an Ildeal

Let R be a commutative ring, S be a multiplicative set in R, and I be an ideal of R. If we regard I as a
R-module, the localization of the ideal I by S, denoted S~!I, is the localization of the module I by S.
That is,

s7ir={2

S

aeI,SES}.

S~1I is a S™!R-submodule of S~'R. Suppose the localization map is lg : R — S™'R, S~'I can also
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6. COMMUTATIVE RING 6.5. CONSTRUCTION

defined as the ideal generated by lg(I) in ST™'R

ST = (I(I)) = {g% )a e I,g c S*lR} .

Proposition 6.5.19 Properties of Localization of Ideals

Let R be a commutative ring, S be a multiplicative set in R, and 0 ¢ S. Suppose the localization map is
lg: R — S™'R. Then we have maps between the sets of ideals of R and S~ R:

=1
Z(R) = {ideals of R} ————— {ideals of S™'R} =Z(S'R)
gt

=idz(s-1g). As a result, S~1 is surjective and l_1 is injective.

0 s
(ii) For any ideal J of S™!R, there exists an ideal I of R such that S~'I = J.
) If I is a ideal of R, then S™'11 = S7'R < INS # 2.
)

(iii

(iv) ls induces a bijection between the set of prime ideals of R that do not intersect S and the set of
prime ideals of S~'R. That is, the following restriction of S~! and [ Sl are bijections:

{I €Spec(R):INS =g} <:> Spec (S™'R)
P

(v) If I is an ideal of R, then S~'v/T = v/ S-11.

Proof. (i) Let J be an ideal of S™'R. We have

ST T) = {%‘xel;l(J),seS} = {%‘%GJ,SGS} = {if

ereS}:

(ii) Tt is a direct consequence of the surjectivity of S~1.

(iii) Let I be an ideal of R. We have

1
ST 1=858"'R — i65*11 = It,scSacltla—s)=0 < ta=tsc INS# T <= INS # 3.

(iv) Omitted.

(v) For any ¢ € S—1V/1, there exists n € N such that a® € I. Since s” € S, we have (%)n € S~'I, which
implies ¢ € v S~1I. Hence ST C+VS-1I.

Conversely, for any z € v/ S—11I, since vV/S—11 is an ideal of S™!'R, there exists a € r and s € S such that
x=7%. %€ v/ S—1] means there exists n € N such that (%)n € S~1I. Thus there exists t € S and b € I

S

such that (%)n = % And this is equivalent to uta™ = ubs™ for some u € S. Note (uta)” = u"t" " 1s"b € I,
we have uta € v/I. Now we getx:%:“mES 1\/I. Hence v/S—1I C S—1V/T.

uts

O

Proposition 6.5.20 Localization Respects Quotients
Let R be a commutative ring, S be a multiplicative set in R, and I be an ideal of R. Let 7y : R — R/I be
the projection and S = 77(S). Then we have an R-algebra isomorphism 8 (R/I) & (S7'R)/(S~'I) and
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the following commutative diagram in R-CAlg (and accordingly in CRing)

R o R/I

ls ls

S-'R S NR/I) = (S~'R)/(S1T)

Ts—11

Proof. From Proposition 7.2.26 we get the commutative diagram in R-Mod. Since localization map and quotient
map are both ring homomorphisms, the commutative diagram holds in R-CAlg. O

Definition 6.5.21 Localization at a Prime Ideal

Let R be a commutative ring and p be a prime ideal of R. Then S = R — p is a multiplicative set. The
localization ST!R is called the localization of R at p, denoted by R,. R, is a local ring with unique
maximal ideal

pRp:S*lp:{gxep,seR—p}.

And we have field isomorphism R, /pR, = Frac(R/p). We call the field R, /pR, the residue field of R at
p and denote it by x(p).

Proof. Note
{IeSpecR:INS=0}={I€SpecR:IN(R—p)=02}={I €SpecR:ICp}.

For any ideal S™1I € Spec S™'R, where I € {I € Spec R: INS = @}, we have I C p, which implies S™1I C S~ 1p.
Thus we see S™1p is the unique maximal ideal of S™1R.

According to Proposition 6.5.20, we have an isomorphism (R/p), = R,/pR, and the following commutative
diagram in R-CAlg

Tp

R R/p
IR—p lr—p
R, ot Frac(R/p) = Ry, /pRy
O
Lemma 6.5.22
Let R be a commutative ring and p be a prime ideal of R. Suppose [ : R — R, is the localization map.
Then we have
"' (R}) =1"" (R, —pR,) =R —p.
Proof. Since
x
PR, = {g‘xep,seR—p}7
we have a
It (Ry) = U (Ry —pRy) = {ac R| S ¢ pR,} = {ac Rlagp} = R—p.
O

Proposition 6.5.23
Suppose ¢ : R — S is a commutative ring homomorphism. Let q be a prime ideal of S. Then p := ¢~ *(q)
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is a prime ideal of R. And we have the following commutative diagram in CRing:

R—* 5§
zpl llq
Ry ===== i Sq

Proof. Note that
lqop) (Sg) =0 (17 (Sy) =¢~ (S—a)=R—¢~'(a) =R —p.

By the universal property of localization, since R —p C ([0 sD)—l(S&( ), there exists a unique ring homomorphism

Y Ry — S
a, . ¢la)

s ©(s)

such that Iqop =1 ol,.
Since ¢(p) = (¢~ (q)) € g and p(R —p) = ¢(¢ (S —q)) S S — q, we have
o(x)

Y(pRy) = {(p(s)

which means 1 is a local ring homomorphism. Note that

xep,seR—p}Q{i"yEq,tES—q}quq,

Y(pRy) € qSq =kermy = pR, C ¢~ '(kerma) = ker(mz 0 1)).
By the universal property of quotient ring, there exists a unique ring homomorphism
n: Ry/pRy — Sq/a5q
g +pRy —> ela) + 95,

()
such that 1 o m; = 75 0. Hence we obtain the commutative diagram.
Proposition 6.5.24 Localization of Integral Domain at a Prime Ideal

R= () RBp= (] En

pESpec R meMaxSpecR

b

Proof. First we need to show R, is an integral domain. Suppose %, % € Ry such that % -7 =

Let R be an integral domain and p be a prime ideal of R. Then R, is an integral domain and we have

% Then there

exists u € R — p such that uab = 0. Since R is an integral domain and u # 0, either ¢ = 0 or b = 0, which implies

R, is an integral domain.

Example 6.5.1

Let R be a commutative ring and f € R. Let S = {1, f, f2,---} be the monoid generated by f. Then
S is a multiplicative set. The localization S™'R is called the localization of R at f, denoted by Ry or

R [ﬂ The notation can be justified by the fact that R H] ~ Rt /(ft—1). Ry = {0} if and only if f is

nilpotent.

Proof. Ry ={0} <= 0€ S <= In€Zsq, f"=0.

O
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6.6 Commutative Ring Homomorphism

6.6.1 Commutative Ring Homomorphism of Finite Type

Definition 6.6.1 Finite-type Commutative Algebra

Let R — A be a commutative ring homomorphism. We say A is a finite-type R-algebra, or that R — A
is of finite type, if one of the following equivalent conditions holds:

(i) there exists a finite set of elements ay, - , a, of A such that every element of A can be expressed as
a polynomial in aq, - -, a,, with coefficients in R.

(ii) there exists a finite set X such that A = R[X]/I as R-algebra where I is an ideal of R[X].

6.6.2 Integral Commutative Ring Homomorphism

Recall the polynomial ring functor. Let ¢ : R — S be a ring homomorphism between two commutative rings.
Since ¢ : R — S induces a ring homomorphism

¢ : R[T] — S[T
En: Tk — Zn: o(re)T*
k=0 k=0

we can define ?f := @(f) for any f € R[T].

Definition 6.6.2 Integral Element

Let ¢ : R — S be a ring homomorphism between two commutative rings. An element z € S is called
integral over R if there exists a monic polynomial f € R[T] such that ¢f(z) = 0.

Definition 6.6.3 Generated Subalgebra

Let ¢ : R — A be a ring homomorphism between two commutative rings and (a;);c; where a; € A. Let
T = (T})ic1. Define

0: 7T — A
T, — a;

By the universal property of polynomial ring, there exists a unique ring homomorphism v : R[7] — A such
that ¥(T;) = a, for all ¢ € I, that is, the following diagram commutes

RIT] - 2% A
T

The R-subalgebra of A generated by (a;);cs is defined as

R[T] =4 (R[T]) = Z rqa® € A|lre €ER

lee|<n
The R-subalgebra of A generated by a is defined as
T € R} .

Rla] := ¥ (R[T)) = {Zrkak €A

k=0
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Proposition 6.6.4 Equivalent Definition of Integral Element

Let ¢ : R — S be a ring homomorphism between two commutative rings and a € S. Let R[a] be the
R-subalgebra of S generated by a. Then S is an R[a]-module. And the following statements are equivalent:

(i) a is integral over R.
(ii) RJa] is a finitely generated R-module.
(iii) There exists a faithful R[a]-submodule of S that is finitely generated as an R-module and contains .

Suppose ay, - ,a, € S. Let Rlay,- - ,ay] be the R-subalgebra of S generated by aj,---,a,. Then the
following statements are equivalent:

(i) a1,--- ,a, are integral over R.

(ii) Rla1,--- ,ay] is a finitely generated R-module.

Proof. The first part is a special case of Proposition 8.3.3. O

Definition 6.6.5 Integral Extension

Let ¢ : R — S be a ring homomorphism between two commutative rings. If every element of S is integral
over R, then we say ¢ is integral and S is an integral extension of R.

Proposition 6.6.6 Descent of Integrality along Ring Homomorphisms

Let A% B % C be ring homomorphisms between commutative rings.
(i) If z € C is integral over A, then z is integral over B.

(ii) If A — C is integral, then B — C' is integral.

Proof. (i) Let f € A[T] be a monic polynomial such that ¥°¢f(z) = 0. We have ¢f € B[T] and ¥ (¥f)(z) =
¥o¢f(z) = 0. Hence z is integral over B.

(ii) Since A — C' is integral, every element of C' is integral over A. By (i), every element of C is integral over

B. Hence B — (' is integral.
O

Definition 6.6.7 Integral Closure

Let ¢ : R — S be a ring homomorphism between two commutative rings. The set of all elements in S

that are integral over R is called the integral closure of R in S. The integral closure of R in S is an
R-subalgebra of S, denoted by ES. If ¢ is injective, we say that R is integrally closed in S if p(R) = RS.

Remark. Since for any b € p(R), there exists a € R such that b = ¢(a). Let P(X) = X —a € R[X]. Then
PP(X) =X —p(a) = “P(b)=b—¢(a)=0.

Hence b is integral over R. Since ¢(R) C ES, we can define a ring homomorphism u : R — RS as the composition
. . =S
of ¢ and the inclusion map ¢(R) < R".
=S
u:=to09p: R— R .

Therefore, integral closure is a ring extension. Furthermore, if ¢ is injective, then u : R — R is also injective. [

Proposition 6.6.8 Universal Properties of Integral Closure
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Let ¢ : R — S be a ring homomorphism between two commutative rings. Then for any integral extension
1 : R — T and any ring homomorphism f : 7T — S, there exists a unique ring homomorphism

f:T—)RS
t— f(t)

such that the following diagram commutes

ES

A
|
|
|
|
|
1
|

=

T

That is, R — R° < S is terminal.

Proof. First we show f(T) C R’. For any b € f(T), there exists a € T such that b = f(a). Since a is integral
over R, there exists a monic polynomial P(X) = X" + 7, 1 X"~ ! + ... +ry € R[X] such that ¥P(a) = 0. By
applying f to both sides of the equation, we get

f (*P(a)) = 7°YP(f(a)) = *P(b) =0,
which implies b is integral over R. Hence f(T) C ES. So we can define a ring homomorphism
f: T — ES
t— f(t)

such that ¢ o ]7: f. Since ¢ is injective,

tofop=fov=p=i0u = foy=u
Thus we obtain the commutative diagram.

Suppose there exists another ring homomorphism g : 7' — R~ such that 1o g = f. Since ¢ is injective, we have
g = f. This means f is unique. ]

Definition 6.6.9 Integral Closure of Integal Domain in Field of Fractions

Let R be an integral domain. The integral closure of R or normalization of R is defined to be the
integral closure of R in Frac(R).

Remark. We say R is integrally closed or normal if R is integrally closed in Frac(R). See Definition 6.7.1 O

Proposition 6.6.10 Fraction Field of Integral Closure of Integral domain
Let R be an integral domain and Frac(R) be its field of fractions. If L/K is a finite field extension, and
EL is the integral closure of R in L, then L is a field of fractions of EL.

Proof. R is an integral domain because it is a subring of integral domain L. Let [ : R" < Frac (RL) be the
localization map and ¢ : RL — L be the inclusion. According to the universal property of field of fractions, there
exists a unique field homomorphism

L

1 : Frac (E

T QR

SIS e

—
—
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such that the following diagram commutes

For any x € L, suppose the minimal polynomial of z is
f(T)=T" +ap, 1 T" * +---+aT +ap € K[T).

By multiplying f(T") by the product of the denominators of the coefficients of f(T"), we get a polynomial g(T) €
R[T] such that
g(x) = byz™ + by 4+ bz + by = 0.

Multiplying this equation by b1, we get
(bp)™ + b1 (bpz)™ 4+ 010" 2 (b)) + by = 0,

—L —=L
which implies b, is integral over R. Since R is the integral closure of R in L, we have b,z € R . Hence

b —
T=1 <bx> ey (Frac (RL>) .
Therefore, 1 is a isomorphism between [ : EL — Frac (EL> and ¢ : EL — L. Since any object isomorphic to an

initial object is also initial, we see L is a field of fractions of R .
O

Proposition 6.6.11 Quotient and Localization Respect Integral Extensions
Let R C T be an integral extension of commutative rings. Then

(i) If b is an ideal of T, then a := RN b is an ideal of R and S/b is integral over R/a.

(ii) If S is a multiplicative set in R, then S~1T is integral over S~!R.

Proof. (i) Since
ker(mp 01) =1~ (kerm) = ¢~ (b) = RNb =a,

by the universal property of quotient ring, there is an injective ring homomorphism

T:R/a—=T/b
r+ar—>r-+b.

such that the following diagram commutes

R—* T

Lk

Rja «---> T/b

For any s + b € T'/b, there exists a monic polynomial f € R[z] such that ‘f(s) = 0p. So we have the
following commutative diagram

R[z] —— T[] Tla]/(x —s) —=—— T

{

(B/a)[z] === (T/b)[z] —» (T/b)z]/(z —mo(s)) —— T/b
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By evaluating this diagram at f € R[x], we see there exists a monic polynomial g := ™ f € (R/a)[z] such
that

‘g(s+b) ="f(s) +b=0g,

which implies s + b is an integral element over R/a.

(ii) Regard R,T as R-modules. Since the localization functor S=! : R-Mod — S~'R-Mod is exact, from the
exact sequence in R-Mod
0—R-—T

we get the exact sequence in S~!R-Mod
0— S'R— S™'T.

Note that the underlying sets of the S~!R-module S~'T and the commutative ring S~'T coincide and the
two algebraic structures on the same underlying set are compatible, which makes S~™!'T an S~!R-algebra.
For any ¢ € S ~IT, there exists a monic polynomial

fx) =a" +rp_12" " 4 -+ 1o € R[a]
such that

‘fla) = a" +rp_1a" " 4+ 419 = Op.
This equation can be rewritten as

a\"™  rp_1 ra\"1 T
(7) + n—1 (7) ++% :OS_lTv
s s \s s

which implies ¢ is an integral element over S “IR.

O
The following proposition shows that the property of being integral is preserved under field extension.
Proposition 6.6.12 Injective Ring Extension Preserves Integral Elements
Suppose A & B <% C are ring homomorphisms between commutative rings and ¢ is injective. For any
b € B, b is integral over A if and only if ¢(b) is integral over A.
Proof. Let ¢ = ¢(b). We have the following commutative diagram
ClX] —=» CIX]/ (X —c) = C
B[X] —/» B[X]/(X -b) > B
d
AlX]
If ¢ is integral over A, there exists a monic polynomial f € A[X] such that
eve,omeoio@(f)=*"f(c)=0c,
which implies
Loevy om0 B(f) = tlevs o m 0 G(f)) = Oc.
Since ¢ is injective, we have evy o 1 0o §(f) = 0p, which implies b is integral over A.
Conversely, if b is integral over A, there exists a monic polynomial f € A[X] such that
evyom 0 G(f) = “f(b) = 0p.
Thus we have
P f(c) = eveomoio@(f) =roevyom o @(f) = ilevy om o B(f)) =1(05) = Oc,
which implies ¢ is integral over A. O
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Proposition 6.6.13 Surjectivity of Spectrum Map of Integral Extension

Let R C S be an integral extension of commutative rings and ¢ : R < S be the inclusion. Then the map
o1 : Spec(S) — Spec(R) is surjective.

Proposition 6.6.14

Let R C K be an extension of commutative rings and K be a field.
e If K is integral over R, then R is a field. The field extension K/R is algebraic.
e If K is finite over R, then R is a field. The field extension K/R is finite.

Proof. e According to Proposition 6.6.13, the map ¢! : Spec(K) — Spec(R) is surjective. Since Spec(K) is a
singleton, Spec(R) is also a singleton. It is clear that R is a Noetherian ring. According to Proposition 6.9.11,
R is an Artinian ring. Since R is a subring of a field, R is an integral domain. Since Artinian integral domain

is a field, R is a field.

O
Proposition 6.6.15
Let ¢ : K — S be a ring homomorphism of integral domains and K be a field.
e If S is integral over K, then S is a field.
Corollary 6.6.16
Let R C S be an integral extension of integral domains. Then R is a field if and only if S is a field.
Proof. This is a direct consequence of Proposition 6.6.14 and Proposition 6.6.15. O

Corollary 6.6.17

Let R C S be an integral extension of commutative rings. Let g be a prime ideal of S and p := RN q.
Then g is maximal if and only if p is maximal.

Proof. From Proposition 6.6.11 we see R/p < S/q is an integral extension of integral domains. By Corollary 6.6.16
we know R/p is a field if and only if S/q is a field. This implies p is maximal if and only if q is maximal. O

Definition 6.6.18

Let R C S be an extension of commutative rings.

e lying over property: If there exist p € Spec R and q € Spec S such that ¢ N R = p, we say q lies
over p and p lies under q. We say the extension R C S satisfies the lying over property if every
prime ideal of R lies under some prime ideal of S.

e incomparability property: we say the extension R C S satisfies the incomparability property
if for any two distinct prime ideals q1, q2 of S lying over p € Spec R, we have q; € g2 and q2 < q;.

e going-up property: we say the extension R C S satisfies the going-up property if for any prime
ideals p; C po of R and any prime ideal q; of S lying over p;, there exists a prime ideal g2 of S lying
over py such that q; C go.

e going-down property: we say the extension R C S satisfies the going-down property if for any
prime ideals p; 2O ps of R and any prime ideal q; of S lying over p;, there exists a prime ideal g2 of
S lying over ps such that g1 2 qo.

Proposition 6.6.19
if an extension R C T satisfies the going-up property, then it also satisfies the lying-over property.
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The following theorems are also called the Cohen-Seidenberg theorems.

Let R C T be an extension of commutative rings. Then the following hold:

(i) Going-up Theorem: If R C T is an integral extension, then it satisfies the going-up property and
and the incomparability property.

(i) Going-down Theorem: If R C T is an integral extension, 7' is an integral domain, and R is
integrally closed in T', then it satisfies the going-down property.

Proof. (i) First we prove the incomparability property. It is sufficient to show if q1,qo are prime ideals of S
lying over p € Spec R such that q; C g2, then q1 = q2. Let § = R — p. According to Proposition 6.6.11, we
obtain an integral extension

t: Ry — ST
r r
s s

pR, is a maximal ideal of R,. Let

ap :=8"tq = {Q € S‘lT’qe q1,s € S},

s

ay =S tqy = {% € SilT’qE 2,5 € S}.

Since
nNS=aNR-p)=aNLB-(@mNR)=qanN(R-q)=27,
a; and ay are prime ideals of S7'T. And we can check that
a; N Rp = L_l(al)
:{geRﬁqeqhseS}

:{%eRp’qquﬂR,SES}

z{geRp’qep,seS}

=pR,.
Similarly we have aaN Ry = pRy. So a1 and as are prime ideals of S~1T lying over pR,,. By Corollary 6.6.17,

both a; and a, are maximal ideals of S~!7'. Since q; C g2, we have a; C ap. By the maximality of a; and
as, we have a; = as. Since

S~':{q € Spec(T):qnS =@} — Spec (S~'T)
q— S

is a bijection, we have q; = qo.

Corollary 6.6.21

Let R C S be an integral extension of integral domains. Then the unique prime ideal of S which lies over

(0) is (0).

Proof. By Theorem 6.6.20, the extension R C S satisfies the incomparability property. Suppose there exists a
nonzero prime ideal q of S lying over (0). Since (0) is another prime ideal of S lying over (0), we have (0) € q,
which is a contradiction. O
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Proposition 6.6.22 Composition of Integral Ring Homomorphisms is Integral

Let ¢ : R — S and ¥ : S — T be two integral homomorphisms between commutative rings. Then
1 ow: R— T is also integral.

Proof. Let t € T. Since 1 is integral, there exists a monic polynomial f(z) = 2" +a,_12" '+ -+ag € S[X] such
that f(t) = 0p. Let S’ = Rlag, - ,an—1] € S. Since S is integral over R, we see ag, - ,a,_1 € S are integral
over R. By Proposition 6.6.4, this implies S’ is finite over R. Since t is integral over S’, again by Proposition 6.6.4
S’[t] is finite over S’. Thus by Proposition 6.6.26, S’[t] is finite over R, which implies S’[t] is integral over R.
Therefore, t is integral over R. O

6.6.3 Finite Commutative Ring Homomorphism

Definition 6.6.23 Finite Commutative Ring Homomorphism

Let ¢ : R — S be a homomorphism between two commutative rings. We say ¢ is finite if S as an R-module
is finitely generated.

Definition 6.6.24 Finitely Generated Commutative Algebra

Let R — A be a commutative ring homomorphism. We say A is a finitely generated R-algebra or A is
finite over R if one of the following equivalent conditions holds:

(i) R — A is finite.

(ii) A as an R-module is finitely generated.

Proposition 6.6.25

Let ¢ : R — S be a finite homomorphism between two commutative rings. Let M be an S-module. Then
M is a finitely generated R-module if and only if M is a finitely generated S-module.

Proof. Suppose M is a finitely generated R-module. According to Proposition 7.2.9, M is a finitely generated
S-module.
Conversely, suppose M is a finitely generated S-module. Then we have exact sequence of S-modules

S™ — M — 0.

Since the functor: ¢, is exact, the above exact sequence is also exact when we regard S™ as an R-module. Since
S is a finitely generated R-module, we have an exact sequence of R-modules

R" — S —0.
Since direct sum is exact, we have an exact sequence of R-modules
R"™ — S§™ — 0.

By composing R"™ — S™ with S — M, we get a surjective R-linear map R™™ — M. Therefore, M is a
finitely generated R-module. O

Proposition 6.6.26 Composition of Finite Ring Homomorphisms is Finite

Let ¢ : R — S and ¢ : S — T be two finite homomorphisms between commutative rings. Then ¢ o ¢ :
R — T is also finite.

Proof. If ¢ : R — S and ¢ : § — T are finite, according to Proposition 6.6.25, T is also finite over R. O

Proposition 6.6.27 Finite Generation Implies Finite Type
Let A be a R-algebra. If A is finitely generated as an R-module, then A is a finite-type R-algebra.
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Proof. This holds because if each element of A can be expressed as an R-linear combination of finitely many
elements of A, then each element of A can also be expressed as a polynomial in finitely many elements of A with
coefficients in R.

An alternative proof can be given by utilizing the universal property of the free contruction. Suppose A is
finitely generated as an R-module. Then there exists some a finite set X = {x1,--+ ,x,} and a surjective R-linear
map ¢ : R®X — A. Define f = ¢ o1, where ¢ : X — R®X is the inclusion map.

ReX 2, pix) - A
\J /90
X

The universal property of free R-module induces a unique R-linear map 5 : R® — R[X] such that j = 50 t. And
the universal property of free commutative R-algebra induces a unique R-algebra homomorphism f : R[X] — A

such that f = fo j. Note f = por = (fo}) o¢. By the uniqueness of the universal property of R®, we have

fo} = . Since f o} is surjective, f must be surjective, which implies A is a finite-type R-algebra. O

Corollary 6.6.28 Finite —> Finite Type

Let ¢ : R — A be a finite homomorphism between two commutative rings. Then ¢ is of finite type.

Proof. This is a reformulation of Proposition 6.6.27. O

Proposition 6.6.29 Quotient Respect Finiteness
Let ¢ : R — T be an finite homomorphism of commutative rings. Then

(i) Suppose b is an ideal of S, and a := ¢~1(b). Then % : R/a — T/b is finite.

(ii) Suppose S is a multiplicative set of R, and S = ©(S). Then : S7'R — S—1T is finite.

Proof. (i) Let a:= ¢~1(b). Since
ker(mp 0 @) = ! (kermp) = @' (b) = a,
by the universal property of quotient ring, there is an injective ring homomorphism

%:R/a—T/b
r+a— o(r)+b.

such that the following diagram commutes

R—* T

) Lo

Rfa - T/b
Since T is a finitely generated R-module, we can suppose the generating set of T is {¢1,--- ,t,}. Then for
any t + b € T/b, there exists ry,--- ,r, € R such that t = >.""_, ¢(r;)t;. Thus we have

n n

t+b= (Z sa(n)tz) +b= (pri)ti+b) = (p(r:) +b) (t; +b) =Y B(ri +a) (t; +b).

i=1 =1 i=1

Hence {t; + b, - ,t, + b} generates T/b. Therefore we proved T'/b is a finitely generated R/a-module,
which implies @ is finite.
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(ii) Regard R,T as R-modules. Since the localization functor S=! : R-Mod — S~'R-Mod is exact, from the
exact sequence in R-Mod
0—R—T

we get the exact sequence in S~!R-Mod
0— S 'R— S™'T.

Note that the underlying sets of the S~'R-module S~'T and the commutative ring S~'T coincide and the
two algebraic structures on the same underlying set are compatible, which makes S™'T an S~!R-algebra.
For any ¢ € S™'T, there exists a monic polynomial

fx)=a"+r,_12" '+ 47 € R[]

such that
Lf(a/) = an —+ T'n_lanfl _|_ R ro = OT

This equation can be rewritten as

a\"™  rp_1 ra\"n1 T
(7) + n—1 (7) ++% :OS_lTv
s s \s s

a

which implies ¢ is an integral element over S —IR.

Lemma 6.6.30 Finite — Integral

Let ¢ : R — S be a finite homomorphism between two commutative rings. Then ¢ is integral.

Proposition 6.6.31 Equivalent Definition of Finite Ring Homomorphism

Let ¢ : R — S be a ring homomorphism between two commutative rings. The following are equivalent:
(i) ¢ is finite.
(ii) ¢ is integral and of finite type.

(iii) there exist xy,--- ,x, € S such that S = R[zq,--- ,x,] and each z; is integral over R.

6.7 Normal Ring

Recall the remark in Definition 6.6.9.

Definition 6.7.1 Normal Domain

Suppose R is an integral domain, Frac(R) be a field of fractions and [ : R — Frac(R) is the localization
map. R is called normal or integrally closed if [(R) equals the integral closure of R in Frac(R).

Proposition 6.7.2 Equivalent Definition of Normal Domain

Let R be an integral domain. The following are equivalent:
(i) R is normal.
(ii) For each x € Frac(R) integral over R, x € [(R).

(ili) For every prime ideal p of R, the localization R, is normal.
)

(iv) For every maximal ideal m of R, the localization Ry, is normal.
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Proposition 6.7.3
Suppose A is integrally closed commutative ring with fraction field K = Frac(A) and [ : A — K is the
localization map. Let ¢ : K < L be a finite field extension. If B = A" s the integral closure of A in L,

then we have commutative diagram
K
\
L
e

B

i
N

and
BnuK)=1((A)).

Especially, if we have A C K C L, then BN K = A.

Proof. Since for any a € A, there exists monic polynomial f(z) = z — ¢ € Alx] such that f(a) = 0, we have
1(I(A)) € B. Since [(A) C K, we have ((I(A)) C +(K), which implies ¢(I(A)) C BN u(K).

For any b € BN (K), since B is the integral closure of A in L, b is integral over A. Since ¢(K) is a field
of fractions of A with the localization map tol : A < (K), by the integral closed property of A, any integral
element over A in ¢(K) must be in ¢ o I(A). Hence we have b € ¢ o l(A), which implies B N ¢(K) C ¢ o l(A).
Therefore, BN ((K) =t ol(A). O

Proposition 6.7.4

Let ¢ : R — S be a commutative ring homomorphism and Es be the integral closure of R in S. If S is a

: . -5 . : g
normal integral domain, then R~ is a normal integral domain.

Proof. Let R’ be the integral closure of R in S. R’ is an integral domain because it is a subring of integral
domain S. Suppose Frac (ES) is a field of fractions that contains B and [ : B < Frac (RS) be the localization

map. To show RS is normal, by Proposition 6.7.2 it is sufficient to show that for each = € Frac (ES) integral
over ES, zeR.
Suppose = € Frac (ES) is integral over RS. Let Frac (S) be a field of fractions that contains S. By the

universal property of the field of fractions, there exists a unique ring homomorphism

7: Frac (§S> — Frac (S)

a

a
b b
such that the following diagram commutes

L

—5

R— S

ll\[ \[12

—5
Frac (R ) «---> Frac(S)
L
Since I; and [y o ¢ are injective, 7 is injective. According to Proposition 6.6.12, 7(z) is integral over R~ through
.. =S . . _ .. .

Toly, namely 7(x) is integral over R~ through ls o t. According to Proposition 6.6.6, z(x) is integral over S. Since

. _ . =S . . _ .. . -9 . .
S is normal, 7(z) € S. Since R™ is integral over S, we have 7(z) is integral over R. Since R~ is the integral closure

of R in S, we have 7(z) € R’ Therefore, x € ES, which completes the proof. O

Proposition 6.7.5 Characterization of Integrality via Minimal Polynomials
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Let R be a normal integral domain and K = Frac(R) be a field of fractions of R that contains R. If L/K
is a field extension, then « € L is integral over R if and only if the minimal polynomial of « over K has
coefficients in R.

Proof. Suppose a € L is integral over R. Then « € L is algebraic over K. Let f(X) = X" +a, 1 X" '+ --+ag €
K[X] be the minimal polynomial of « over K. Since « is integral over R, there exists a monic polynomial
g(X) = X™ 4 by 1 X™ L 4+ -+ + by € R[X] such that g(a) = 0. By the definition of the minimal polynomial,
f(X) divides g(X) in K[X]. Suppose M = K(«) is an algebraic closure of K(«) such that K(a) € M. Then f
splits into linear factors over M as

n

FX) =T[(X = i) € M[X],

i=1

with a = 4, for some k. Thus we have g (a;) =0 for i = 1,--- ,n, which implies a1, - - , «;, are integral over R.

By Vieta’s formulas, a; is a symmetric polynomial of oy, -+ ,a, for ¢ = 1,--- ,n. Hence a; are also integral over
R. Since R is normal, we have a; € R for i = 1,--- ,n, which implies a € R.

Conversely, suppose the minimal polynomial of o over K has coefficients in R. Let f(X) = X" +a, 1 X" '+

-+ + ag € R[X] be the minimal polynomial of « over K. Since f(a) =0, « is integral over R. O

Definition 6.7.6 Normal Ring

An commutative R is called normal if for every prime ideal p of R, the localization R, is a normal integral
domain.

Proposition 6.7.7
A normal ring is integrally closed in its total ring of fractions.

6.8 Japanese Rings

Definition 6.8.1 Japanese Ring
Let R be an integral domain with field of fractions K = Frac(R).

(i) We say R is N-1 if the integral closure of R in K is a finitely generated R-module.

(ii) We say R is N-2 or Japanese if for any finite extension L/K, the integral closure of R in L is finite
over R.

Remark. By definition, a N-2 ring is N-1. O

Proposition 6.8.2 N-1 and N-2 are Preserved under Localization

Let R be an integral domain and S be a multiplicative set in R. If R is N-1 (resp. N-2), then S~'R is N-1
(resp. N-2).

Proposition 6.8.3

Let R be a Noetherian normal domain with fraction field K = Frac(R). Let L/K be a finite separable field
extension. Then the integral closure of R in L is finite over R.

Proposition 6.8.4

A Noetherian integral domain whose fraction field has characteristic zero is N-1 if and only if it is N-2.

Example 6.8.1 Examples of Japanese Rings
The following types of rings are Nagata rings:
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Dedekind domains with fraction field of characteristic zero.

o 7.

Fields.

Noetherian complete local integral domains.

Polynomial rings over any of the above.

Proof. Proposition 9.2.2 and Example 6.8.2. O

Definition 6.8.5 Nagata Ring

We say a commutative ring R is a Nagata ring if R is Noetherian and for every prime ideal p of R, R/p
is a Japanese ring.

Definition 6.8.6 Universally Japanese Ring

We say a commutative ring R is universally Japanese if for any finite type ring homomorphism R — S
with S being an integral domain, S is a Japanese ring.

Proposition 6.8.7 Equivalent Characterization of Nagata Ring

Let R be a Noetherian ring. The following are equivalent:
(i) R is a Nagata ring.
(ii) any finite type R-algebra is a Nagata ring.

(iii) R is Noetherian and universally Japanese.

Corollary 6.8.8 Nataga Domain is Japanese

Suppose R is a Nagata ring. Then R is a Japanese ring if and only if it is an integral domain.

Example 6.8.2 Examples of Nagata Rings
The following types of rings are Nagata rings:

e Dedekind domains with fraction field of characteristic zero.
o 7.
Fields.

Noetherian complete local rings.

Finite type ring extensions of any of the above.

6.9 Krull Dimension
Definition 6.9.1 Length of a Chain of Prime Ideals

Let R be a commutative ring and pg € p1 € --- € p,, be a chain of prime ideals of R. The length of the
chain is defined to be n.

Definition 6.9.2 Height of a Prime Ideal
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Let R be a commutative ring and p be a prime ideal of R. The height of p is defined to be the supremum
of the lengths of all chains of prime ideals of R contained in p

ht(p) = sup {n € N | 3 a chain of prime ideals po S p1 S -+ C pp = p}.

Definition 6.9.3 Krull Dimension

Let R be a commutative ring. The Krull dimension of R, denoted by dim R, is defined to be the
supremum of the heights of all prime ideals of R

dim R = sup {ht(p) | p € Spec(R)} = sup {ht(m) | m is a maximal ideal of R} .

Proposition 6.9.4
Let R be a commutative ring and p be a prime ideal of R. Then

ht (p) = dim R,,.

Proof. Let po € p1 € --- € pp = p be a chain of prime ideals of R. Since R, is a local ring, pR, is the unique
maximal ideal of R,. Then we have a chain of prime ideals of R,

poRy CP1Ry C -+ C PRy = pRy.

That implies dim R, > n. Since the chain is arbitrary, we have dim R, > ht(p).
On the other hand, any prime ideal of R, is of the form qR, for some prime ideal q of R such that q C p # @.
Suppose dim R, = m and
qoRp SRy & S am-1Ry & PRy

is a chain of prime ideals of R,. Then we have a chain of prime ideals of R
En&E - Sadma &P
That implies ht(p) > m = dim R,. Thus we have dim R, = ht(p). O
6.9.1 Noetherian Local Rings
Definition 6.9.5 Ideal of Definition

Let (R,m) be a Noetherian local commutative ring. An ideal of definition of R is an ideal a of R such
that v/a = m.

Proposition 6.9.6 Krull Dimension of Noetherian Local Rings
Let R be a Noetherian local commutative ring and d > 0 be an integer. Then the following statements are

equivalent:
(i) dimR = d.
(ii) There exists an ideal of definition a = (ay,- - ,aq) of R, and no ideal of definition of R is generated

by fewer than d elements.

Definition 6.9.7 System of Parameters

Let (R,m) be a Noetherian local commutative ring. A system of parameters of R is a sequence of
elements ay,--- ,aq € m such that
(G;l,"' 7ad) =m,

that is, (a1, ,aq) is an ideal of definition of R.
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Definition 6.9.8 Regular Local Ring

Let (R,m) be a Noetherian local commutative ring of dimension d. R is called a regular local ring if
there aq,- -+ ,aq € m such that (a,---,aq) = m. In this case, a1, -+ ,aq4 is called a regular system of
parameters of R.

A regular local ring is a field if and only if it has Krull dimension 0. A regular local ring is a DVR if and only
if it has Krull dimension 1.

Definition 6.9.9 Regular Ring

Let R be a commutative ring. R is called a regular ring if R is a Noetherian ring and for every prime
ideal p of R, the localization R, is a regular local ring.

6.9.2 Artinian Rings

Definition 6.9.10 Artinian Ring

A commutative ring R is called Artinian if R satisfies the descending chain condition for ideals: for every
chain of ideals
ap 20 Dag -

there exists an integer n such that a, =a,41 =---.

Proposition 6.9.11 Equivalent Characterization of Artinian Rings

Let R be a Noetherian commutative ring. The following are equivalent:
(i) R is Artinian.

(ii) R has Krull dimension 0.

)
)
(iii) Spec(R) is discrete and finite.
(iv) Spec(R) is finite.

)

(v) R is a finite product of Artinian local commutative rings.

Proposition 6.9.12 Artinian Integral Domain is a Field
Let R be an Artinian ring. Then R is a field if and only if R is an integral domain.

Proof. Suppose R is an Artinian integral domain. Suppose a € R — {0} is any nonzero element of R. Then the

chain of ideals
(@) 2 (a*) 2 (@) 2

must stabilize at some point, say (a™) = (a"™1) = ---. Therefore, there exists r € R such that a™ = ra"*!. Since
R is an integral domain, we have a™ # 0 and 1 = ra. Thus a € R*. This implies R is a field. O

6.10 Dedekind Domain

Definition 6.10.1 Fractional Ideal

Let R be an integral domain. A fractional ideal of R is an R-submodule I of Frac(R) such that there
exists a nonzero r € R such that »I C R.

Proposition 6.10.2 Equivalent Characterization of Fractional Ideal
Let R be an integral domain and I be a subset of K := Frac(R). The following are equivalent:
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(i) I is a fractional ideal of R.

(ii) there exists a nonzero r € R and an ideal J such that I =r~1J.

Proof. (i) = (ii). Suppose I is a fractional ideal of R. Then there exists a nonzero r € R such that I C R.
Let J =rl. Since rI = (r)I, J is also an ideal of R. And by Lemma 10.1.2 we have I = (r~1r)I = r~1J.

(ii) = (i). Suppose there exists a nonzero r € R and an ideal J such that I = r~1J. By Proposition 7.3.11
we see r~1J is an R-submodule of K. Since rI = r(r~1J) = J C R, I is a fractional ideal of R.

O
Definition 6.10.3 Dedekind Domain
An integral domain R is called a Dedekind domain if every nonzero ideal I of R can be written as a
product of prime ideals of R
I=p-p,
uniquely up to permutation of the p;.
Proposition 6.10.4 Equivalent Definition of Dedekind Domain
Let R be a commutative ring. The following are equivalent:
(i) R is a Dedekind domain.
(ii) R is Noetherian domain and for every nonzero maximal ideal m of R, the localization Ry, is a DVR.
(iii) R a Noetherian, normal domain, and dim R < 1.
(iv) Every non-zero fractional ideal of R is invertible.
(v) For any two ideals I and J,
I CJ < J divides I.
Here J divides I means there exists an ideal H such that I = JH.
Corollary 6.10.5 Containment and Divisibility of Prime Powers
Let R be a Dedekind domain, p be a nonzero prime ideal of R and n € Z>;. If I is a ideal Then we have
p" CI <= [ =p" forsome 0 <m <n
and
I Cp" < [=1p™ for some m > n.
Here p¥ := (1g) = R.
Proof. Suppose p™ C I. By Proposition 6.10.4 we have
pt=1J
for some ideal J. Suppose I and J has prime ideal factorization,
I=af ---ar
J =000
By the uniqueness of prime ideal factorization, we have r = s =1, a; = b; = p. Thus
pr=pptt =pt — n=e+v = 0<e <n.
O
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Proposition 6.10.6 Properties of Dedekind Domains
Let R be a Dedekind domain.

(i) Every nonzero prime ideal of R is maximal.

(i) If p is a maximal ideal of R, then p™/p"*! is 1-dimensional R/p-vector space.

Proof. (i) Suppose p is a nonzero prime ideal of R, In an integral domain, (0) is a prime ideal, and we have
chain of ideals

0) Sp.
Since the Krull dimension of R is at most 1, there is no prime ideal strictly between (0) and p. Thus p is
maximal.

(ii) Since p"*! is an R-submodule of p”, the quotient module p"/p"*?! is an R-module. We need to show that
p"/p"ttis an R/p-module.
For any a € p and x + p" T € p™/p"+L, we have

a (Jc —|—p"+1) =ar+p"Tt=0+p"t,

which implies

p € Anng (p"/p").
Thus according to Proposition 7.1.7, p™/p"*+! is an R/p-module. Since R/p is a field, p”/p"*! is an R/p-
vector space. Let W C p"/p"T! be any R/p-subspace. W is also an R-submodule of p™/p"*1. Since we
have the following bijection of sets

{W | W is an R-submodules of p"/p"*"}
— {V | V is an R-submodules of p™ and p"*! C V}
+—{V | V is an R-submodules of R and p"*!' C V C p"}
< {I| Iisanideal of R and p"™" C I Cp"}

W corresponds to an ideal I of R such that p"T! C I C p™. By the Corollary 6.10.5, we have I = p™ or
I =p"tl. Thus W = p"/p"*! or W = 0. This implies that p”/p™*! is a 1-dimensional R/p-vector space.
O

6.10.1 Extensions of Dedekind Domains

Let 0 be a one-dimensional Noetherian integral domain and K = Frac(o) be its field of fractions. Let L/K
be a finite field extension and O be the integral closure of © in L. Then O is a Dedekind domain.

Proof. We can prove that O is integrally closed and that every nonzero prime ideal is maximal. It remains to show
that O is Noetherian. Let wy, ..., w, be a basis of L/ K which is contained in O. Then the ring Oy = O [wy, . .., wy]
is a finitely generated O-module and in particular is Noetherian since O is Noetherian. We argue as before that
Oy is one-dimensional and are thus reduced to the case L = K. So let A be an ideal of O and a € AN O, a # 0;
then by the above lemma O/aQ is a finitely generated O-module. Since O is Noetherian, so is the O-submodule
2A/aQ, and also the O-module 2. O

Proposition 6.10.8

Let 0 be a Dedekind domain and K = Frac(o) be its field of fractions. Let L/K be a finite field extension
and O be the integral closure of 0 in L. If p is a prime ideal of 0, then pO # O, where pO is the ideal of
O generated by p.

Therefore, if p # (0), then pO can be factored into a product of prime ideals of O in a unique way

PO = PP,

where B; are prime ideals of O. Moreover, B; are exactly those prime ideals of O lying over p.
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Remark. In other words, B; are exactly those prime ideals in Spec (O) such that :=! (B;) = p, where 1 : 0 — O
is the embedding. Consider the morphism of affine schemes ¢~! : Spec (O) — Spec (0). By Proposition 6.6.13
we see (! is surjective as a map between the underlying sets. This is equivalent to say the fiber over p is

{Br Pt D

Proof. Since o C O is an integral extension, by the going-up theorem, if p is a prime ideal of o, then there exists
a prime ideal *B of O such that P N o = p. Thus we have

pOCPO=PCO.

By Theorem 6.10.7, O is a Dedekind domain. If p # 0, pO is a nonzero proper ideal of O and pO is a product of
prime ideals of O

PO = P+
Since we have

p CpO C Py

for 1 <k <r, we have p CBrNo for 1 <k <r. From Corollary 6.1.9 we see Py N o are prime ideals of 0. Since
nonzero prime ideals of 0 are maximal, we have Br No = p for 1 < k < r. Thus Py are prime ideals of O lying
over p.

Conversely, if q is any prime ideal of O lying over p, then q N o = p, which implies

1P =p0 C g0 =q.

According to Proposition 6.1.23, there exists some 1 < k < r such that P C q. Since By is maximal, we have
q= Pk O

Definition 6.10.9 Ramification Index

Let 0 be a Dedekind domain and K = Frac(o) be its field of fractions. Let L/K be a finite field extension
and O be the integral closure of 0 in L. Suppose p is a nonzero prime ideal of 0, and pO can be factored
into a product of prime ideals of O

PO = PP,
then e; is called the ramification index of 3; over p. For each 1 < m < r, we have a canonical field
extension
o/p = O/PBm

a+p—a+ P

Let k(p) = o/p, K(PBm) = O/Bm. The degree of the field extension «(P,,)/k(p) is called the inertia
degree of 13, over p, denoted by

fm = [£(Bm) : £(p)] = [O/Bm : 0/p].

e The prime ideal 3, is called unramified over o if e, = 1 and the field extension 0o/p < O/, is
separable.

e The prime ideal 3,, is called ramified over o if it is not unramified.
e The prime ideal 3,, is called totally ramified over o if it is ramified and f,, = 1.
e The prime ideal p is called unramified in L if all *3,, are unramified.
e The prime ideal p is called ramified in L if it is not unramified in L.

e The field extension L/K is called unramified if all prime ideals of © are unramified in L.

Remark. By Proposition 6.6.29, if 0 < O is a finite ring homomorphism, then x(P,,)/k(p) is a finite field
extension. ]

Proof. By the universal property of quotient ring, since
ker (m 00) = ¢ (Pr) = Pr No = p,

148



6. COMMUTATIVE RING 6.10. DEDEKIND DOMAIN

there exists a unique ring homomorphism o/p — O/, such that the following diagram commutes

Since both o/p and O/Py. are fields, o/p — O/Py, is a field extension. O

Proposition 6.10.10 Fundamental Identity

Let 0 be a Dedekind domain with field of fractions K = Frac(o). Let L/K be a finite separable field
extension and O be the integral closure of © in L. Suppose p is a nonzero prime ideal of 0, and pO can be
factored into a product of prime ideals of O

PO =+,
then we have the fundamental identity

Zeifi =[L: K].
=1

Definition 6.10.11 Split Completely

Let 0 be a Dedekind domain with field of fractions K = Frac(o). Let L/K be a finite separable field
extension and O be the integral closure of © in L. Suppose p is a nonzero prime ideal of 0, and pO can be
factored into a product of prime ideals of O

pO =P - Py
e p is said to split completely in L if [L : K] = r, or equivalently, e,, = 1 and f,, = 1 for all
m=1,--,r.

e p is called nonsplit in L if r = 1.

e p is called inert in L if r =¢; = 1.

Proposition 6.10.12

Let 0 be a Dedekind domain with field of fractions K = Frac(o). Let L/K be a finite separable field
extension and O be the integral closure of © in L. Then there are only finitely many prime ideals of o
which are ramified in L.

6.10.2 Ramification Theory

Lemma 6.10.13 Galois Group Maps Integral Elements to Integral Elements

Let 0 be a Dedekind domain with field of fractions K = Frac(o). Let L/K be a finite Galois extension and
O be the integral closure of 0 in L. For any o € Gal(L/K), we have o(O) C O.

Proof. Take any « € O, « is integral over 0. So there exists a monic polynomial f(x) € o[z] such that f(a) = 0.

Since o is a ring homomorphism, we have

Thus o(a) is integral over 0, which means o(a) € O. O
Proposition 6.10.14 Galois Group Acts on O

Let 0 be a Dedekind domain with field of fractions K = Frac(o). Let L/K be a finite Galois extension
and O be the integral closure of 0 in L. Then the Galois group G := Gal(L/K) acts on O through the
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following group homomorphism

Gal(L/K) — Allto_mg (O)
or—olo,

which makes O an 0[G]-module.

Proof. For any o € Gal(L/K), we have o(0O) C O and ¢71(0) C O by the Lemma 6.10.13. Thus O =
o(c71(0)) C o(0), which implies 0(0) = O. Since o is an 0-algebra automorphism of L, o|o is an o-algebra
ring automorphism of O. Suppose ¢ : O < L is the inclusion map. For any o, 7 € Gal(L/K), we have

(coT)lo=0coToL=0|lpoToL=0c|poT|o,

which means the map is a group homomorphism. O

Lemma 6.10.15 Prime Avoidance Lemma

Let R be a commutative ring and pq,--- ,p, be ideals of R. Suppose F is a additive subgroup of R such
that for any z,y € E, zy € E. If

(i) all but two of py are prime ideals of R,
(ii)) E Z p,p, for 1 <m <mn,
then we have

EZ | pm,
m=1

which means there exists € E such that « ¢ p,, forany m=1,--- n.

Since we have category isomorphism
0-CAlg = 0-AffSch®P,

we can also view the action of Gal(L/K) on O as an action on Spec (O).

Proposition 6.10.16 Galois Group Acts on Spec (O)

Let 0 be a Dedekind domain with field of fractions K = Frac(o). Let L/K be a finite Galois extension
and O be the integral closure of 0 in L. Then the Galois group Gal(L/K) acts on Spec (O) through the
following group homomorphism

Gal(L/K) — Auto afrsch (Spec (O))
or— (Br—0(P)

The orbits of this action are the prime ideals of O lying over the same prime ideal p of ©. This means the
action is transitive on all prime ideals of O lying over the same prime ideal p € Spec(0).

Proof. For any o,7 € Gal(L/K) and any prime ideal B of O, we have
o (T(P) =(oo7)(P),

which means the map is a group homomorphism. If 8 is a prime ideal of O lying over a prime ideal p of o, then
by Proposition 1.3.1 we have

c(B)no=o(F)No(0)=c(PNo)=o(p)=p,

which means each orbit of this action can only contain prime ideals of O lying over the same prime ideal p of o.
Use the incomparability property of integral extensions, we see (0) is the only prime ideal of O lying over (0).
Thus the action of Gal(L/K) on (0) is trivial.
Every nonzero prime ideal of a Dedekind domain is a maximal ideal. Let 8 and P’ be maximal ideals of O
lying over maximal ideal p € Speco. Suppose B and B’ are not in the same orbit. Then for any o € Gal(L/K),
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we have o () # P’. Note ring isomorphism maps maximal ideals to maximal ideals. By maximality of o (), we
have P’ Z o(B) for all 0 € Gal(L/K). By the Lemma 6.10.15, there exists z € P’ such that x ¢ o(B) for all
o€ Gal(L/K).

Since id € Gal(L/K),

Ny = [ o)== 11 o(z) e .

c€Gal(L/K) oc€Gal(L/K)—{id}

By the property of norm we see Ny, x(x) € K. Since Dedekind domains are integral closed, by Proposition 6.7.3
we have O N K = 0. Combining with " C O we get Ny x(z) € O N K = 0. Hence we get

Nyg(z) e P no=pCP.
Since B is a prime ideal, there exists some 7 € Gal(L/K) such that 7(z) € 8, which means z € 771(3). This
contradicts the fact that x ¢ o(B) for all o € Gal(L/K). Thus B and 9B’ are in the same orbit. O

Definition 6.10.17 Decomposition Group

Let 0 be a Dedekind domain with field of fractions K = Frac(o). Let L/K be a finite Galois extension
and O be the integral closure of © in L. According to Proposition 6.10.16, the Galois group Gal(L/K)
acts on Spec (O). Suppose P € Spec (O), then the stabilizer subgroup of 8 under this action is called the
decomposition group of B, denoted by

Dy := Stabgair/k) (B) = {o € Gal(L/K) |0 (B) =B}

Dy as a subgroup of Gal(L/K) also acts on L, and the Dy-invariant elements of L form a subfield of L,
called the decomposition field of 3, denoted by

LP* ={z € L|o(x) =z for all 0 € Dy} .

Proposition 6.10.18 Decomposition Groups for Prime Ideals over p are Conjugate

Let 0 be a Dedekind domain with field of fractions K = Frac(o). Let L/K be a finite Galois extension and
O be the integral closure of 0 in L. For any o € Gal(L/K) and any 9§ € Spec (O), we have

D(r(‘,B) = aDqu_l.

Proof. This is a direct consequence of Proposition 4.4.13. O

Lemma 6.10.19 Galois Action Induces Isomorphism of Residue Fields

Let 0 be a Dedekind domain with field of fractions K = Frac(o). Let L/K be a finite Galois extension and
O be the integral closure of 0 in L. Suppose P is a maximal ideal over p € Spec (0).

(i) If o € Gal(L/K), then there exists a unique field isomorphism

c:0/B — O/cB
a+P+— ola) + P

such that the following diagram commutes

(ii) If 0 € Dy, then there exists a unique o/p-field automorphism

c:0/B — OB
a+P+— oa) +P

151



6. COMMUTATIVE RING 6.10.

such that the following diagram commutes

Proof. (i) Suppose o € Gal(L/K). Since

ker (' o o|0) = o H(oP) =P,

DEDEKIND DOMAIN

by the universal property of quotient ring O/, there exists a unique ring homomorphism

g:0/PB — O/cPB
a+P+—ola)+ 0P

such that the following diagram commutes

o—7° .o
‘n'l l’”
O/ - O/oP

Furthermore, the surjectivity of 7’ o | and ker (7’ o o|n) = P implies 7 is a an isomorphism of fields.

(ii) If 0 € Dy, then o(P) =*P. For any = € 0, we have

g(x+P)=o()+oP=v+%,

which means o is an o/p-automorphism of O/, namely o € Aut(,.(p)/Field) (£(B)/k(p)).

Proposition 6.10.20 Ramification Index and Inertia Degree for finite Galois Extension

PO =B R
Let G = Gal(L/K). Then we have

So the decomposition group Dy, characterizes splitting behavior of p in L:

Dy, =G < LP®» =K <= pisnonsplitin L.

er=ey=-=e-=e, fi=fo=---=f=f [L:K]=efr
and e
PO = (PP, = II =
G- PeG\Spec(0O)
For any m € {1,--- ,r}, by orbit-stabilizer theorem, we have
G
AL (G g, = r and Dy, | = ef.
[ Dys,,,|

Let 0 be a Dedekind domain with field of fractions K = Frac(o). Let L/K be a finite Galois extension and
O be the integral closure of 0 in L. Suppose p is a nonzero prime ideal of 0, and pO can be factored as

Dy, ={id} <= LP*» =L <= p splits completely in L,
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Proof. According to Lemma 6.10.19, [O/0 : 0/p] is independent of o, which implies
h=fa=-=f=Ff
According to Proposition 6.1.22, for any o € Gal(L/K), we have
o (pO) = o (Py* - Fyr) = o (P1)* -+ 0 (P)”

Since o fix K, we have

i|m€E€Zy,a; €Ep,x; € (9})

> (40) —({Z

- (e
i=1
= {Z a;o(x;)

=1
CpO.

)| n€Zy,a; €p,x; EO}

neEly,a; €P,x; GO}

Note
o7 (pO) CpO = pO C 7 (pO).

We have
o (pO) =pO =P - P =0 (F1)" -0 (B,)7 -

For any 1 < m < r, there exists some o € Gal(L/K) such that o (,,) = PB1. By the uniqueness of prime
factorization, there must be e,, = e;. Thus we proved

€1 =€ =+ =€ = ¢€.
O
Proposition 6.10.21
Let 0 be a normal integral domain with fraction field K. Let L/K be a (possibly infinite) Galois extension.
Let G = Gal(L/K) and let O be the integral closure of 0 in L.
(i) For any two primes P, € Spec(O) lying over the same prime in o, there exists a ¢ € G with
o(F) =%
(ii) Let P € Spec(O) be a prime lying over p € Spec(0). Then x(B)/k(p) is an algebraic normal field
extension and the map
Dy ={0 € G| o(B) = q} — Aut(x(B)/r(p))
is surjective.
Proof. https://stacks.math.columbia.edu/tag/OBRK O

This proposition enables us to define the inertia group.

Definition 6.10.22 Inertia Group

Let 0 be a Dedekind domain with field of fractions K = Frac(o). Let L/K be a finite Galois extension and
O be the integral closure of 0 in L. Suppose B is a maximal ideal over p € Spec (0). The inertia group
of P is defined as the kernel of the surjective group homomorphism

£ : Dyp — Aut(x(p) /Field) (£(B)/k(p))
o+—0.
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denote by Iy :=ker{. And we have the following exact sequence

1 — Iy — Dy — Aut (k(P)/k(p)) — 1.

Therefore, the decomposition group Dy controls the splitting behavior of p in L, with size |Dy| = ef. If
we further assume that (3)/x(p) is a finite separable extension, then Aut (x(B)/k(p)) = Gal (k(P)/k(p)) and
|Gal (k(B)/k(p))| = f. Thus by the exact sequence, the inertia group Iy has size |Ip| = e. In this case, the
inertia group Iy measures the ramification of p in L, while Gal (k(P)/x(p)) measures the inertia.

Definition 6.10.23 Frobenius Element

Let 0 be a Dedekind domain with field of fractions K = Frac(o). Let L/K be a finite Galois extension and
O be the integral closure of 0 in L. Suppose ‘P is a maximal ideal over p € Spec (0) and £(p) is a finite field
isomorphic to Fy. Then «()/x(p) is a finite Galois extension and we have the following exact sequence

1 — Iy — Dy = Gal (5()/k(p)) — 1.

e The set of Frobenius elements for 8 is defined as the preimage of the Frobenius automorphism of
Fr, : @ — 2% in Gal (k(B)/k(p)), denoted by Froby, g := £~ (Fr).

e The Frobenius conjugacy class for a Frobenius element o € Froby, o is defined as the conjugacy
class of o in Gal(L/K). o € Froby s if and only if o7~ € Frob, . for some 7 € Gal(L/K).

o If Iy is trivial, then p is unramified in L and the Frobenius element Frob, o3 is unique. We denote
the Frobenius conjugacy class of Frob, oz by Frob, ;, or Frob, for short.

o If I is trivial and L/K is Abelian, then the Frobenius conjugacy class Frob,, r, has only one element,
which is called the Frobenius element of p in L.

6.11 Absolute Value

Definition 6.11.1 Absolute Value on an Integral Ring

Let R be an integral ring. An absolute value on R is a function |- | : R — Rx( satisfying the following
properties:

(i) (positive definiteness) |a| =0 <= a =0.
(ii) (multiplicativity) |ab| = |a||b].

(iii) (triangle inequality) |a + b| < |a| + [b].

An absolute value on R induces a metric (and thus a topology) by
d(a,b) = |a — |,

which makes (R, |- |) a topological ring.

Definition 6.11.2 Equivalent Absolute Value

Let R be an integral ring and | - |,| - |" be two absolute values on R. || and |- |" are called equivalent if
they induce the same topology on R.

Definition 6.11.3 Trivial Absolute Value
Let R be an integral ring. The trivial absolute value on R is defined by

0, CLZOR
lal =
1, a#0g
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On a finite field, the trivial absolute value is the only absolute value.

Definition 6.11.4 Archimedean Absolute Value

If an absolute value | - | satisfies the stronger property
|a + b| < max{[al, [0},
then | - | is called an non-Archimedean absolute value. Otherwise, | - | is called an Archimedean

absolute value.

Proposition 6.11.5

Let R be an integral ring and | - | be an absolute value on R. Then |- | is non-Archimedean if and only if
{|nlg|: n € Z} is bounded.

Proof. Suppose | - | is non-Archimedean. Then for any n € Z, we have
Inlg|=[1r + -+ 1g| < max{[1g[,- -, [1r[} = [1r| = 1.

Thus {|nlg|: n € Z} is bounded.
Conversely, suppose {|nlg|: n € Z} is bounded by M. Then for any a,b € R, we have

la+ 0" = [(a+b)"|

(”) aipn—i

— \ i

(ﬁ)lR
)

M max{|al, |b]}* max{|al, [b]}"~"

8\

IN

- 11

I
=)

Jal[b]" "

<

(n + 1)M max{|al, [b[}".

As n — 0o, we have
la+0] < ((n+1)M) " max{lal, [b]} — max{|al, [b]}.

Thus | - | is non-Archimedean. O

6.12 Valuation Ring

Definition 6.12.1 Dominance of Local Rings

A local ring S is said to dominate another local ring R if one of the following equivalent condition holds
(i) RC S and mg = mg N R, where mg and mg are the maximal ideals of R and S respectively.

(ii) The inclusion map 7 : R < S is a local ring homomorphism.

Definition 6.12.2 Valuation Ring

Suppose R is an integral domain and has field of fractions K = Frac (R). We say R is a valuation ring if
R satisfies one of the following equivalent conditions:

(i) For every z € K*, either z € Ror 27! € R.
(ii) The ideals of R are totally ordered by inclusion.

(iii) The principal ideals of R are totally ordered by inclusion (i.e. the elements in R are, up to units,
totally ordered by divisibility.)
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(iv) Risalocal ring and R is maximal among all local rings contained in K partially ordered by dominance.

(v) There is a totally ordered abelian group (T, <) and a valuation v : K — I' U {oo} such that R is the
valuation ring of v, i.e.

R=0,={zec K |v(zx) > 0}.

Proof. The equivalence of these conditions can be shown as follows.

e (i) = (ii). Suppose I,J are two distinct ideals of R. Without loss of generality, we can assume I C J and
there exists a € I — J. Suppose b € J. Since a ¢ J, there must be ab~! ¢ R, which forces ba~! € R. Thus
there exists € R such that b = ra, implying b € I. Therefore, we show J C I.

o (ii) => (iii). Trivial.
e (iii) = (i). Given any x € K, there exists a,b € R such x = ab~!. Then we have

(@) C(b)or (b)C(a) = ab '€ Rorba '€ R = xcRoraz™ ' cR

e (i) = (v). Take I' = K*/R*. Define a binary relation < on I by zR* < yR* <= yz~! € R. Then we can
check (T', <) is a totally ordered abelian group:

(a) (reflexivity) For any xR* € ', we have zz~! = 1 € R, which implies zR* < zR*.

(b) (antisymmetry) Suppose R* < yR* and yR* < zR*. Then yz~' € R and (y2~!)" = ay~! € R,
implying yz~! € RX. Therefore, tR* = yR*.

(¢) (tramsitivity) If zR* < yR* and yR* < zR*, then yz~! € Rand zy~! € R, s0 227! = (2y™') (ya™') €
R, implying zR* < zR*.

(d) (strong connectivity) For any zR*,yR* € T, either zy~! € R or y~'x € R, which means zR* < yR* or
yR* < xR*.

(e) (order preservation) For any ©R*,yR*,zR* € T', we have
tR* <yR* = yz ' € R = (yz)(x2)" ' € R = z2R* < yzR*.
Take v to be the natural projection

v: K —TU{o0}

zR*, ifz#0
T —
0, ifx=0

Then we can check that v is a valuation of K. For any xz,y € K, ifx =0 or y =0 or  +y = 0, then it is clear
to see v(z +y) = min{v(z),v(y)}. T2 #0, y # 0 and x + y # 0, then we have

(2)
(y)

which implies either v(z + y) > v(x) or v(z 4+ y) > v(y). Therefore, we show v(z + y) > min{v(z), v(y)}.

vz+y) < (@+y)y '€ER < zy ' +1€R < 2y ' €R,

<
<vety) <= (+y2r ' eR <= yr '+1€R < yr ' cR.

v
v

e (ii) = (iv). Since ideals of R are totally ordered by inclusion, there exists a unique maximal ideal m of R.
Hence R is a local ring.

O
Proposition 6.12.3

Let K be a field. Let R C K be a local subring. Then there exists a valuation ring with fraction field K
dominating R.
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Definition 6.12.4 Discrete Valuation Ring

Suppose R is an integral domain and has field of fractions K = Frac (R). We say R is a discrete valuation
ring if R satisfies one of the following equivalent conditions:

(i) R is a valuation ring such that the induced valuation v : K — I' U {oo} is a discrete valuation.
(ii) R is a local PID, and not a field.
(iii) R is a PID with a unique non-zero prime ideal.

(iv) R is a PID with a unique irreducible element (up to multiplication by units).

(vi) R is a local Dedekind domain and not a field.
(vii) R is a Noetherian local domain whose maximal ideal is principal, and not a field.

)
)
)
(v) Ris a UFD with a unique irreducible element (up to multiplication by units).
)
)
(viii) R is an integrally closed Noetherian local ring with Krull dimension one.
)

(ix

R is Noetherian, not a field, and every nonzero fractional ideal of R is irreducible in the sense that it
cannot be written as a finite intersection of fractional ideals properly containing it.

Proposition 6.12.5

A valuation ring is Noetherian if and only if it is a discrete valuation ring or a field.
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Chapter 7

Module

7.1 Basic Concepts

Definition 7.1.1 Module
Let R be aring. An left R-module is an abelian group M with a binary operation R x M — M such that

(i) r(m+mn) =rm+rn for all r € R and m,n € M.
(ii) (r+s)ym=rm+smforall r,s € R and m € M.
(iii) (rs)m =r(sm) for all r,;s € R and m € M.

(iv) Im =m for all m € M.

If R is a commutative ring, then M is called a commutative R-module.

Definition 7.1.2 Homomorphism of R-modules
Let R be a ring and M, N be R-modules. A map f: M — N is called an R-module homomorphism if

(i) f(m+n)= f(m)+ f(n) for all m,n € M.
(ii)) f(rm)=rf(m) for all »r € R and m € M.

If f is bijective, then f is called an R-module isomorphism. If M = N, then f is called an R-module
endomorphism. If f is bijective, then f is called an R-module automorphism. Another name for a
homomorphism of R-modules is an R-linear map.

Proposition 7.1.3 Ring Action on an Abelian Group

From the perspective of representation theory, a module is a ring action on an abelian group. To be more
precise, a ring R can be regarded as an Ab-enriched category with only one object, called the delooping
of R, denoted BR. Ab itself is an Ab-enriched category. Thus a left R-module M is a functor between
Ab-enriched categories M : BR — Ab.

BR Ab

* M
TGRJ ~Hs lTA()EEndAb(M)

* M

As a map between objects, M assigns an abelian group for {*}. As a map between morphisms, M specifies
a ring homomorphism s : R — Endap(M). Define the ring representation category to be the category of
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all Ab-enriched functors between Ab-enriched categories BR and Ab, denoted by
Reppp(R) := [BR, Abab-cat-

Then we have category isomorphism
RepAb(R) = R-Mod.

Proposition 7.1.4 Ring Homomorphism f : R — S Induces Functor f, : S-Mod — R-Mod

Let R and S be rings with a ring homomorphism f : R — S. Then every S-module M is an R-module by
defining the scalar multiplication as

RxM—M
(r,m) — f(r)m

or equivalently through R — S — Endap(M). This defines a functor f. : S-Mod — R-Mod, which is
identify map on objects and morphisms.

S-Mod R-Mod
M foM
J s Jg
N f.N

The functor f, : S-Mod — R-Mod can also be denoted as Resg_g : S-Mod — R-Mod. We have the
following adjunction
fr=S®r—

/_\

R-Mod 1L S-Mod
~_
f«=Resr—s

Also we have the following adjunction

f*=S®r—

N

R-Mod S-Mod

f«=Resrs
\i/‘

f'=Hom r_mod (S, M)

Since f, has both left and right adjoint, it is an exact functor.

Remark. The notation f, comes from the case when R and S are commutative rings. f induces a morphism of
affine schemes Spec(S) — Spec(R). Let M be the associated quasi-coherent sheaf on Spec(S). Then the global

section of M is the S-module M .
r (Spec(S)7 M) =M

Consider the direct image sheaf f*M on Spec(R). The global section of f*M is the R-module f.M

r (Spec(R)7f*J\7) = fuM

In particular, ring homomorphism R — S makes S an R-module.

Definition 7.1.5 Noetherian Module

Let R be a commutative ring, and let M be an R-module. We say M is Noetherian if one of the following
equivalent conditions holds:
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(i) Every submodule of M is finitely generated.

(ii) Every ascending chain of submodules of M stabilizes; that is, if
N1 CNyC N3 C---
is a chain of submodules of M, then 3i such that N; = N;11 = Nyjjo = .. ..

(iii) Every nonempty family of submodules of M has a maximal element w.r.t. inclusion.

Definition 7.1.6 Annihilator

Let R be a ring, and let M be a left R-module. Suppose S is a non-empty subset of M. The annihilator
of S, denoted Anng/(S), is a left ideal of R defined by

Amngp(S)={re R|rs=0 for all s € S}.

If S = {«}, then we write Anng(z) instead of Anng({z}). We have

Anng(9) = ﬂ Anng(s).

seES

Proposition 7.1.7 Annihilator and Induced Module Structures
If NV is a submodule of M, then

Anngp(N)={re R|rs=0for all s € N} = ker (R — Endap, (N))

is a two-sided ideal of R. Through R/ Anng(N) — Endap, (IV), we can regard N as an R/ Anng(N)-module.
In general, if I is a two-sided ideal of R such that I C Anng(N), we can regard N as an R/I-module.

Proof. By the universal property of quotient module, we have the following commutative diagram

R— EIldAb (N)

J/ ”
-
s s
-
-

R/T

Definition 7.1.8 Faithful Module

Let R be a ring, and let M be a left R-module. We say M is faithful if Anng(M) = 0, or equivalently,
the map R — Endap(M) is injective.

Proposition 7.1.9 Properties of Annihilator
Let R be a ring, and let M be a left R-module.

(i) If x € M, then Anng(z) = R if and only if z = 0.

(ii) If S is a non-empty subset of M and N is the submodule generated by S, then Anng(N) C Anng(S).
If R is commutative, then Anng(N) = Anng(S5).

(iii) M as an R/ Anng(M)-module is faithful.

Definition 7.1.10 Cyclic Module
Let R be a ring, and let M be a left R-module. We say M is a cyclic module if there exists an element
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m € M such that
M = Rm :={rm|r € R}.

Definition 7.1.11 Simple Module

Let R be a ring, and let M be a left R-module. We say M is a simple module if M # 0 and the only
submodules of M are {0} and M itself.

Proposition 7.1.12
Let R be a ring, and let I be a left ideal of R. Then

(i) I is a simple left R-module if and only if I is a minimal nonzero left ideal.

(ii) R/I is a simple left R-module if and only if I is a maximal left ideal.

Proof. (i) Suppose that I is a simple left R-module. Then I # 0 and the only submodules of I are {0} and T
itself. Hence, I is a minimal nonzero left ideal.

Conversely, if I is a minimal nonzero left ideal, and J is a R-submodule of I, then J is an left ideal of R.
By the minimality of I, J must be either {0} or I. Hence, I is a simple left R-module.

(ii) Suppose that R/I is a simple left R-module. Let J be a left ideal of R such that I C J. Then J/I is a left
ideal of R/I. Since R/I is simple, we have either J/I = {0} or J/I = R/I. If J/I = {0}, then J =1. If
J/I = R/I, then J = R. Hence, I is a maximal left ideal.

Suppose that R/I is not a simple left R-module. Then there exists a left ideal J = J/I of R/I such that
I CJ C R. Hence, [ is not a maximal left ideal.
O

Proposition 7.1.13 Equivalent Characterizations of Simple Module
Let R be a ring, and let M be a left R-module. The following are equivalent:
(i) M is a simple module.

(ii) For any m € M — {0}, the cyclic submodule generated by m is equal to M, namely

M = Rm.

(iii) There exists a maximal left ideal m of R such that M = R/m.

Proof. We prove (i) = (i) = (iii) = (4).

(i) = (i) Assume M is simple and let 0 # m € M. The set Rm is a submodule of M containing m, hence
non—zero. By simplicity, the only non—zero submodule is M itself; therefore Rm = M.

(i) = (i4i) Choose any non-zero m € M and consider the R-homomorphism
p: R— M, T rm.

Because m # 0 and Rm = M by assumption, ¢ is surjective. Set m := ker ¢ (a left ideal). By the first isomorphism
theorem, M = R/m.

It remains to show that m is maximal. Let I be a left ideal with m C I C R. Pick r € I\ m; then ¥ := r+m #£ 0
in R/m = M. Property (ii) transfers through isomorphisms, so ¥ must generate all of R/m:

Rr = R/m.

But R7 = I/m (by definition of I), hence I/m = R/m, which forces I = R. Therefore no left ideal lies strictly
between m and R; m is maximal.
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(14i) = (i) Suppose M = R/m with m a maximal left ideal. Submodules of R/m correspond one-to-one with
left ideals I satisfying m C I C R:
I — I/m.

Because m is maximal, the only such I are m and R, yielding only the zero submodule and all of R/m. Hence
R/m, and therefore M, is simple.

Thus (i) < (i) < (i), completing the proof. O

7.2 Construction

7.2.1 Free Object

Definition 7.2.1 Free Module

Let R be a ring and S be a set. The free R-module on S, denoted by Freeg mod(S), together with a map
LS — Freep mod(S), is defined by the following universal property: for any R-module M and any map

f: S — M, there exists a unique R-linear map f : Freer mod(S) — M such that the following diagram
commutes

Freer mod(S) M

The free R-module Freer_mod(S) can be contructed as the direct sum of copies of R indexed by S, i.e.

FreeR_Mod (S) = @ R.

sES

Example 7.2.1 Forgetful Functor U

Let R be a ring. Then the forgetful functor U : R-Mod — Set forgets the R-module structure of an
R-module.

(i) U is representable by (R, 1x). The natural isomorphism ¢ : Hompg_mod (R, —) = U is given by
gf)M 5 HomR—Mod (R, M) — U(M)
fr— f(1r).
An R-linear map f : R — M is uniquely determined by f(1g), and vice versa.

(ii) U is faithful but not full.

Proposition 7.2.2 Free-Forgetful Adjunction Freep.moq o U
Let R be a ring. Then the free R-module functor Freeg moq is left adjoint to the forgetful functor U.

Freer-Mod

/_\
R-Mod L Set

\\U/

For any set S and any R-module M, we have a natural isomorphism

Homp mod (Freer mod(S), M) = Homse (S, U(M)) .
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Definition 7.2.3 Basis of a Module

Let R be aring, M be an R-module and S C M be a subset. The inclusion map i : S < M induces a map
i: RS — M by the universal property of free R-module.

Res -3,
S

o If 7 is injective, then S is called a linearly independent subset of M. If 4 is not injective, then S
is called a linearly dependent subset of M.

o Ifiis surjective, then S is called a generating set of M.

o Ifi is bijective, then S is called a basis of M.

Proposition 7.2.4
A R-module M has a basis if and only if M is a free R-module.

Definition 7.2.5 Invariant Basis Number

A ring R is said to have the invariant basis number property if

R®S = ROT «— |S| = |T.

Proposition 7.2.6 Commutative Ring Has IBN Property

Every nonzero commutative ring has the invariant basis number property.

Definition 7.2.7 Rank of a Free Module over Commutative Ring

Let R be a nonzero commutative ring and M be a free R-module. Suppose M = R®S for some set S.
Then the rank of M, denoted by rkr(M), is defined as the cardinality of S.

Definition 7.2.8 Finitely Generated Module

We say M is a finitely generated R-module if one of the following equivariant conditions holds:
(i) there exist x1,...,x, € M such that every element of M is an R-linear combination of the x;.
(ii) there exists an epimorphism R®™ — M for some n € Z.

(iii) there exists an exact sequence
R®" — M —0

for some n € N.

(iv) S = R®"/M for some n € Z, and some submodule M of R®".

Proposition 7.2.9

Let R — S be a ring homomorphism and M be an S-module. If M as an R-module is finitely generated,
then M as an S-module is also finitely generated.

Proof. Since M is finitely generated as an R-module, there exists an epimorphism h : R — M for some n € Z.
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Define

vt {1, ,n} — R",
1 — e,

where e; is the i-th standard basis of R™ and

i:{l,---,n} — M,
i — h(e;).

Then we have h o t; = i. Define

tg: {1,---,n} — 8",
i—> e,

where €} is the i-th standard basis of S™. By the universal property of free S-module, there exists a unique
S-linear map g : S™ — M such that g o 12 = i. By the universal property of free R-module, there exists a unique

R-linear map f : R™ — S™ such that f 0.y = t5. Therefore, we have

(gof)ou=gow=i=hou.

By the universal property of free R-module, we have g o f = h. Since h is surjective, g is surjective. Therefore,

M is finitely generated as an S-module.

L2

Definition 7.2.10 Finitely Presented Module

We say M is a finitely presented R-module if there exists an exact sequence
R®™ — R®" — M — 0

for some m,n € Z.

7.2.2 Tensor Product

Definition 7.2.11 Bimodule

Let R and S be rings. An (R, S)-bimodule is an abelian group M together with a structure of left
R-module and a structure of right S-module such that

r(ms) = (rm)s

forallr € R, s € S, and m € M.

Example 7.2.2 Examples of Bimodule
Let R and S be rings.

o If M is a left R-module, then M is an (R, Z)-bimodule.
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o If M is a right S-module, then M is a (Z, S)-bimodule.

e If R is a commutative ring, then every left R-module is an (R, R)-bimodule, and every right R-module
is also an (R, R)-bimodule. In particular, every abelian group is a Z-module, hence a (Z, Z)-bimodule.

e Any two-sided ideal of a ring R is an (R, R)-bimodule, with the ring multiplication both as the left
and as the right multiplication. In particular, R itself is an (R, R)-bimodule.

e If M is a right R-module, then M is an (Endmed.r(M), R)-bimodule, where the left multiplication
is given by function application.

e If M is a left R-module, then M is an (R, Endg.mod(M)°P)-bimodule, where the right multiplication
is given by function application.

Definition 7.2.12 Balanced Product

Let R be a ring, M be a right R-module, N be a left R-module and G be an abelian group. A map
b: M x N — G is called a R-balanced product if

(i) b(mq1 + ma,n) = b(mq,n) + b(meg,n) for all my,ms € M and n € N.
(ii) b(m,ny + ng) = b(m,ny1) + b(m, ny) for all m € M and ny,ny € N.
(iii) b(mr,n) = b(m,rn) for all r € R, m € M, and n € N.

The set of all R-balanced products from M x N to G is denoted by Balgr(M, N; G), which is an abelian
group with respect to pointwise addition:

(b1 + b2)(m,n) = by(m,n) + ba(m,n).

Proposition 7.2.13 Functor Balg(M, N;—) : Ab — Ab
For M and N fixed, we can define a functor Balg (M, N;—) : Ab — Ab by

Ab Ab

G Balg(M,N;G) > b
Balg(M,N;—)

| === ]

H Balp(M,N;H) 3 fob

Definition 7.2.14 Category Balg(M, N)

Let R be a ring, M be a right R-module, and N be a left R-module. The category of R-balanced
products from M and N, denoted by Balg(M, N), is defined as follows:

e The objects of Balg(M, N) are R-balanced products from M x N to G

Ob (Balg(M,N)) = {b: M x N — G |G € Ob(Ab), b € Balg(M, N; G)}

e The morphisms from by : M X N = G to by : M x N — G4 are group homomorphisms f : G; — Go
such that f ob; = bs.
G1
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Definition 7.2.15 Tensor Product of R-modules

The tensor product of R-modules M and N, denoted by ® : M x N — M ®gr N, is the initial object in the
category Balgr(M, N). The tensor product satisfies the following universal property: for any R-module G
and any R-balanced product b : M x N — G, there exists a unique group homomorphism b M rRN —G
such that the following diagram commutes

MxN—23 M®r N
\ =
G

The tensor product can be constructed as follows: let F' := Freeap(M x N) be the free abelian group on
M x N, and let K be the subgroup of F' generated by elements of the form

(i) (m1+mz,n) = (my,n) — (ma,n),
(ii)) (m,n1 +n2) — (m,n1) — (m, na),
(iii) (mr,n) — (m,rn).
Then the tensor product ® : M x N — M ®pr N can be constructed as the composition
@:MxN-F 5 F/K

and M @gr N := F/K.

Proof. To prove the constructed tensor product F'/K is the initial object in the category Balg(M, N), we need
to check the universal property of tensor product. Let G be an R-module and b : M x N — G be an R-balanced
product.

First by the universal property of free abelian group, there exists a unique group homomorphism

b: F— G
k k

Zri(mi;ni) — Zmb(mi,ni).

i=1 i=1
such that bo . = b. Note that

13((m1 + ma,n) — (my,n) — (M2, n)) (my + ma,n) — b(my,n) —b(me,n) =0,

=b
IA)((m7 ny +ng) — (m,ny) — (M, n2)) = b(m,ny +na) — b(m,ny) — b(m,nz) =0,
—b

b((mr,n) — (m,rn)) = b(mr,n) — b(m,rn) = 0.
We see for any k € K, Z)(k) = 0. Thus by the universal property of quotient group, there exists a unique group
homomorphism b: F/K — G such that bor =b. It is easy to check that bomot=b, which means the diagram
commutes.

To show the uniqueness, assume there exists another group homomorphism ¥ : F/K — G such that b’ oo = b.
Since bot = b, by the uniqueness of 5, we have b’ o ™ = b. Then by the uniqueness of 5, we have b = b’. Thus the
tensor product F'/K is the initial object in the category Balg(M, N). O

Proposition 7.2.16 Pure Tensors Generate Tensor Product
Let R be a ring, M be a right R-module, and N be a left R-module. The elements of the image of the
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tensor product map ® : M x N - M Qg N
im(®)={m®n|me MnecN}.
are called pure tensors.

(i) im(®) generates M ®g N as an abelian group:
k
M ®r N = <1m(®)>Ab = {Zmﬂ@nl | ke Zzl,mi e M,n; € N} .
i=1
(ii) Let F' := Freeap(im(®)). Then we have
M®RN§F/<XM UXVN>7
where
Xy ={[(m+m)®@n]—[m®n]—[m'®n] € Flm,m € M,n € N},
Xy={menm+n))—men]—[men]e€F|meMnn €N}.
(iii) Let f:im(®) — G be a map. If and only if the map

MxN—G
(m,n) — f(m®@n)

is Z-bilinear, i.e.

f((m1+m2)®n)=f(mi®n)+ f(ma®@n),
f(m® (nm+ng)) =f(men)+ f(m®na),

there exists a group homomorphism f : M ®r N — G such that the following diagram commutes
im(®) —— M ®gr N
\ L
G
If such f exists, then it is unique and is totally determined by f as follows:

f:M®rN—G

k k
i=1 p=il

Proof. (i) Let pr: M @ g N — M ®p N/(im(®))ap be the canonical projection. Then we have the following

commutative diagram

MxN—% s M@zN

M ®@p N/{im(®))ab

Note 0 = 0 o ®. By the uniqueness in the universal property of tensor product, we have pr = 0. Therefore,
M @ N = (im(®))ap-
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(ii) Define

j +im(®) — Freeap(im(®))
m®n— [m®n]

By the universal property of free abelian group, the inclusion ¢ : im(®) — M ®gz N induces a group
homomorphism 4 : Freeap(im(®)) - M g N.

im(®)
i j f
M®r N P A Freeap(im(®)) S A > G
r\\\\\ //// .
\i\\\\ , ////?/

FreeAb(im(®))/<X;\4 U Xn)Ab-

Since
T(Xy)=1(Xy)={0} = Xp UXy Ckeri = (X3 UXpn)ap C kerd

there exists a unique group homomorphism i : Freeap (im(®)) /(X U Xn)ap — M ®p N such that iop = i.
Since 7 is surjective, 7 is also surjective. Define

B: M x N — Freeap (im(®)) /(X U XnN)ab

(m,n) — [m @ n]

We can check that § is a balanced product

B (m1 + ma,n) = [(m1 +ma) @ n] = [m1 @ n]+ [m2 @ n| =B (my,n)+ B (ma,n),
B(m,ni +n2) =[m® (N1 +n2)] =[Mmn1] + [mng] =L (m,ny) + 5 (m,na),
B (mr,n) =[(mr)®@n] =[m®e (rn)] = B (m,rn).

By the universal property of tensor product M ®gr N, there exists a unique group homomorphism

©: M ®r N — Freeap(im(®))/(Xp U Xn),

men+— [mn).

such that p o ® = . Note

wo%([m1®n1]+~-~[mk ®nk]) =poiop([m ®@m]+---[my ®nyl)
=0 ([my ®ny] + - [my @ ny))
=@ (mi®@ni)+ -+ @ (mk @ng)
:m_,_..._,_m
= [m1 ®@nq]+ -+ [mi ® ngl.

We have ¢ o7 = id, which implies that ¢ is injective. Therefore, i is an isomorphism.

(iii) If there exists a group homomorphism f:M®pN — G such that f = f oi, then we can check that the
map (m,n) — f(m & n) is Z-bilinear:

(mi@n+ma@n)=f(m @n)+ f(me@n),

F((m14+mg) @n) = f(i(my +my) @n))
:f (mni+mengy)=f(mn1)+ f(mng).

=f
f(m® (n1+n2)) (i(m® (n1+na))) = f
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Conversely, if the map (m,n) — f(m ® n) is Z-bilinear, then we have

o~

(m+m') @n]) = f(Im@n]) - (Im' @ n))

(I
(m4+m')@n)—f(men)—f(m @n)=0,
( . .

(

/

Fm+m)@n]—men]—[m

~

F(n®(n+n)] = [men]—[men])=f(me n+n)]) - f(men]) - f(men])
me (n+n)) = f(men) - f(man)=0,
which implies
F(Xa)=F(Xn)={0} = Xy UXy Ckerf — (XpUXn)ap C ker f.
Thus by the universal property of quotient group, there exists a unique group homomorphism
£ Freeap(im(®))/(Xp U Xn)ab — G
[m@n] — f(m@n)

such that fop = f. Composing f with the isomorphism ¢ : M @z N — Freeap(im(®)) /(X U Xn) in (ii),
we obtain a group homomorphism

fiM®rN—G
men+— f(men).

Proposition 7.2.17

Let @, R, and S be commutative rings, M be a (@, R)-bimodule, and N be a (R, S)-bimodule. Then
M ®pg N has a natural (@, S)-bimodule structure given by

g-(m®n):=(q-m)®n, (MAn) -s:=ma(n-s)

forallge @, s€ S, me M,and n € N.

Example 7.2.3 Base Change Functor
Let ¢ : R — S be a ring homomorphism. The base change functor —®pz S : R-Mod — S-Mod is defined

as follows:
R-Mod S-Mod
M M®grS
—®RrS
fJ o) lf@nids
N N ®grS

where the S-module structure on M ®g S is given by
s (m®s):=m®(s's)

for all ',s € S and m € M.

Proposition 7.2.18 Tensoring with the Base Ring

Let R be a ring and M be a left R-module. Then there is a natural isomorphism of R-modules

/\M:R®RM;>M
rom——r-m

Proof. Define the map

oM — Rp M
mr— 1lp @ m.
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pu is an R-linear map since for any r € R and m,n € M,

pru(rm) =1 @ (rm) =r@m =r-(lg @ m) =r- par(m).

7.2.3 Localization

Proposition 7.2.19

Let R be a commutative ring and S C R be a multiplicative subset. The category of S™!R modules is
equivalent to the category of R-modules M with the property that every s € S acts as an automorphism
on M. The following functor F' gives a equivalence of categories:

S~ R-Mod R-Mod where S act as automorphisms
M M
fl L Jf
N N

Proof. Assume S is a multiplicative subset of communitative ring R and the localization map is ¢ : R — S™'R.
Then R can acts on S~!R-module M through

R % S7'R 245 Endap (M),
which enables us to regard M as an R-module. Furthermore, since
oh(#(9) € by ((STTR)) C (Endap(M))* = Autas(M),

every s € S acts as an automorphism on M.
Conversely, if M is an R-module such that every s € S acts as an automorphism on M, i.e. o : R — Endap(M)
satisfies o7 (S) C Autap(M), then by unversal property

we can define a S~!R-module structure on M by lifting oy to ;. It is easy to check that these two functors
are quasi-inverse to each other. O

Definition 7.2.20 Localization of a Module

Let R be a commutative ring, S be a multiplicative set in R, and M be an R-module. The localization of
the module M by S, denoted S~!M, is an S~!R-module that is constructed exactly as the localization
of R, except that the numerators of the fractions belong to M. That is, as a set, it consists of equivalence
classes, denoted 7, of pairs (m, s), where m € M and s € S, and two pairs (m, s) and (n,t) are equivalent
if there is an element u € S such that

u(sn —tm) = 0.

Addition and scalar multiplication are defined as for usual fractions (in the following formula, r € R,
s,t €8, and m,n € M):

m n tm + sn
7+f:77
S t st

rm rm
st st
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Proposition 7.2.21 Universal Property of Localization
Let R be a commutative ring and S C R be a multiplicative subset, an M be an R-module. The R-linear
map

lg: M — S7'M

m
m'—>T

satisfies the any of following universal properties:

e for any R-linear map ¢ : M — N such that S act as automorphisms on N (i.e. the induced ring
homomorphism oy : R — Endap(N) satisfies on(S) C Autap(N)), there exists a unique R-linear
map

e for any S~!R-module N and R-linear map 1 : M — Res(IV), there exists a unique S~! R-linear map
Y’ : ST'M — N such that the following diagram commutes in R-Mod

Res(S™'M) L Res(N)

We have two equivalent universal properties because of the equivalence of categories in Proposition 7.2.19.

Proposition 7.2.22 Kernel of Localization Map
Let R be a commutative ring, S be a multiplicative set in R, and M be an R-module. Suppose

ls:M—)S_lM

m
m'—>T

is the localization map. Then
kerlg ={m e M|3s€ S, sm=0}.

Proof. It m € kerlg, then we have T+ = % in S~'M. By the definition of localization, there exists s € S such that

$(1-0—1-m)=—sm=0.
Thus we have
kerls C{me M|3s€ S, sm=0}.
Conversely, if m € M such that there exists s € S with sm = 0, then we have

m sm 0 0
sm =7 ="5==1

which means m € kerlg. Thus we have

{me M|3se S, sm=0} Ckerlg.
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Therefore, we conclude that
kerlg ={me M|3se€ S, sm=0}.

Proposition 7.2.23 Localization is a Left Adjoint Functor

Let R be a commutative ring, S be a multiplicative set in R, and M be an R-module. Define the localization
functor as follows

R-Mod S—1R-Mod
M S7'M > 2
fk oy Js—lm I
N SN >

where S71(f) is defiend as the composition S~1M I N & SIN.
Let Resp_,g-1p : ST'R-Mod — R-Mod be the functor that regards S—!R-modules as R-modules. Then
we have a pair of adjoint functors

S—l

~
R-Mod 1 S~1R-Mod
~_
Res

and natural isomorphism

Homg-1 p.mod (S~ M, N) = Homp-mod (M, Resp, 5-1r(IV)).

Proposition 7.2.24 Localization is an Exact Functor

Let R be a commutative ring, S be a multiplicative set in R. If
L M-5N
is an exact sequence of R-module, then
gL 570, g-ipy W, g1y

is an exact sequence of S~!R-module.

Proof. Suppose = € ker S~1(v). Then we have

which imples that there exists ¢ € S such that tv(m) = v(tm) = 0. Thus we have tm € kerv. By exactness, there
exists [ € L such that u(l) = tm. Since

we see that € im S™!(u), which means im S~!(u) = ker S~!(v). Hence S™! is exact. O

Proposition 7.2.25 Localization of Module as Tensor Product
Let R be a ring, S C R a multiplicative subset. The localization functor S~ : R-Mod — S~!'R-Mod is
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isomorphic to the tensor product functor S™'R ® p —. And we have isomorphisms

O : SR M =5 S7IM

naturally for all R-modules M.

Proof. Step 1. Constructing the Isomorphism 6,
Define the map

by ST'Rx M — STIM

a am
(,,m) o
S S

This map is well-defined because for any ¢ = %, there exists u € S such that u(s'a — sa’) = 0, so that
am a'm
u(s'(am) — s(a'm)) = u(s'a —sa'y)m =0 = — = —.
s s

It is straightforward to check that b; is an R-balanced product. By the universal property of the tensor product,
there exists a unique R-linear map

O - ST'R QRKr M — SiMm
g@mw%gﬁ (ae A;seS;meM).
S S

such that the following diagram commutes

Step 2. Constructing the Inverse
Define the R-linear map

1®—:M— S 'ReopM
mr— lg-1g @ m.
Through the universal property of localization, we obtain a unique S~! R-linear map
Y STIM — ST'RQr M
m 1

— — — @ Mm.
s S

such that the following diagram commutes

fffffffffffffff » ST'TR®r M

\/

We can verify that 0y, and ¢y, are Inverses:

- . -1
e Composition 0y 0 ps: For any = € S™ M,

(ej\/jowM) (%) =0y <i®m) _ 1-m :%.
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e Composition 1ps 0 Opr: For any ¢ @ m € SR ®gr M, by R-linearity of the tensor product, we have

am

(¢M09M)<g®m>=¢M( )zé@amz%@m.

s
Step 3. Naturality
Let f: M — N be a morphism of R-modules. We need to show that the following diagram commutes:

S Ror M —2% L s-1R@L N

S M —  §IN
STy

For any ¢ @ m € ST'R®p M, we have

onv(@en(Lom)) =on(bo fom) = L7,

S

and

57 (0w (§em)) =570 () = L

s
Thus, the diagram commutes, and the isomorphism is natural.

Conclusion
We have constructed a natural isomorphism

Or : ST'R@p M = S71M,

which establishes that the functors
S7H(-) and ST!'A®a (-)

are isomorphic. O

Proposition 7.2.26 Localization Respects Quotients
Let M be an R-module and N be a submodule of M. Then we have an isomorphism

S~YM/N)=(S~'M)/(STIN)

and the following commutative diagram

M e M/N
g S
S™IM . STHM/N) = (S~*M)/(S7'N)

Proof. Since localization is exact, from the exact sequence
0—N-—M— M/N—0,
we obtain the following exact sequence

0— SN —S'M-— S (M/N)—0.
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Proposition 7.2.27 Localization Commutes with Tensor Product

Let R be a commutative ring, S be a multiplicative set in R, and M, N be R-modules. Then we have an

isomorphism
f:8 M ®g-15g STIN = S7HM ®r N)
m _n memn
e
Proof.

STH (M @r N)=2 S 'R®p (M ®r N)
~(ST'Reopr M)®gr N
~ S 'M®r N
= (S7'M ®g-1g ST'R) @ N
~ S M®g 1z (SRR N)
~ S IM®g1pgSTIN

(by Proposition 7.2.25
(by associativity of tensor product
(by Proposition 7.2.25
(by Proposition 7.2.18
(by associativity of tensor product

(by Proposition 7.2.25

)
)
)
)
)
)

O
Proposition 7.2.28 Localization as Colimit
Let R be a commutative ring, S be a multiplicative set in R, and M be an R-module. Then we have an
isomorphism
STIM = lim My,
fes
where My is the localization of M by the multiplicative set (f) = {f™ | n € Z>¢}.
Formally, S can be endowed with a preorder relation: f | ¢ if and only if fh = g for some h € S, which
makes S a thin category S. Then we can define a functor M. : S — R-Mod
S R-Mod
f My >
g =rfh My > ";_]Zn
where [;, is given by the following universal property
l/
Mf -------- e ” Mg
N A
M
And we have
STIM = lim M.
Proof. First let’s show that the l; induced by universal property can be writen as l; : % — ’Z}}l Suppose R
acts on M, through
on, : R— S, R —2 Enday(M,),
Then we can check for any f" € Sy,
oM, (fn)O'Mé (n) =0oMm; ( 7 ) = oM, (1) =1 = oM, (fn) S AutAb(Mg),
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which means oy, (Sy) € Autap(M,). Thus by universal property of My, we have

ly (}Z) =om, (f") 7 (m) = owry (m) (m) = mh”

g g

In a similar way, we can check that Sy can act on S~1M as automorphisms and induce 1y by the following
universal property

Mf *************** » STIM
M
And we are going to show that (o : My — S™'M) ¢ is the colimit of G.
We can prove
br =g ol

by checking
(Ygoly)oly=1pgoly=1lg=1ppols
and utilizing the uniqueness of the universal property.
Given any (ps: My — S‘lM)fes such that py = pg oly, note that ppoly = pupopgoly = pigol,. Thus we can
define v to be the unique map such that volg = pyoly.

N

R
N
N
H NG Z
f N
N
N
N
N
N

My — sy

N A

(voyy)oly=volg=pyoly.

Hence we have

By the uniqueness of the universal property of My, we have uy = v os. If there exists another v’ such that
pyp =1 o1y, there must be v/ olg =1v' 0ty ol; = pyoly =volg. The uniqueness of such v forces v =v/'.
Therefore we show that S~ M = ling o M. O

Proposition 7.2.29

Suppose R is a commutative ring, S, S’ are multiplicative sets in R, and M is an R-module. View S'~'M
as an R-module, then S~! (S'~1M) is isomorphic to (SS')~" M as R-modules.

Proof. Define
fiS7H(S M) — (89) 7

x/s' .,z
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To show that f is well-defined, suppose that %Sl = %ﬂ, which means there exists v € S such that

t
v<t£73g> =V,
s s’ t’

This further implies that there exists w € S’ such that w(vtt’'x — vss’y) = 0. Then we see there exists vw € S5’
such that vw(tt'z — ss'y) = 0, which means -5 = ;. Thus f is well-defined.
Define .
g: (S8 M — S (87" M)

x z/s'
S

— — for some s € S, € S

ss’
and we can check that g is well-defined in a similar way. It is clear that f and g are linear maps inverse to each
other. O

Proposition 7.2.30
Let R be a commutative ring and M be an R-module. Suppose z € M. Then the following are equivalent:
(i) z=0.
(ii) = maps to 0 in M, for all p € Spec R.
(iii) = maps to 0 in My, for all m € Max (R).

As a consequence, M — [] M, is an injective ring homomorphism.
peSpec R

Proof. (i) = (ii) and (ii) == (iii) are clear. It is left to show (iii) = (i). Let z € M and
Annyy (z) = {r € R|rx =0}
be the annihilator of z in R, which is an ideal of R. Note { = % in My, if and only if
Ampy—m={re R—m|re =0} #2 < Anny Cm.

If x maps to 0 in M, for all m € Max (R), then Annj; is not contained in any maximal ideal of R, which means
Annys(z) = R. Hence z = 0. O
Corollary 7.2.31
Given an R-module M, the following are equivalent:

(i) M is zero,

(ii) M, is zero for all p € Spec(R),

(iii) My, is zero for all m € Max (R).

Proof. (iii) = (i). Suppose My, is zero for all m € Max (R). Given any « € M, since  maps to 0 in My, for all
m € Max (R), there must be z = 0 by Proposition 7.2.30. Thus M is zero.
O

Corollary 7.2.32 Exactness is a Local Property
Given a sequence of R-modules M — M’ — M", the following are equivalent:
(i) M — M’ — M" is exact,

(ii) My — My, — M,/ is exact for all p € Spec(R),

(i) My — M, — M is exact for all m € Max (R).
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Proof. (1) = (ii) because localization is an exact functor. (ii) = (iii) is clear. It is left to show (iii) = (i).
Let H = ker (M’ — M") /im (M — M’). Since exact functor preserve cohomology, we have

Hy = ker (M}, — ML) /im (Mg — ML) =0

for all m € Max (R). Thus by Corollary 7.2.31 we have H = 0, which implies M — M’ — M" is exact. O

Proposition 7.2.33 Glueing Functions
Let R be a ring. Let f1,..., f,, be elements of R generating the unit ideal. Let M be an R-module. The
sequence

0—>M—“—>éMﬁ N éMfifj

i=1 i,j=1

m m m;  m;
is exact, where a(m) = (%, ,%) and 8 (61, ,!:) = <fel — f%) .
! " ‘ 7 (i)

Proof. According to Corollary 7.2.32, it suffices to show that the localization of the sequence at any maximal ideal
m is exact. Given any maximal ideal m of R, since fi,. .., f, generate the unit ideal, there is an i such that f; ¢ m.
Without loss of generality we may assume fi ¢ m. Note that Proposition 7.2.29 guarantees (My,) = (Mmn);,
and (Mfifj)m = (Mm)fifj' In particular we have (Mp,) = Mn and (My, ), = (Mw);,, because fi € M.
Thus it is suffices to show that the sequence

n

0— Mm ﬁl} @(Mm)fi ﬁ::._} @ (Mm)f,;fj
=1

ij=1

is exact for f; = 1.
Injectivity of ay, is trivial because the first component of ay, is the identity map on My,.

For any x = | =1, %, e ,% € ker B we have i (x) = 0. Consider the (1,7)-component of B (x) for
2 n

i=2,---,n. Then we get

2
T — fezi =0 = x= (21,21, " ,21) = an (1) = ker B, C im .
i
For any y = (y,y, - ,y) € im oy, we have Sy, (y) = 0, which means im ay, C ker 8y,. Thus the sequence is exact
and we complete the proof. O

7.2.4 Graded Object

Definition 7.2.34 I-Graded Module (External Definition)
Let R be a ring and I be a set. An I-graded R-module is a family of R-modules (M;),.;. The category

of I-graded R-modules, denoted by R-Mod’, is simply the functor category [, R-Mod], where I is regarded
as a discrete category.

Definition 7.2.35 /-Graded Module (Internal Definition)
Let R be a ring and I be a set. An [-graded R-module is an R-module M together with a family of
submodules (M;);c; such that

M= @ M;.

icl

Proposition 7.2.36 R-Mod’ is a Monoidal Category

Let R be a ring and I be a commutative monoid. Then (R—I\/IodI , ®) is a monoidal category with tensor
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product defined as
(M®N);= @ M; ® N;.
jk=i

Definition 7.2.37 [-Graded Module over an Graded Ring (Internal Definition)

Let (I,+) be a monoid and R be a I-graded ring with grading (R;)ic;. An I-graded module over
graded ring R is an R-module M together with a family of submodules (M;),; such that

(i) M =D Mi-
(11) RZM] g Mi+j for all Z,] el.

When [ is a monoid, Definition 7.2.35 is a special case of Definition 7.2.37 because any ring R can be regarded

as a graded ring with trivial grading Ry = R and R; = 0 for all i # 0.

7.3 Torsion-Free Modules

Definition 7.3.1 Torsion Element of a Module

Let R be a ring, and let M be a left R-module. An element m € M is called a torsion element of M if
there exists a regular element r € R such that rm = 0.

If R is an integral domain, an element m € M is called a torsion element of M if one of the following
equivalent conditions holds:

(i) There exists a element r € R — {0} such that rm = 0.

(ii) Anng(m) # {Ogr}.

Definition 7.3.2 Torsion Submodule

Let R be a ring, and let M be an R-module. The torsion subset of M is the subset of M consisting of
all torsion elements of M, denoted by M;,,. If R is commutative, then M., is a submodule of M, called
the torsion submodule of M. If R is an integral domain, then

Mior = {m € M | Ir € R — {0}, rm = 0}.

Proof. We can check that M, is a submodule of M when R is commutative. For any mi,mgy € M., there
exist regular elements r1,73 € R such that rym; = 0 and romo = 0. By Proposition 5.1.6, r1ro is also a regular

element. Then we have
rire(my + ma) = riramy +r1rame =0+ 0=0 = my + my € Mior,
Let m € Mo and r € R be a regular element such that rm = 0. Then for any s € R, we have

r(sm)=s(rm)=s-0=0 = sm € M.

Definition 7.3.3 Torsion Module

Let R be a ring, and let M be an R-module. We say M is a torsion module if all elements of M are
torsion elements, i.e. M = Mo,

Example 7.3.1

Let R be a commutative ring, and let M be an R-module. Then the torsion submodule M, is a torsion
module.
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Definition 7.3.4 Torsion-free Module
Let R be a ring, and let M be an R-module. We say M is a torsion-free module if 0 is the only torsion
element of M, i.e. Mo, = {Oprr}-

Proposition 7.3.5 Characterization of Torsion-Free Modules via Localization
Let R be an integral domain, M be an R-module and S = R — {0} be the multiplicative set of R. Then
the followings are equivalent:

(i) M is a torsion-free module.
(i) M — S~1M is injective.
(iii) We have the following exact sequence

0 — M — M ®pg Frac(R).

Proof. (i) <= (ii). Suppose M is a torsion-free module. Suppose
lg : M —> STIM

m
m'—>T

is the localization map. Then according to Proposition 7.2.22, we have

kerlg ={m e M|3s € S, sm =0} = Mio,.

Thus
M is torsion-free <= Mo, = {Opr} < kerls = {0y} < lg is injective.

Definition 7.3.6 Torsion-free Quotient

Let R be a commutative ring, and let M be an R-module. Then the quotient module My := M /Mo, is a
torsion-free module, called the torsion-free quotient of M. This gives a functor tf : R-Mod — R-Mod

R-Mod R-Mod¢
M Mg > m+ Mo
fJ M, Jf I
N Ntf 9JC(WL)"’_]Vtor

R-Mody is a full subcategory of R-Mod consisting of all torsion-free modules. And we have the adjunction

tf
/\
R-Mod 1 R-Mod;¢

"\U/

where U : R-Modys — R-Mod is the inclusion functor.

Proof. Let m + Moy € M /Mo, be a torsion element of M/M;,,. Then there exists a regular element r € R such
that
T (m + Mtor) =rm—+ Mtor =0+ Mtora

which implies rm € Mi,,. Thus there exists a regular element s € R such that srm = 0. Since sr is a regular
element, we get m € Moy, which implies m + Moy = 0 + Myor. Therefore, M /M, is a torsion-free module.

Next we are to show f(Mior) € Nior. For any m € M., there exists a regular element r € R such that
rm = 0ps. Then we have

rf(m) = f(rm)= f(On) = On,
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which implies f(m) € Nior. Hence f(Mior) C Nior and accordingly mx o f(Mior) = {0}, by the universal property
of quotient module M /My, we have the following commutative diagram

Therefore, f is well-defined. O

Definition 7.3.7 a-Torsion

Let R be a ring, M be a left R-module and a be a right ideal of R. The a-torsion of M is a submodule of
M defined as
Mla] :=={m € M |Va € a,am = 0}.

If a = aR is a principal right ideal generated by a € R, we simply write M[a] instead of M|a].

Proof. We can check that M|a] is a submodule of M. For any mq, mg € M[a], we have
a(my +mo) =ami +amy=0+0=0, Vaca,
which implies my + mg € M|[a]. For any m € M[a] and r € R, we have
a(rm) = (ar)m =0, Va € a,
which implies rm € M|a]. Therefore, M|a] is a submodule of M. O
Lemma 7.3.8
Let R be a ring, M be a left R-module and a be a right ideal of R. Then for any n € Z., we have

M[a™) € M[a™™1].

Proof. For any m € M[a"] and any ¢ € a™, we have
cm = 0.
Hence for any b € a™*!, there exist a € a and ¢ € a” such that b = ac’. Then we have
bm = ac’'m = 0,
which implies m € M[a"*!]. Hence M[a"] is a submodule of M[a"*1]. O

Definition 7.3.9 a-Power Torsion

Let R be aring, M be a left R-module and a be a right ideal of R. The a-power torsion of M is a submodule
of M defined as

M[a>]:={m € M |3n € Zy,VYa € a",am = 0} = | ] M[a"] = lim MI[a"].

n>1 n>1

Proof. By Lemma 7.3.8 we see M[a"] C M[a"*!] for all n € Z,..

1

ju—

=

M[a™]
TN

Mla] —— M[a?] Mla"] ——— -

i

Therefore, the colimit M[a*] = lim MTJa™] is a submodule of M O
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Proposition 7.3.10

Let R be an integral domain and M be a finitely generated R-module. Then M is a torsion-free module if
and only if M is a submodule of a finitely generated free R-module.

Proposition 7.3.11 Module Homomorphism Induced by Scalar Multiplication
Let R be a ring and M be a left R-module. Suppose N is an R-submodule of M, and r € R. Then

2 N — M,
nr— rn.

is an R-module homomorphism and we have
N/ker p, 2imu, =rN ={rn|n e N}.
And the following are equivalent:
(i) For any n € N, if rn =0, then n = 0.
(ii) w, is injective.

(i) N =rN.

Corollary 7.3.12
Let R be a commutative ring and r € R. Then the following are equivalent:

(i) r is a regular element.
(i)
0— R RIS R/IrR— 0

is a short exact sequence of R-modules.

Proof. (i) = (ii). Suppose r € R is a regular element. Then r # 0. If there exists n € R such that rn = 0, there
must be n = 0. Thus by Proposition 7.3.11 we have p, is injective. Since im p, = rR = ker 7, the sequence is

exact.
(ii) = (i). Suppose the sequence is exact. Then pu, is injective, which by Proposition 7.3.11 implies that for
any n € R, if rn =0, then n = 0. Thus r is a regular element. O

Proposition 7.3.13

(i) If R is a commutative ring, then any flat R-module is torsion-free.

(ii) If R is a Dedekind domain. Then an R-module is flat if and only if it is torsion-free.

Proof. (i) If there exists m € M such that rm = 0 for some regular element r € R, then by Corollary 7.3.12,

0—RX RS R/rR—0

is a short exact sequence of R-modules. Since M is flat, the functor — ® g M is exact. Thus we have the
following exact sequence

0— RO M L2 Rog M ™25 (R/rR) @5 M — 0,

which is isomorphic to
0— M £% M= M/rM — 0.

According to Proposition 7.3.11, the injectivity of . : M — M implies m = 0. Therefore, M is torsion-free.
O
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7.4 Flat Modules

For any R-module M, the functor — ® g M is right exact.

Definition 7.4.1 Flat Module
Let R be a ring. An R-module M is called flat if the functor — ® g M is exact.

Proposition 7.4.2 Direct Sum of Flat Modules is Flat

Let R be a ring and (M;),.; be a family of R-modules. If each M; is flat, then @, ; M; is flat.

Proof. For any exact sequence 0 - A — B — C — 0, we have the following commutative diagram

0 A B c 0
bl
0 A B o 0

where the rows are exact. Since M; is flat, we have the following commutative diagram

0 —— A®M; —— BM; —— C®M; —— 0

J{f@l lg@l J{h@l

0 —— AQM, —— BM;, —— C'" QM; —— 0
where the rows are exact. Then we have the following commutative diagram

0—— @A@Mz% @B@MZ% @O@Miﬁo
iel iel el

lEB fel lEB g®1 lea h®1
i€l el el

0— PASIM, — PBIM; — PC'"@M; —— 0
icl icl icl

where the rows are exact. Thus €,_; M; is flat.

iel

7.5 Projective Modules

Homp mod (P, —) is a left exact functor.

Definition 7.5.1 Projective Module
Let R be a ring. An R-module P is called projective if Hompg mod (P, —) is an exact functor.

Proposition 7.5.2 Equivalent Definitions of Projective Module
Let R be a ring and P be an R-module. The following are equivalent:

(i) P is projective.

(ii) For any surjective R-module homomorphism f : M — N, the induced map f* : Homp mod (P, M) —
Hompg mod (P, N) is surjective.

(iii) For any surjective R-module homomorphism f : M — N and any R-module homomorphism g : P —
N, there exists an R-module homomorphism h : P — M such that the following diagram commutes
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(iv) P is a direct summand of a free module.

7.6 Module over Commutative Ring
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Proposition 7.6.1 R-Mod is a Symmetric Monoidal Category for Commutative Ring R

Let R be a commutative ring. Then the category R-Mod is a symmetric monoidal category with the
following structure:

(i) Tensor product: the functor ®g : R-Mod x R-Mod — R-Mod defined by

R-Mod x R-Mod R-Mod
(X1, Y1) X1 ®r Y1
fng Ry Jf@;zg
(X2, Y5) Xo®rYs

(ii) Associator: the natural isomorphism a

(—®—)®—
R-Mod x R-Mod x R-Mod ~||a R-Mod
—-®(—®—)

defined by

axyz) : (X®rY)®rZ — X ®r (Y Qr 2)
(z®RrY)®r2+— QR (y ®R 2)

(iii) Unit object: R € Ob(R-Mod)
(iv) The isomorphism in R-Mod:

t:R®r R— R
rQXRrS+——1rs

(v) Briad isomorphism: the natural isomorphism B

R-Mod x R-Mod ~

defined by

BX7y:X®RY—>Y®RX
TRRY——>Y®RT

Proof. We could check the following conditions holds
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(i) The pentagon axiom: the following diagram commutes

(A B)®C)®D

aca,B,c)®idp a(A®B,C,D)
(A (B C)@D (A®B)® (C® D)
a(A,BRQC,D) A(A,B,C®D)

A® (B®C)® D) A®(B® (C®D))

idA®a(B,C,D)

(ii) Unit axiom: the functors R ® g — : R-Mod — R-Mod and — ®p R : R-Mod — R-Mod are category

equivalences.
(iii) Hexagon axiom.

(iv)

By x o Bxy =idxgpy-

O

R-Mod is an abelian category, so it is Ab-enriched. When R is a commutative ring, R-Mod is even self-enriched.

Proposition 7.6.2 R-Mod is a Self-Enriched Category for Commutative Ring R

If R is a commutative ring, then the category R-Mod is self-enriched. More explicitly, the category R-Mod
is an R-Mod-enriched category with the following structure:

(i) Hom-object: for each pair of objects A, B € Ob(R-Mod), the object Hompg mod(A, B) € Ob(R-Mod),
where the R-module structure on Hompg_moq(A, B) is defined pointwise as follows:

e addition:

+: HOInR_MOd(A, B) X HOInR_MOd(A, B) — Hompg-Mod (A,B)
(f,9) — (a = f(a) + g(a))

e scalar multiplication:

R x HOHIR_MOd(A7 B) — HOHIR_MOd (A, B)
(r,f) — (a =1 f(a))

(ii) Composition: for each triple of objects A, B,C' € Ob(R-Mod), the composition morphism in R-Mod
defined by

o: HomR_Mod(B, C) QR HomR_Mod(A, B) — Hompg_mod (A, C)
g®rfr—gof
(iii) Identity: for each object A € Ob(R-Mod), the morphism in R-Mod defined by

Zdy : R — Homp mod(A, A)
re— (r-idg:z—r-x)

Proof. the following conditions hold
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(i) For each quadruple of objects A, B,C, D € Ob(C), the following diagram in R-Mod commutes
(Hom(C, D) ® Hom(B, C)) ® Hom(A, B) —— Hom(C, D) ® (Hom(B, C') ® Hom(A, B))

o ®idHom(A,B) idgom(c, D) ® ©

Hom(B, D) ® Hom(A, B) Hom(C, D) ® Hom(A, C)

Hom(A, D)

(ii) For each pair of objects A, B € Ob(C), the following diagrams in V commute

ZdB®idHomc(4,B)

1 ® Homc (A, B) Hom¢(B, B) ® Homc(A4, B)

P

Homc (A4, B)

idHome (4,5)® Tda

Homc(A,B)®1 Homc (A, B) ® Homc(A, A)

N

Homc(A4, B)

7.7 Free Module of Finite Rank over Commutative Ring
7.7.1 Determinant

Definition 7.7.1 Determinant of R-linear Transformation on Free Module of Finite Rank

Let R be a commutative ring and M be a free R-module of finite rank n. The determinant of an R-linear
map f : M — M can be defined as one of the following equivalent ways:

(i) The functor A" : R-Mod — R-Mod induces a map between hom-sets
A® ¢ Endg-mod (M) — Endg_mod (/\n(M))
fro fAAL

Note Endg mod (A"(M)) is a 1-dimensional R-module with basis idan(ar)- And R is a also a 1-
dimensional R-module with basis 1g. We have the following R-module isomorphism

cootid, s, * Endp-mod (AN"(M)) == R
idan(ary — 1g.
The determinant map is defined as the composition
det := COOTid, n /) © A" : Endg.mod(M) — R
fr—det(f) = COOTid (fA--Nf).

det(f) is called the determinant of f.

187



7. MODULE 7.8. FINITELY GENERATED MODULE OVER PID

(ii) Suppose {e1,- - ,e,} is a baisis of M, then for any f € Endg mod (M), it can be uniquely represented
by a matrix A = (a;;) with respect to the basis {e1,--- ,en}

(f(el)v e 7f(en)) = (61, e ,en)A.
Then the determinant of f is defined as follows

det : Endg.mod (M) — R

F— > sen(0) [Jaiow)-
=1

g€Sy

7.8 Finitely Generated Module over PID

Proposition 7.8.1 Torsion-free <= Free for Finitely Generated Modules over PID
Let R be a PID and M be a finitely generated R-module. Then M is torsion-free if and only if M is free.

Proposition 7.8.2
Let R be a PID and M be a free R-module. Then any submodule N of M is free. Moreover, we have
rkR(N) S I‘kR(M)

Proposition 7.8.3
Let R be a PID and M be an R-module. If M = M /M, is finitely generated, then

(i) Mt is free.
(ii) M = Mior ® E, where E is a free submodule of M with rkr(E) < co.

Proof. Since My is finitely generated, it is a finitely generated torsion-free module over PID, which is free. Then
we have My = R®" for some n € Z. Let {e1,...,e,} be a basis of M. For any m € M, we havem = > | r;e;
for some r; € R. Define E := @], Re;. Then we have M = M, ® E. O

Proposition 7.8.4 Smith Normal Form
Let R be a PID and M € Mat,, x,(R) be an m X n matrix with entries in R. Then there exist invertible
matrices P € GL,,,(R) and @ € GL, (R) such that

dy, 0 0O -~ 0 0 --- 0
0 d 0 - 0 0 --- 0
0 0 dg --- 0 0 --- 0
PMQ=1, o o d. 0 0
0 0 0 0 0 0
0o 0 0 -~ 0 0 --- 0]

where d; € R are such that d; | d;4q for all 1 <i < r and r = rank(M).
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Chapter 8

Associative Algebra

8.1 Basic Properties

Definition 8.1.1 Associative Algebra over Commutative Ring

Let R be a commutative ring. An associative R-algebra is a ring A together with a ring homomorphism
¢: R — Z(A), which makes A an R-module by defining the scalar multiplication as

RxA—A
(r,a) — r-a:= @(r)a.

¢: R — Z(A) is called the structure homomorphism of A.

Remark. We can check that
r-(ab) = o(r)ab= (r-a)b=o(r)ab=a(co(r)b) = a(r - b),

which justifies the naming “associative”. O
We usually call associative R-algebra as R-algebra for short.

Proposition 8.1.2 Commutative Ring homomorphism R — S induces functor S-Alg — R-Alg

Let R and S be commutative rings with a ring homomorphism f : R — S. Then every S-algebra A is
an R-algebra by defining ra = f(r)a, or equivalently through R — S — Z(A). This defines a functor
F : S-Alg — R-Alg, which is identify map on objects and morphisms.

S-Alg R-Alg
A A
gJ Ly Jg
B B

In particular, commutative ring homomorphism R — S makes S an R-algebra.

8.2 Construction

8.2.1 Quotient Object

Definition 8.2.1 Quotient Algebra

Let A be an R-algebra and a be a two-sided ideal of A. Since a is an R-submodule of A, the quotient ring
A/a can also be endowed with an R-module structure, which makes A/a an R-algebra. We call A/a the
quotient algebra of A by a.
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Proposition 8.2.2 Universal Property of Quotient Algebra

Let A be an R-algebra and a be a two-sided ideal of A. Let m : A — A/a be the canonical projection. For
any R-algebra homomorphism f : A — B such that a C ker(f) or equivalently f(a) = {0}, there exists a
unique R-algebra homomorphism f : A/a — B such that the following diagram commutes

The unique R-algebra homomorphism f: A/a — B is defined as

f:AJa— B
a+ar— f(a).

8.2.2 Free Object

Definition 8.2.3 Free R-Algebra

Let X be a set and R be a commutative ring. The free R-algebra on X, denoted by Freer aig(X), together
with a function ¢ : X — Freep.ag(X), is defined by the following universal property: for any R-algebra A

and any function f : X — A, there exists a unique R-algebra homomorphism f : Freep ag(X) — A such
that the following diagram commutes

FreeR_Ng(X) **af!*f*} A

s

The free R-algebra Freep aig(X) can be contructed by direct sum of copies of R

Freeppig(X) = @ Ruw.
wEFreemon (X)

8.2.3 Graded Object

Definition 8.2.4 [-Graded Algebra over an Graded Commutative Ring

Let (I,+) be a monoid and R be a I-graded commutative ring with grading (R;);cr. An I-graded algebra
over graded ring R is an R-algebra A together with a family of subalgebras (A;),.; such that

(i) A= @, A
(11) AiAj - Ai-‘rj for all 1,7 €l.
(111) RiAj - Az’+j for all 1,7 € 1.

Elements in A; are called homogeneous elements of degree i.

Definition 8.2.5 Degree-preserving R-algebra homomorphism

Let (I,+) be a monoid and let R = @, ; R; be an [-graded commutative ring. Let A = @, A;
and B = ,.; B; be I-graded R-algebras. An R-algebra homomorphism f : A — B is called degree-
preserving (or graded) if for every i € I,

f(A;) C B;.
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We write Gr/—\lgf{ for the category whose objects are I-graded R-algebras and whose morphisms are degree-
preserving R-algebra homomorphisms.

Proposition 8.2.6 Graded Algebra Quotients out Graded Ideal

Let A be an [-graded algebra over graded ring R with grading (A4;);c; and a be a /-graded two-sided ideal
of A. Then we have an R-module isomorphism

Al/(aﬂAZ) —N—>(Al+a)/a
a+ (anNA4;) — a+a,

and the quotient algebra A/a has a decomposition

A/a:@(Ai+a)/ag@Ai/(aﬁAi),

i€l 1€l

which makes A/a an I-graded R-algebra.

Proof. By the definition of graded ideal, we have
a= @ai, a; ;= anA;.
icl
Let m: A — A/a be the canonical projection. Restrict 7w to A4;, we have an R-module homomorphism

mla, + A — w(4;)

with kernel
a)={zxed|r(z)=0+a}={zcA|zcal=4Na=aq,

Thus we have an R-module isomorphism

ker (7

a+a; — a—+a.

Take any 7(a) € A/a, where a € A. Since A =P
many a; being nonzero. Thus

A;, we can write a = Y. _; a; with a; € A; and only finitely

iel i€l

m(a) =7 (Zm) = Zﬂ'(ai) € ZW(Ai)’

iel icl icl
which means A/a C ) ,.;m(A;). On the other hand, we have ), ; m(4;) € A/a. Therefore, we have A/a =
>ier T(Ad).
Moreover, if Y, ;m(a;) = 0 with a; € A;, then 7 (3 ;.;a;) = 0, which means }_,.;a; € a. According to
Proposition 5.2.17, this implies a; € an A; for all i € I. Thus we have 7(a;) = 0 for all i € I. Therefore, the sum
Ala =73, m(A;) is direct, which means

Afa =@ r(A).
iel
Note
m(4)={z+alzcA}={r+a+alzcA,aca}l =(4;,+a)/a

Combining these results, we have the R-module isomorphism

A/C‘:@W(Ai) :@(Ai+a)/ag@Ai/(amAi)~

iel iel il
Finally, we can check that the multiplication and scalar multiplication respect the grading:
(ai + Cl) (aj + Cl) =a;a; +a € (Ai_;,_j + CL) /a, Va; € Ai,aj S Aj,
r-(ai+a):rai+a€(Ai+j+a)/a, VTERj,aiEAi.
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Example 8.2.1 Polynomial Algebra R[ X7, -+, X,,]

Let R be a commutative ring and Xi,---, X,, be indeterminates. Then R[X,---,X,] is an N-graded
R-algebra with grading R[X7,-- -, X,]; being the set of homogeneous polynomials of degree i.

8.2.4 Tensor Product

Definition 8.2.7 Tensor Product of Algebras

Let R be a commutative ring and A, B be R-algebras. The tensor product of R-algebras A and B
is defined by the following universal property: for any triple (C, fa, fB), where C is an R-algebra and
fa:A—C, fp: B— C are R-algebra homomorphisms which satisfy

fa(a)fp(b) = fB(b)fala), Vae€ AbeB,

the tensor product
(AQrB,ta: AXxB— A®rB,ip: Ax B — A®g B)

is initial among such triples, i.e. there exists a unique R-algebra homomorphism
p: A®r B — C

such that the following diagram commutes

A2, AQr B +~2- B
va fo
C

Concretely, A ® g B can be constructed as the tensor product of R-modules A ®p B together with multi-
plication defined as

(CLl ® bl)(ag ® bz) = (alag) & (ble), Vai,as € A,bl,bg €B

and unity
1A®RB =14 ®1p.

And the R-algebra homomorphisms ¢4, tp are defined as

LA:A—>A®RB
a—a®lp,

LBIB—>A®RB
b— 14 ®b.

The unique R-algebra homomorphism ¢ : A @z B — C' is defined as

¢: ARr B — C
a®br— fala)fB(b).

Remark. Tt is straightforward to check that the multiplication defined above is well-defined and makes A ® g B
an R-algebra. According to Proposition 7.2.16, since (a, b) — fa(a)fg(b) is Z-bilinear, ¢ is a well-defined abelian
group homomorphism. We can further check that ¢ is an R-algebra homomorphism:

P(r(a®b)) = ¢((ra) @ b) = fa(ra)fp(b) = rfaa)fz(b) = ré(a®b)

¢ ((a1 @ b1)(az ® b)) = ¢ ((a1a2) ® (b1b2)) = fa(araz) fp(biba) = fa(ar)fa(az)fp(b1)fB(b2) = d(a1®b1)p(az@bz)
¢(lagrp) = ¢ (1a®1p) = fa(la)fs(lp) = 1lc
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Definition 8.2.8 Tensor Product of R-algebra Homomorphisms

Let R be a commutative ring and Ay, As, B;, Bs be R-algebras. Given two R-algebra homomorphisms
f: AL = Ay and g : By — Bs, the tensor product of R-algebra homomorphisms is defined as the
R-algebra homomorphism

f®Rrg: A1 ®r B1 — A2 ®R B2
a®br— f(a) ® g(b).
which is induced by the universal property of tensor product A; ® g By through the following commutative
diagram:
Ay L A1 ®r B (Li By

fJ{ if®Rg J{g

A2 — A2®RBQ Y Bg
LA2 LB2

Proposition 8.2.9 Symmetric Monoidal Structure on R-Alg

Let R be a commutative ring. The tensor product ®pg defines a symmetric monoidal structure on the
category R-Alg, with unit object R.

(i) Tensor product: the tensor product functor is

R-Alg x R-Alg R-Alg
(A1, B1) A1 ®r B
fxgl Ry Jf@zzg
(A2, Ba) Az ®R B

(ii) Associator: for any R-algebras A, B, C, there is a natural isomorphism
aapc:(A®rB)®rC — A®r (B®rC)
(a®b)@c— a® (b® c)
(iii) Unit object: R.
(iv) An isomorphism in R-Alg:
t:Rr R =5 R
rer — orr
(v) Symmetry: for any R-algebras A, B, there is a natural isomorphism

Yap:A®rB — B®Rr A
a@Rb— bR a

Proposition 8.2.10 Tensor Product of Quotient Algebras

Let R be a commutative ring and Ay, As be R-algebras. Let I; C Ay, I, C Ay be two-sided ideals of Ay,
A, respectively. Then we have an R-algebra isomorphism

(A1 /1) ®r (A2/I2) = (A1 ®r A2)/(I1 ®r Az + A1 Qg I3)
a1 @ az —> a1 @ az

193



8. ASSOCIATIVE ALGEBRA 8.2. CONSTRUCTION

Here, given inclusion i1 : I; < A;, the R-module I; ® g A, is identified as the image of i1 @p ida, :
I, ®r Ay = A1 ®Rr Ay

im(z'l Rpr idAz) = {an@)yn €A Q®r Ay |m € ZZD T, € I, Yn € AQ}7

n=1

which is a two-sided ideal of A; ® g A>. The similar identification applies to A; Qg Is.

Proof. Let J :=1 ®g As + A1 @R I>. Define
t1: A1/ — (A1 ®r Ag)/J
a1+ I — (a1 ®14,) + J,
If a1,a) € Ay satisfy a; — a) € I, then
(a1 ®14,) — (a1 ®1a,) =(a1—a}) @14, €1 ®R A CJ = (a1 ®14,)+J = (a] ®14,)+ J,

which shows that ¢ is well-defined. And we can check that ¢; is an R-algebra homomorphism. Similarly, we can
define an R-algebra homomorphism

Lot AQ/IQ — (A1 XRRr AQ)/J
ag + I — (14, ®az) + J.
Moreover, the images of ¢; and ¢5 commute in (A; @ Az)/J: for any a1 € Ay, as € As,
vlar + Ii)eaaz + I2) = ((a1 @ 14,) + J) ((1a, ® az) +J)
= (a1 ® (IQ) + J
= ((1a, ®az) + J) (a1 ® 1a,) + J)
= Lg(ag + IQ)Ll(al + Il)
Thus by the universal property of tensor product, there exists a unique R-algebra homomorphism
¢ (A1/1) ®r (A2/1z) — (A1 ®r A2)/J
(a1 + ) ® (ag + 1) —> (a1 Q@ az) + J.

Next, we construct the inverse of ¢. Given the quotient maps 71 : Ay — A;/I; and 79 : Ay — Ag/I5, we can
define an R-algebra homomorphism ¢ := 7 Qg 72 as

A ®@r Ay — (A1/) ®r (Aa/I2)
a1 ® ag — (a1 + 1) ® (ag + Iz).
Since for any x € I, y € As, we have
Y@y =0+1)@(y+1)=0
and for any x € Ay, y € I, we have
Yey)=(+1L)®0+1)=0,

we have J C ker(¢)). Thus, by the universal property of quotient algebra, there exists a unique R-algebra
homomorphism

Vi (A1 @R A2)/J — (A1/11) @R (A2/12)
(a1 ® ag) +J+— (a1 + 11) (9 (a2 + 12).

We can check that 1’/; is the inverse of :

Yo ((ar+ 1) ® (a2 + I2) = ¥ (a1 ® az) + J) = (a1 + I1) @ (az + I2),

po((amr®az) +J)=¢((a1 + 1) @ (az + I2)) = (a1 ® az) + J.

Therefore, we show that ¢ is an R-algebra isomorphism. O
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Corollary 8.2.11 mod I Reduction of R-Algebras
Let R be a commutative ring and I C R be an ideal of R. For any R-algebra A, there is an isomorphism
of R-algebras
AJ/TA =5 A®r (R/I)
a—a®lp
Ta<—a®T
where

IA:={rac Alrel,ac A}
is the two-sided ideal of A generated by I.

Proof. Apply Proposition 8.2.10 with A; = A, Ay = R, I = {0}, I = I. We obtain an R-algebra isomorphism

A®r (R/I) = (A®r R)/(0®r R+ A®RgI)
a@(r+I)— (a®r)+ (AQgrI).
Under the canonical isomorphism
¢:ARr R = A
aQ@r+— ra,

A ®p I is mapped to I A. Thus we have an R-algebra isomorphism

A®r (R/I) = AJIA
a® (r+1)—ra+IA.

O
Corollary 8.2.12
Let R be a commutative ring and I C R be an ideal of R. We have a cononical isomorphism of R-algebras
(R/I)®r (R/I) = R/I
r+D)@ @' +1)— rr' + 1.
Proof. By Corollary 8.2.11, we have an R-algebra isomorphism
(R/I)®r (R/I) = (R/I)/(I(R/I))
(r+0)e (' +1)— '+ I(R/I).
Since for any r € I, ' + I € R/I, we have
r(r' +I)=r"+1=0+1,
which shows that I(R/I) = {0}. Thus we obtain the desired isomorphism. O

8.2.5 Tensor Algebra

Definition 8.2.13 Tensor Algebra T (M)
Given a R-module M, the k-th tensor power of M is defined as

T*(M) := M®* = M Qg --- Qr M,
N———— —
k times

T°(M) := R.
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The tensor algebra of M is defined as

with multiplication ® defined as
(M ® - @mg)® (Mrt1 @ - @Mpy1) =M1 Q -+ @ My

T*(M) is an N-graded R-algebra with grading (T%(M))x>o-

Proposition 8.2.14 Tensor Algebra Functor T° : R-Mod — GrAIgII\;
Let R be a commutative ring. The tensor algebra construction 7 : R-Mod — GrAIgII\I% is a functor defined

as follows
R-Mod GrAlgh
M T*(M)> mi®- - -Qmy
QJ( W% lT'(g) Ig@gm@g
N T*(N) 2 g(m1) ®--- ® g(my)

Proof. According to Definition 8.2.8, for each k& > 0, we can define an R-module homomorphism T%(g) := ¢g®*
on degree-k component:

T"(g) : T*(M) — T*(N)
my® - @my — g(my) @ -+ ® g(my,).
Then we can define a degree-preserving R-algebra homomorphism T*(g) := @pe, T"(g) as follows:
T°(g): T*(M) — T*(N)
(z0, 21,22, +) == (T°(g)(wo), T"(9)(21), T*(9)(2),--) -
It is straightforward to check that T'*(idys) = idpe(ary and T°(g2 0 g1) = T*(g2) o T*(g1) for any R-module
homomorphisms ¢g; : M — N, go : N — P. Thus, T is a functor. [

Proposition 8.2.15 Adjunction T'° 4 Ur_Mmoq

Let R be a commutative ring. Suppose U : R-Alg — R-Mod is the forgetful functor. Then the tensor
algebra functor T° : R-Mod — R-Alg is left adjoint to U.

8.2.6 Exterior Algebra and Symmetric Algebra

Definition 8.2.16 Exterior Algebra A*(M)
Given an R-module M,

INM)={(x®x:z€M)= {Zai(l'i@l'i)bi m € Z>1, a;,b; € T*(M), z; € M}
i=1

is a graded two-sided ideal of T*(M). The exterior algebra of M is defined as
A* (M) =T*(M)/In(M).
According to Proposition 8.2.6, A®*(M) is a graded R-algebra with grading

A (M) = P N (1)
k=0
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where
AF(M) == TF(M) ] (In(M) N T*(M))

is an R-module and is called the k-th exterior power of M. Especially, we have /\O(M ) 2 R and
/\1(M ) = M as R-modules, and we identify them directly.
The multiplication of A®(M) is denoted by

AN (M) x A* (M) — A°(M)
(a+ In(M),b+ In(M)) — (a ®b) + Ix(M).

and is called the wedge product. The graded version of the wedge product for degree-1 elements is given
by

A AN L) x AN — AP(M)
(ml,mg) — my Ay = (m1 (029) mg) + I/\(M) N Tz(M)
We can prove /\k(M ) is an R-module generated by the elements of the form
miAmag A Amy = (m1®m2®-~-®mk)+I/\(M)OT’“(M)
for my,mo,--- ,mg € M. The wedge product for degree-k and degree-I elements is given by
A ARy x AN — A ()
(my A Amg, Mpg1 A AMgep) —> mg A= Amg AMgpr Ao A Mgy

where m; € M for 1 <¢ <k +1.

Remark. Since Tk(M) is an R-module generated by the pure tensors of the form m; @ ms ® - - - ® my, for m; €
the quotient module A*(M) = T*(M)/ (IN(M)NT*(M)) is generated by the elements of the form (m; @ m
- @myg) + In(M)NT*(M). And by induction on k, we can show that

my Ama A---my = (Mg ®m2®-.-®mk)+IA(M)ﬂTk(M).

Proposition 8.2.17

Given an R-module M and mq,mg € M, we have
mi Amg = —mg A my.
For any homogeneous elements z,y € A*(M) , we have

Ay = (,1)deg(z) deg(W)y A .

Definition 8.2.18 Exterior Algebra Functor: A* : R-Mod — GrAIgT—i
The exterior algebra construction A® : R-Mod — GrAIgII\% is a functor defined as follows

R-Mod GrAlgh
M A (M)>  miA---Amy
fJ ”VAV.VW J/\'(f) IfAfA---Af
N A*(N) 3 f(ma) A~ A f(m)

where A®(f) is induced by the universal property of the quotient algebra T°(M)/IA(M) through the

M,
2 ®
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following commutative diagram

T*(M) ——L— ()
T*(M)/INM) -5~ » T*(N)/In(N)

Remark. Since for any x € M,
o T*(f)(z @) = 7n(f(z) @ f(x)) = f(x) A f(z) + IN(N) = 0+ In(N),

we see each generator of I (M) is mapped to 0 in wx o T*(f). Thus, we have I, (M) C ker(my o T*(f)), which
guarantees that there exists a unique R-algebra homomorphism

A*(F) s A1) — AC(V)
my A Amg — f(my) A+ A flmy).
such that A°*(f) omy = 7n o T*(f). O

Proposition 8.2.19 Adjunction A°® 4 Ur.Mod

Let R be a commutative ring. Suppose Ur.Mod : GrAIgg — R-Mod is the forgetful functor. Then the
exterior algebra functor A* : R-Mod — GrAIgI}i is left adjoint to U.

Example 8.2.2 Take Degree k Functor

Let R be a commutative ring and M be an R-module. The take degree k functor is defined as

GrAlgh R-Mod
A= @ AZ‘ Ak
1=0
J (=)
g ~h glay
o0
B=@ B, By,
=0

In particular, we have the composition functor A* := (=)k o A° : R-Mod — R-Mod defined as follows

R-Mod R-Mod
M /\k(M) S mygA---Amy
f[ AL J/\k( ) IfAfmAf
N AMNY) 3 fma) A== A f(my,)

Proposition 8.2.20

Suppose R is a commutative ring and M = € Rz is a free R-module. Then

zeX

(i) A®(M) has a basis {1 A Azg 21,z € X,2; # x; for all i # j}.
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(ii) If M has a basis {x1,- - ,2,}, then we have an R-linear isomorphism
A" (M) = R
TN Aoy —> 1R.

Moreover, we have A" (M) = 0 for all m > n.

8.3 Integral Element

Definition 8.3.1 Integral Element

Let R be a commutative ring and A be an R-algebra with structure homomorphism ¢ : R — Z(A). An
element x € A is called integral over R if there exists a monic polynomial f € R[T] such that ?f(x) = 0.

Definition 8.3.2 Generated Subalgebra

Let R be a commutative ring and A be an R-algebra. By the universal property of R(T), there exists a
unique R-algebra homomorphism v : R(T) — A such that ¢(T') = x.

The R-subalgebra of A generated by x is defined as

TkER}.

Let R be a commutative ring and A be an R-algebra. Let R[z] be the R-subalgebra of A generated by .
Then A is an R[z]-module. And the following statements are equivalent:

R[z] := ¢ (R(T)) = {Z rext € A

k=0

Proposition 8.3.3 Equivalent Definition of Integral Element

(i) « is integral over R.
(ii) R[z] is a finitely generated R-module.

(iii) There exists a faithful R[x]-submodule of A that is finitely generated as an R-module and contains
B

8.4 Trace and Norm

Lemma 8.4.1 Left Multiplication Endomorphism

Let R be a commutative ring and A be an R-algebra. For any a € A, we can define the left multiplication
endomorphism I, € Endg_moed(A) by

lo,:A— A
T — ax.

Moreover,

I_:A— EndR—Mod(A)
ar—l,
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is an R-algebra homomorphism.

Proof. For any r € R, a,b € A and z € A, we have
lrato(x) = (ra+ b)x = r(ax) + bx = (ra)x + bx = lq(z) + lp(x),
lop(x) = (ab)x = a(bx) = L. (Ip(x)),
li1,(z) =1a2 = 2.

Hence [_ is an R-algebra homomorphism. O

Definition 8.4.2 Trace, Norm and Characteristic Polynomial

Let R be a commutative ring and A be an R-algebra. Suppose A as an R-module is free of finite rank. For
any a € A, we can define the left multiplication endomorphism I, € Endg_mod(A) by

lo: A— A
T — ax.

e The trace of a € A is defined as the trace of [,, denoted by
Trar(a) := Tr(ls) € R.

That is, Try g : A — R is an R-module homomorphism through the following composition
- Tr
TI‘A|R A — EndR—Mod(A) — R.

e The norm of a € A is defined as the determinant of [,, denoted by
Nyr(a) := det(l,) € R.
That is, Nyg : A — R is a multiplicative monoid homomorphism through the following composition

NA|R c A l;> EndR—Mod(A) _d_et_) R.

e The characteristic polynomial of a € A is defined as the characteristic polynomial of [,, denoted
by
char 4| g(a; X) := char(ly; X) = det(X -ida — la) = Nyx) rx (X — @) € R[X]

Proposition 8.4.3 Trace, Norm, and Characteristic Polynomial under Change of Base Ring

Let R be a commutative ring, A be an commutative R-algebra and M be a free R-module of finite rank.
Suppose A as an R-module is free of finite rank. Given any A-linear transformation ¢ € End a.mod(M), by
applying the functor of restriction of scalars to R — A, we can regard ¢ as an R-linear transformation on
M through End a-mod (M) — Endg mod(M). And we have

(i) Trr(p) = TTA|R(TTA(90))~
(ii) Nr(¢) = Ngr(Na(p))-

(iii) charg(p; X) = Najxrix)(chara(p; X)).

Corollary 8.4.4

Let R be a commutative ring, A be an commutative R-algebra and B be an A-algebra. Suppose A as an
R-module is free of finite rank and B as an A-module is free of finite rank. Then for any b € B, we have

(i) Trpr(b) = Trar(Trpa(b))
(ii) Npjr(b) = NAor(NpBja(D))-
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(iii) charp|r(b; X) = Napx)rix](charp a(b; X)).
Proof. This is a direct consequence of Proposition 8.4.3 by taking M = A and ¢ = [. O
Definition 8.4.5 Trace Pairing
Let R be a commutative ring and A be an R-algebra. Suppose A as an R-module is free of finite rank.
The trace pairing is the symmetric R-bilinear form
<','>A|R2AXA—)R
(,y) — Trar(zy).
8.4.1 Discriminant
We first define the discriminant of a polynomial.
Definition 8.4.6 Resultant
Let R be a commutative ring and
f(X) =anX™ + X" P+t a X +ag € R[X],
9(X) = by X™ + by 1 X"+ 4 51 X + g € RIX]
be two polynomials of degree n and m respectively. The resultant of f(X) and g(X) is defined as
Coa, 0 e 0 b 0 o 0
Ap—1 An e 0 bmfl bm e O
Gp—2 Qp—1 e bm—2 bm—l
: : - ap o b
Res(f,g) := det ao a; o ap_1 bo B ooo B
0 a -0 ap—2 0 L
L m columns n columns = (m+n)x (m+n)
If R is an integral domain with field of fractions K and f(X),g(X) have roots ai,ag,---,a, and
81, B2, , Bm in some algebraic closure K of K respectively, then
Res(f, g —amb"HH —Bj)=ar Hgaz = m”b”HfB]
1=17=1
Remark. Suppose R is an integral domain with field of fractions K and f(X), g(X) have roots aq, ag, - - , ay, and

B1, B2, -+, Bm in some algebraic closure K of K respectively. Then we have
1
—f(X) =X —)(X —az) -+ (X —an),

—g(X) = (X = B)(X = B2) - (X — Bm).
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Let
[ an 0 0 b 0 0 7
_O/{'H"nfl O[’in+n72 oy 1] Ap—1 an e 0 bm—l bm ce 0
: : Gp—2 Qnp-1 bm—2 bm—l
m+n—1 m+n—2 .
V: Oé" B O[:ln L (67% 1 7 S: an : bm
1171+n ! 1 ez pr 1 ap a Ap—1 bo b1 bm—1
. . . . . 0 ao An—2 0 b() bmfg
_5;;;%—1 5g+n—2 oo B 1] : : . : : : . :
i 0 0 ao 0 0 bo ]
Then
ol flen) o2 flar) - fla) of 'glen) alPglar) -+ glan)]
oy ' flaz) af T flaz) o flaz) oh'glan) b Pglaz) o glan)
_ mfl: m72: i nfl: n72: ) ) _ OnXm Dg
VS=|ap-flan) ap-ire,) o f) aple(e) aptalen) oglan)| = % P ]
BB BITEA(BY) - F(BY) B e(B) BT g(B) - g(B) ;o M
B (Br) B2 (Br) - F(B) B 9(B) B 29(Be) e 9(Bm).

This implies that
det(V') det(S) = det(V'S)
= (—1)""det(Dy) det(Dy)

= (=1)™" (Hg(ai) 11 (Oéi—aj)) (Hf(ﬁj) 11 (ﬁi—ﬁj))-

1<i<j<n

Since det(V) is a Vandermonde determinant, we have

det(V) = H (i — ay) H (Bi*ﬂj)HH(%*ﬂj)

1<i<j<n 1<i<j<m i=1j=1
Thus . .
(=)™ [T g(ew) TT £8)
det(S) = = =1
H H(ai Bj)
i=1j=1
Note

i=1j=1 i=1 M i=1
m n m 1 mn m
= ™ TG - o0 = o T A2 = CUT T )
j=1li=1 j=1 " j=1
We can conclude that
det(8) = ay'by, [T [T(i = 8) = ait [T 9(ei) = (=)™ 05, T £(5))-
i=1j=1 i=1 j=1
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Definition 8.4.7 Discriminant of Polynomial
Let R be an integral domain and f(X) € R[X] be a polynomial. The discriminant of f(X) is defined as

—1 !
Disc(f) := (—1)= % )M.
.
Proposition 8.4.8

Let K be a field and f(X) € K[X] be a polynomial of degree n with roots oy, as, - - - , ay, in some algebraic
closure K of K. Then

. n(n=1) n rL(n 1) n n_
Disc(f) = (1)~ 7 ap > [[ £/(e) = (-1) a? 2H a; — aj) 2] (=)
=1

1<i<j<n
175]

Proof. By definition of resultant, we have

an ' IT f(cs)

nn-1) R ! n(n— P n(n—1) n
Dise(f) = (-1 "2 BEULS) oy TS ) g ] (e,
Qp, Qp, "
Since
XY —
F1(X) ax <an H(X O‘Z)) —anZH(X*O‘J) = [l() =an H(O‘ @;),
i=1 i=1 j#i VED
we have
Hf’(ai):H an | [(i — ;) | =an H a; — ay).
i=1 i=1 i
1#]
Thus
Disc(f) = (~1) 7 aj~ 2Hf ai) = (-1)"F a2 ZH ai - ay).
Zsﬁj
Note
[Ti-a)=" ] (x—aj)a;—a)
ij 1<i<j<n
i#£j
= I —(a—ay?
1<i<j<n
n(n—1)
=(-1)" > IT (ci—ay)
1<i<j<n
We get
, EICEV —
Disc(f) = (-1) ar e —e) =a [ (i =)
irj 1<i<j<n
i

Definition 8.4.9 Discriminant of Bilinear Form M x M — R
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Let R be a commutative ring and M be an free R-module of rank n. Let @ : M x M — R be a R-bilinear
form. Then

wo: M — M*
iE'—)Q((E,—)

is an R-module homomorphism. Taking top exterior powers gives an R-module homomorphism
N (pq) : N (M) — N"(M)
TIA ATy — po(x1) A A ().
Note we have natural isomorphisms
s s A(MF) 5 (A"(M))*
Jinh-ANfor— (x1 A Azp = det ([fi(2)]1<i,i<n))
By composing A" (pg) with 1/, we get an R-module endomorphism of the rank-1 free R-module A" (M)
6:= a0 N (pq) : \"(M) — (A\"(M))*
TLA - ANZp —> (X1 A Az = det ([Q(z4, 25)]1<i,j<n)) -
Let € be a basis of A" (M) and
e N"(M)— R
er— 1p.
be the dual basis of . Then there exists a unique A € R such that
O(e) =N-€".
Then the discriminantof Q is defined as the image of A under the canonical projection R — R/(R*)?
Disc(Q) := A mod (R*)? € R/(R*)?,
where R/(R*)? is the quotient monoid of the multiplicative monoid R by modulo the congruence relation
a~b < JueR*, a=u.

We can check that this definition is independent of the choice of basis €. If we choose another basis € = ce
for some ¢ € R, then * = ¢~ 'e* and

(&) = O(ce) = ch(e) = che* = cA(cE*) = () - &*.

If E = {e1,e2, - ,e,} is a basis of M, then the discriminant of () with respect to the basis
{e1,ea, -+ ,e,} is defined as

DiSC(QQ €1,€2," " aen) = det ([Q(eiv ej)]lﬁi,jﬁn) € R.
The relation between Disc(Q) and Disc(Q; e, ea,- - ,ey,) is given by
Disc(Q) = Disc(Q; e, ea,--- ,e,) mod (R¥)? € R/(R*)%.

The ideal of R generated by Disc(Q;eq,ea, - ,e,) is called the discriminant ideal of @, which is
independent of the choice of basis {e1, ea, - ,e,}.

Remark. Here we check the relation between Disc(Q) and Disc(Q;e1, ez, ,e,). Let (-,-) : M* x M — R be the
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dual pairing defined by (f,z) := f(z). Note e :==e; Aea A--- Ae, is a basis of A"(M). Then we have
(0(c),e) = (Ae¥, ) = A", e) = A,

Denote
fi:=q(e;) € M™.
We have
00),8) = (War(fr A fa A=A fa)ser Aea A Aen)
= det ([fi(e;)]1<ij<n)
= det ([pq(e)(ej)]1<ij<n)
= det ([Q(es, ¢5)]1<ij<n) -

Definition 8.4.10 Discriminant of Algebra

Let R be a commutative ring and A be an R-algebra. Suppose A is a free R-module of rank n. Then the
discriminant of A over R is defined as

dA = DiSC (<, ‘>A|R)
where (-, -) 4|g is the trace pairing of A over R.

Assume {ej,eq, - ,e,} is a basis of A over R. The discriminant of A with respect to the basis
{e1,ea, -+ ,e,} is defined as

dA(el7 €9, " 7€n) : = det ([<ei7 eJ>A‘R]1Sl,]Sn)

Trar(eier) Trar(ere2) -+ Trajr(eien)
Trar(eze1) Trar(ezez) -+ Trajr(ezen)
= det . . . € R.
Trajr(ene1) Trar(enez) --- Trar(enen)
The relation between d4 and da(ep,es, - ,ey,) is given by
da =da(e1,e2,--,e,) mod (R*)?.
The ideal of R generated by da(ei,es,: - ,e,) is called the discriminant ideal of A over R and is

denoted by 04.

Definition 8.4.11 Order

Let R be an integral domain with field of fractions K and A be a finite-dimensional K-algebra. An R-order
in A is a unital R-subalgebra O C A which is finitely generated as an R-module and satisfies O @ g K = A.

Remark. Since the K-algebra A can be regarded as an R-algebra through the restriction of scalars along R — K,
it makes sense to talk about R-subalgebras of A. O

Lemma 8.4.12

Let R be a commutative ring, M be a free R-module of rank n and N C M be a submodule which is also
a free R-module of rank n. Let Q : M x M — R be a R-bilinear form.

(i) Given any basis {e1,ea, -+ ,e,} of M over R and any basis {f1, fo, -+, fn} of N over R, there exists
a matrix P € M, (R) such that

[fi fo - fa]=[e1 e - en] P
The discriminants with respect to the bases {e1, e, - ,e,} and {f1, fa, -+, fn} satisfy

DiSC(Q|N><N;f17f2>"' af’n) :det(P)2 DiSC(Q;€1a627"' 7en)-

205



8. ASSOCIATIVE ALGEBRA 8.4. TRACE AND NORM

(ii) Let Fitto(M/N) be the 0-th Fitting ideal of the R-module M/N. Then we have equality of ideals
(Disc(Q|nxn)) = Fitto(M/N)? (Disc(Q)) .

Proof. (i) Let {e1,e2,--- ,e,} be a basis of M over R. Since N is a unital R-submodule of M which is also a
free R-module of rank n, we can assume that {f1, f2, -+, fn} is a basis of N over R. Note each f; can be
expressed as a linear combination of ey, es, - -, e,. Thus there exists a matrix M € M, (R) such that

(i fo o fal=[er e o en] P
Thus we have
Disc (Q|nxn; f1, f2,- -, fn) = det ([ fis £5) Q\NW]K”@)
et (P (eirei)q 1<i’j§np)

det(P) det ([(eir5)a 1< <)
det(P)? Disc (Q;e1, e, ,ep).

|
o

(ii) By identifying matrix P and its corresponding linear map P : R™ — R", the R-module M/N has a

presentation
s

R R Iy M/N — 0
where 7 is defined by
(0, -+, 1r ,ooo,0)=¢;+ N
i-th component

for 1 < i < n. By definition, the 0-th Fitting ideal of M /N is generated by det(P)

Fitto(M/N) = (det(P)).

Corollary 8.4.13 Discriminant Relation

Let R be a commutative ring and A an R-algebra which is a free R-module of rank n. Let B C A be a
unital R-subalgebra of A which is also a free R-module of rank n. Then for any basis {ej, ea, - ,e,} of A
over R and any basis {b1,bs, -+ ,b,} of B over R, there exists a matrix M € M, (R) such that

[bl by --- bn] = [61 ey - en] M.
The discriminants with respect to the bases {ej, ea, -+ ,e,} and {b1,ba,--- , b, } satisfy
dp(b1,ba, - ,by) = det(M)* da(er, e, ,en).
In particular, if R = Z, then Z/(Z*)? 2 Z and we have
dp=[A: B]QdA,

where [A : B] is the index of B in A as abelian groups.

Proof. Note
(¢,-)air) |BxB = (-, ) BIR-

dp(by,ba, -+ ,by) = det(M)? da(e1,ea, -+ ,e,) is adirect consequence of Lemma 8.4.12. If R = Z, then det(M) =
+[A: B] and Z/(Z*)? = Z. Thus O
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8.5 Algebra over Field

Lemma 8.5.1 Nonzero Ring Homomorphism from Field is Injective

If K is a field, R is a ring, a ring homomorphism f : K — R is either injective or the zero map. Furthermore,
If R is not a zero ring, then f is injective.

Proof. Since the only ideals of K are {0} and K, the kernel of f is either {0} or K. If ker f = {0}, then f is
injective. If ker f = K, then f is the zero map. By Proposition 5.1.11, if R is not a zero ring, then ker f is not
K, so f is injective. O

Corollary 8.5.2
If K is a field and A is a nonzero K-algebra, then the ring homomorphism K — Z(A) is injective.

Proof. This is a direct consequence of Lemma 8.5.1. O

Proposition 8.5.3 Structure of K|a]
Let K be a field, A be a K-algebra and a € A. Consider the evaluation ring homomorphism
evy : K[X] — A
fr— fla).

Since K[X] is a PID, we can suppose kerev, = (P,) for some P, € K[X]. Since imev, = K][a], we have
the following isomorphism in K-Alg

And it can be divided into two cases:

(i) If P, =0, then ev, is injective and K[a] = K[X].

(ii) If P, # 0, then ev, is not injective. If we further assume A is a domain, then P,(X) is irreducible,
K|a] is a field and
[K[a] : K] = deg P, (X).

Moreover,
deg P,(X) =0 <= A is a zero ring.

Proof. (i) If P, =0, then kerev, = {0}, so ev, is injective. And Kla] = K[X].

(ii) If A is a domain, then K[a] as a subring of A is an integral domain. This implies (P,(X)) is a nonzero
prime ideal of K[X]. By Proposition 6.4.4, P,(X) is irreducible. Since K[X]/(P,(X)) as K-vector space
has a basis {1, X, X2, ..., X4 Fa(X)=11 we have [K[a] : K] = deg P,(X).

And we have

deg P,(X)=0 < P, € K* <= kerev, = (P,) = K[X]| < ev, is the zero map <= A is a zero ring.

O

Definition 8.5.4 Algebraic Element and Transcendental Element
Let K be a field, A be a K-algebra, and a € A. Consider the evaluation ring homomorphism
evy : K[ X] — A
fr— f(a).

and kerev, = (P,) for some P, € K[X]. Polynomials in ker ev, are called annihilating polynomials of
a over K.

e If P, = 0, then a is called a transcendental element over K. a is not the root of any nonzero
polynomial in K[X].
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e If P, # 0, then a is called an algebraic element over K. Suppose P,(X) = > I ja; X" with
an, € K*. Then the monic polynomial m,(X) = P,(X)/a, is called the minimal polynomial
of a over K. According to Proposition 8.5.3, if we further assume A is a domain, then m,(X) is
irreducible.

If K is a field and A = {04} is a zero K-algebra, then 04 € A is algebraic over K with minimal polynomial
mo 4 (X) = 1K~

Proposition 8.5.5 Algebraic Element is Integral
Let K be a field and A be a K-algebra. Then a € A is algebraic over K if and only if a is integral over K.

Proof. Suppose a is algebraic over K. Then the minimal polynomial m,(X) € K[X] is a monic polynomial such
that mq(a) = 0. Thus a is integral over K. O

Proposition 8.5.6 Monic Irreducible Annihilating Polynomial is Minimal Polynomial

Let K be a field, A be a nonzero K-algebra and a € A be an algebraic element over K. If f,(X) € K[X] is
a monic irreducible annihilating polynomial of a over K, then f,(X) is the minimal polynomial of a over
K.

Proof. Let mq(X) be the minimal polynomial of a over K. Since f, is irreducible and f, € kerev, = (m,), by
Proposition 6.2.6, either m, € K[X]* = K* or f, and m, are associates. If m, € K*, then degm, = 0, which
implies that A is a zero ring by Proposition 8.5.3, contradicting the assumption. Thus f, and m, are associates.
Since both f, and m, are monic, we have f, = m,. O
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Chapter 9

Commutative Unital Algebra

9.1 Basic Properties

Definition 9.1.1 Commutative Algebra

Let R be a commutative ring. A commutative R-algebra is an R-algebra where the multiplication is
commutative. Or equivalently, a commutative R-algebra is a commutative ring A together with a ring
homomorphism R — A.

Remark. There is a category isomorphism R-CAlg = (R/CRing). O

9.2 Polynomial Algebra

Definition 9.2.1 Polynomial Ring

Let R be a commutative ring. The polynomial ring in n variables over R is the ring R[z1, - - - ,z,] defined
as the set of all formal sums
S

aeNn

where a,, € R satisfies a,, = 0 for all but finitely many a € N” and 2 := 27" - -

N". The addition and multiplication are defined as follows:

Z anr® + Z oz = Z (aq + bo)x®

aeNn a€eNn a€eENn

~xln for @ = (aq, -+ ,ap) €

and

(Zaaxa> dbga? | =D | D aabs | 2.

aeNn BEN™ yeN™ \ a+pB=y

Proposition 9.2.2 Properties of Polynomial Ring

Let R be a commutative ring.
(i) If R is a UFD, then R[z1,- - .2y] is a UFD.

(ii) Ris afield <= R[z]is a PID <= R[z] is an Euclidean domain.

)
)
(iii) R is an integral domain <= R]z] is an integral domain.
(iv) R is Noetherian = RJ[z] is Noetherian.

)

(v) Risreduced = R[z] is reduced.
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Proposition 9.2.3 Division Algorithm in Polynomial Ring

Let R be a commutative ring and f, g € R[z] be nonzero polynomials. If the leading coefficient of g is in
R*, then there exist unique polynomials q,r € R[z] such that f = qg + r and degr < degg.

Proof. We can prove this by induction on deg f. The base case is deg f = 0. If g = a9 € R*, then we can take
qg= f/ag and r = 0. If degg > 1, then we can take ¢ = 0 and r = f.

Suppose the statement holds for any h € R[x] with degh < n. Let f € R[z] be a polynomial of degree n. If
deg f < deg g, then we can take ¢ =0 and r = f. If deg f > degg. Suppose

n m
f= Z a;z’ and g = Z b;xt
i=0 i=0

where a,, b, #0. Let h = f — —x ™g. Then degh < deg f. By induction hypothesis, there exist ¢,7 € R[x]
such that h = gg + 7 and deg7 < degg Thus there exist

a
q:(j—l—b—"x"_m and r=7
m

such that f = gg + r and degr < degg. If there are Q and R such that f = Qg + R and deg R < degg, then we
have

Qn n—m n n m ~ ~
f——x —<Q— >g+R=qg+r.
By uniqueness, we have Q) — —a:" ™ = ¢ and R = 7, which implies Q = ¢ and R = r. O

Corollary 9.2.4 Polynomial Remainder Theorem

Let R be a commutative ring and f(z) € R[x] be a polynomial. If a € R, then there exist a unique
polynomial ¢(x) € R[z] such that f(x) = q¢(z)(x — a) + f(a).

Proof. This is a direct application of Proposition 9.2.3. [

Corollary 9.2.5

Let R be a commutative ring.

(i) Let a € R and fi(x),-- -, fr(z) € R[z] be polynomials. Then we have
(fl(x)v 7f7‘(x)7x_ a) = (fl(a')a"' ,fT(a),x —G,).

(ii) Let a € R and fi(z),- -, fr(x) € R[x] be polynomials. Then we have

R[z] R

=

(fl(x)a 7fr(x)ax*a) B (fl(a)v"' ,fr(a)).

(iii) Suppose a1, ,a, € R. Then we can define a evaluation homomorphism
€Vay o ay t RlT1, - ,xn) — R
g roT™ — g roayt - -anm.
aENn a€gNn

The kernel of evg, ... 4, is

kerevy, ... a, = (£1 — a1, , Ty — Gy,
and we have
R[xla"' 7xn] ~ R.
(-731-&1,"' axn_an)
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Proof. (i) By the polynomial remainder theorem, we have

fz(x):ql(x)(xfa)‘i’fz(a)a i=1,2,--,m,

which implies

(fi(@), - fr(@), 2 —a) = (fia), -, fr(a),z — a).
(i) First we show the kernel of

evg: Rlz] — R

f(@) — [(a)

is kerev, = (z — a). By the polynomial remainder theorem, we have

f(@) = q(z)(x —a) + f(a)

Note
f(z) e kerev, <= f(a) =0 <= f(z) € (v — a).

We have kerev, = (¢ — a) and R[z]/(z — a) = R.
From Example 5.2.1, we have the following equality of ideals in R[z]/(x — a)

(fil@),--- fr(@),x —a)/(z — a) = (fi(x) + (z —a), -, fr(2) + (z — a)).
By the third isomorphism theorem, we have

Rls] N
(fl(f), 7f7’($)7x*a) (fl(x) + (l’*d),u' afr(x) + (l’*a)).

Apply the isomorphism

we get
R[z]/(xz — a) R

@+ @—a) @t @—a) (@, @)

(iii) We can prove
kerevy, .. o, = (£1 — a1, + , Ty — Gy

)

by induction on n. The base case is n = 1, which has been proved in (ii). Suppose the statement holds for
n—1. Let f(x1, -+ ,x,) € R[z1,- -+, 2p].

ker evVa, ... a, = ker (evq, 0 €Vay o an_y) = evy (1 — a1, -+, @y — an)).

By the polynomial remainder theorem, we have and we have

R[l‘h e ,J?n]

(xlfala"' 7xn*an)

Example 9.2.1 R-algebra Endomorphisms of R][x]

Let R be a commutative ring. By the universal property of free commutative R-algebra, we have the
following isomorphism
Endg.cag(R[z]) = Homset (x, R[z]) = R[z].
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For f € R[z], or for any function 1 : {x} — R[z], there exists a unique R-algebra homomorphism

f: R[z] — Rlz]
Z apz® —> Z akf(x)k
k=0 k=0

If deg f <0

9.3 Construction

9.3.1 Free Object

Definition 9.3.1 Free Commutative Algebra

Let X be a set and R be a commutative ring. The free commutative R-algebra on X, denoted
by Freeg.caig(X), together with a map ¢ : X — Freer.cag(X), is defined by the following universal
property: for any commutative R-algebra A and any map f : X — A, there exists a unique homomorphism
f : Freer.caig(X) — A such that the following diagram commutes

FreeR_CNg(X) **Hf!*fﬁ A
‘T /
X

The free commutative R-algebra Freer_ caig(X) can be contructed as the polynomial algebra R[X].
And we can define a functor

CRing CRing
R RIX] > f(X)=3 apa’
B
o Precson( ‘*’(—) I
S S[X] > “’f(X)Z%:w(aﬁ)xB

Proof. We can check that Free,caig(X) is a functor

VRR(X) =D (o p)ag)r’ = dlp(ag))a’ = Y (Pf)(X).
B8

B

9.3.2 Coproduct

Definition 9.3.2 Coproduct of Commutative Algebras
Let R be a commutative ring and (4;),.; be a family of commutative R-algebras. The coproduct of
(As);e; in R-CAlg, denoted by @), .; As, together with a family of R-algebra homomorphisms

(Lj : Aj — ®Az> ,
i€l jeI

is the tensor product of (4;);.,; over R.
It is defined by the following universal property: for any commutative R-algebra B and any family of R-

algebra homomorphisms {f; : A; — B} ey, there exists a unique R-algebra homomorphism f : ), ; A; —
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B such that the following diagram commutes for all j € T

Proposition 9.3.3 Diagonal Base Change for Commutative Algebras

Then we have the following isomorphism in S-CAlg

0:A®s B~ (A®R B) ®sgrs S
a®sb|—>(a®3b)®Tlg
(a-8)®sb=a®g (s-b) +— (a@rb) 7 s.

Ife:R—S,f:S— A, g:S— B are ring homomorphisms of commutative rings. Denote T := S ®g S.

Proof. This is a direct consequence of Proposition 2.4.47. Here we give another proof by explicit construction.

First, there exists a unique R-algebra homomorphism

f®rg:S®r S — ARr B
s@pr s — f(s) @r g(s).

such that the following diagram commutes

S —25 S®rS «=— S
fJ §f®Rg lg
A—— A ®VR B«+_—B
This makes A ®r B an S ®p S-algebra. Similarly, there exists a unique R-algebra homomorphism

s :S®r S — S
sQp s — ss.

such that the following diagram commutes
S5 S@rS =8
\ H/
lds ‘\/
S

This makes S an S ®p S-algebra.

Given any S-algebra C' and any S-algebra homomorphisms hy : A — C, hg : B — C such that hyof = hpog,

by the universal property of tensor product A ® g B, there exists a unique R-algebra homomorphism

N:A®RB — C
a®rbr— hA(a)hB(b)

such that
ha=mnota, hp=mnoip.
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Take C := A ®g B and we get an R-algebra homomorphism

n:AQr B — A®g B
a®rbr+— a®gb.

Since for any s @ s’ € S ®g S, we have

po(f@rg)(s®rs) = /Af@)®Rg®5)
f(s) ®s g(s)
(f(s) ®s 1) (14 ®s5 9(s"))
= (f(s) ®s 1) (f(s') ®s 1p)
U@)(»®sm

f(ss") ®s 1

=ipofous(s®rs),
by the universal property of the tensor product (A ®pr B) @sgps S, there exists a unique S ® p S-algebra homo-
morphism
Y : (A®g B) ®sgrs S — A®g B
(a®@rb)®sr— (a®gb) (f(s)Rs 1) =(a-s)®sb.

such that the following diagram commutes

S@rS —H 4 9

f®rg ts

A®RrB ——

LA®RB

(A XRRr B) XS®rS S

Define

JA A— (A®RB) ®S®Rss
ar— (a®r 1p) ®@r g,

and

jB : B — (A@R B) ®S®RSS
b— (14 ®rb) @1 1g.
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Note that for any s ® ' € S, we have

(f(s)®r 9(s") @1 1s = tagpp o (f ®r g)(s @R )
=150 us(s @ s')
= (1A ®R lB) ®T SS/.

Then for any s € S, we have

jao f(s)=(f(s)®r1lp)®rls

= (f(s)®@rg(ls)) @7 15
= (14 ®r 1) @1 (sls)
= (1a®r1B)®@r (1s9)
= (f(ls) ®r g(s)) @1 15
= (la®ryg(s)) ®r Ls
=J

Boyg(s).
By the universal property of the coproduct A ®g B, there exists a unique S-algebra homomorphism

0:A®s B — (A®R B) ®sgrs S
a®sbr— (a®@pb) @7 1g

such that the following diagram commutes

(A®R B) ®sgrs S

Then it is straightforward to check that 1 and @ are inverse to each other:
Pobla®sb) =¢((a®@rb) @7 1s) =(a-1s) ®sb=a®sb,

and

0oy((a®@rd) @1 s)=0((a-s)@sb)
=((a-3)®sb) @7 1s

®sb) @1 ((s ®@r 1g) - 1g)
®rb) @71 s.
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Chapter 10

Vector Space

10.1 Basic Definitions and Properties

Definition 10.1.1 Vector Space

multiplication)
KxV —V

(\v) — M

Let V be a K-vector space and S,T be subsets of V.

(i) Suppose A € K*. Then we have
AMSCT = SCA'T.

(ii) For all ¢1, ¢y € K we have
C1 (CQS) = (Clcg)S

(iii) Suppose A € K*. Then we have
S=T <= AS=)T.

(iv) 1xS = S.

Proof. (i) Suppose AS C T. Then we have

seES — Ase€ NS
== XseT
= JeT, As=t

Let K be a field. A K-vector space is an abelian group (V,+) equipped with a map (called scalar

such that the following conditions hold for all u,v,w € V and A\, u € K:

(i) (Distributivity over vector addition) A(v + w) = Av + Aw.

(ii) (Distributivity over field addition) (A + u)v = Av + pw.

(iii) (Compatibility of scalar multiplication) (Ap)v = A(pw).

(iv) (Identity element of scalar multiplication) 1xv = v, where 1k is the multiplicative identity in K.
Lemma 10.1.2

— s=\"lte T

= se\IT,

which implies S C A71T.
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(ii) For all s € S, we have
x € c1(c2S) <= Fs€ S, z=c1(c29)

< Isc S, x=(c1c2)s
< 1z € (c102)8.
(i)
AS=AT — AS C AT and AT C \S
— S CAY(AT) and T C A"L(AS)
= SCTandTCS
= S=T.

10.2 Tensor Product of Vector Spaces

Proposition 10.2.1

Let V, W be vector spaces over a field K. If either V or W is finite-dimensional, then we have natural
isomorphisms
HomVectK (V7 W) ~yV QW.

If V is a vector space over a field K, then the dual space of V is defined to be the vector space

VY = Homyect, (V, K).

Proposition 10.2.2

Let V' be vector spaces over a field K and A is a basis of V. Then we have isomorphism
V=K.
acA

And we have isomorphism for the dual space

VY (@K)vg II & =&

a€A acA

If | A] is finite, then we have
dim VY = |A|.

If | A is infinite, then we have
dim VY = |K4| > |A].

Definition 10.2.3 Transpose of a Linear Map
Let V, W be vector spaces over a field K and f € Homyect, (V, W). The transpose of f is the linear map

WY —=vY
¢— ¢o f.
The following identity holds for all ¢ € WY and v € V

(F(0),v) = (¢, f(v))-

The map
* . Homveet,. (V, W) — Homyeee, (WY, V)

f—=f
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is an injective linear map. * is an isomorphism, if and only if W is finite-dimensional.
From the viewpoint of category theory, taking the dual of vector spaces and the transpose of linear maps
is the contravariant functor Homyect, (—, K)

K-Vect®? K-Vect
1% VY > ¢
Homvyect (—,K)
/ el | }*
W WY >¢of

10.3 Bilinear Forms
Definition 10.3.1 Bilinear Map
Let V and W be vector spaces over a field K. A map B:V x W — K is said to be bilinear if
(i) For all w € W, the map
B(,w):V—K
v +— B(v,w)
is linear.
(ii) For all v € V, the map
Bv,:): W — K
w — B(v,w)

is linear.

Definition 10.3.2 Bilinear Form
A bilinear map B : V x V — K is called a bilinear form on V.

Definition 10.3.3 Nondegenerate Bilinear Form
A bilinear form B : V x V — K is said to be nondegenerate if the linear map

V—VY
v +— B(-,v)

is an injection.

Proposition 10.3.4 Equivalent Characterizations of Nondegenerate Bilinear Forms

Let V be a finite-dimensional vector space over a field K and B : V x V — K be a bilinear form. The
following conditions are equivalent:

(i) B is nondegenerate.
(ii) The linear map
V—VY

v — B(-,v)

is an isomorphism.
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(iii)
(Vy €V, B(z,y) =0) = 2 =0.

10.4 Inner Product Space

10.4.1 Sesquilinear Forms

Definition 10.4.1 Antilinear Map

Let V and W be vector spaces over C. A map f:V — W is said to be antilinear or conjugate linear
if for all v1,v3 € V and A € C, we have

fo1 4+ v2) = f(v1) + f(v2), f(hw) =Af(v).

Definition 10.4.2 Sesquilinear Map
Let V and W be vector spaces over C. A map B:V x V — W is said to be sesquilinear if

(i) For each v € V, B(-,v) is linear.

(ii) For each w € V, B(u,-) is antilinear.
Definition 10.4.3 Sesquilinear Form
A map B:V xV — C is called a sesquilinear form on V if it is a sesquilinear map.
Sesquilinear maps are completely determined by their values on the diagonal, as follows.

Proposition 10.4.4 Polarization Identity

Suppose V and W be vector spaces over C and B : V x V — W is a sesquilinear form. Let Q(v) := B(v,v).
The polarization identity is given by

(Q(’Ul + ’UQ) — Q(’Ul — ’1)2) -+ ZQ(’L’Ul -+ 1)2) — ZQ(Z’Ul — Ug)) 0

|

B(U17U2) =

Definition 10.4.5 Hermitian Form
A sesquilinear form B : V x V — C is called a Hermitian form if it satisfies the condition

B(v1,v2) = B(vg,v1).

Proposition 10.4.6 Equivalent Characterizations of Hermitian Forms

Let B : V xV — C be a sesquilinear form on a complex vector space V. The following conditions are
equivalent:

(i) B is a Hermitian form.

(ii) For all v € V, we have B(v,v) € R.

Proof. Let Q(v) := B(v,v).

e If B is a Hermitian form, then for all v € V, we have

B(v,v) = B(v,v).

Since B(v,v) is a complex number equal to its own conjugate, it must be real.
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e Conversely, if Q(v) = B(v,v) € R for all v € V, then for any v1,v2 € V, we have

B(’Ug,Ul) = i (Q(’Ug +’U1) — Q(’UQ - ’Ul) +€Q(’L’U2 + ’Ul) 7%@(1.’02 — ’Ul))
= % (Q(v2 +v1) — Q(—(v1 — v2)) — iQ(—i(ivy — v2)) + iQ(i(iv1 + v2)))
= i (Q(v1 +v2) — Q(v1 — v2) +1iQ(1v1 + v2) —iQ(iv1 — v2))
= B(v1,v2),

which shows that B is a Hermitian form.

Definition 10.4.7 Positivity
A sesquilinear form B : V x V — C is said to be positive if for all v € V, we have

B(v,v) >0

Proposition 10.4.8 Properties of Positive Sesquilinear Forms
Let B:V xV — C be a positive sesquilinear form and let Q(v) := B(v,v). The following properties hold:

(i) Every positive sesquilinear form is Hermitian.
(ii) (Cauchy-Schwarz Inequality) For all v1,vy € V', we have

|B(v1,v2)* < Qv1)Q(v2).

(iii) (Minkowski Inequality) For all v1,vy € V, we have

< Q(v1)* + Q(v2)?.

Nl
Nl

Q(v1 + v2)

10.4.2 Inner Product Space

Definition 10.4.9 Positive Definiteness
Let B : VxV — C be a sesquilinear form on a C-linear space V. The form B is said to be positive-definite

if for all v € V — {0}, we have
B(v,v) > 0.

Definition 10.4.10 Inner Product Space
Let k = R or C. A inner product space is a k-linear space V equipped with a map (-,-) : V. x V = k
such that the following conditions hold:

(i) (Linearity in the first argument): For all v;,v5 € V and X € k, we have

(v1 + v2,v3) = (v1,v3) + (V2,v3), (Avy,v2) = A(v1, v2).

(ii) (Conjugate symmetry): For all v1,ve € V', we have

(v1,v2) = (v2,v1).

(iii) (Positive-definiteness): For all v € V — {0}, we have

(v,v) > 0.

The map (-,-) : V X V — k is called the inner product on V.
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Definition 10.4.11 Complex Inner Product Space

A complex inner product space is a complex vector space V equipped with a positive-definite Hermitian
form (-,-) : V. x V — C, which is called the inner product on V.

Proposition 10.4.12 Parallelogram Law

Let V' be an inner product space over k. Then for all v1,vs € V', we have

lor + val|* + lor = v2|* = 2fJoa|* + 2v2 .

10.4.3 Orthogonality

Definition 10.4.13 Orthogonality

Let V be an inner product space.

e Two vectors vy,vy € V are said to be orthogonal if
(v1,v2) =0,

which is denoted by vy L vs.

e A vector v € V is said to be orthogonal to a subspace W C V if
(v,wy =0 for all w € W,

which is denoted by v 1 W.

e Let Wy, W5 C V be subspaces of V. We say that W; and W, are orthogonal if
(w1, ws) = 0 for all wy € Wy and wy € W,

which is denoted by Wy 1L Ws.

Proposition 10.4.14

Let V be an inner product space over k. Then we have
(i) Let z,y,z € V. If & L z and y L z, then (ax + by) L z for all a,b € k.

(ii) Let = € V. We have
rlz <= z=0.

(iii) Let Wi, W5 C V be subspaces. If W; L W5, Then

Wi N W = {0}.

Proof. (i) Let z,y,z € V and a,b € k. Then we have

(az + by, z) = alz, z) + bly, 2)
=a-0+b-0=0.

Thus, az + by L 2.

(ii) Let 2 € V and assume z L 2. Then we have
(x,x) = 0.

Since the inner product is positive-definite, we have (z,z) > 0 for all z € V — {0}. Therefore, z must be
the zero vector, i.e., z = 0. Conversely, if x = 0, then we have (0,0) = 0, which implies 0 L 0.
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(iii) Let Wy, Wy C V be subspaces and assume Wy L Wy, Let & € W; N W,. Then we have z € Wi and
x € Ws. By the definition of orthogonality, we have x 1 x. By the previous part, we have x = 0. Thus,

Wi N W, = {0}.
O

Definition 10.4.15 Orthogonal Complement
Let V' be an inner product space and W C V be a subspace. The orthogonal complement of W, denoted

by W+, is defined as
Wt={peV]|vlW}

The orthogonal complement is a closed subspace of V.

Proposition 10.4.16 Properties of Orthogonal Complements
Let V' be an inner product space and W C V be a subspace. The following properties hold:

(i) W 1L wt.
(i) Wwnwt = {0}.

(iii) If W3 € Wy C V are subspaces, then
Wi Cc Wit

(iv)
Wt = ()" = (span(W)) -

v) If W is finite-dimensional, then dim W + dim W+ = dim V.
(v) ;
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Chapter 11

Field

11.1 Field Extension

Definition 11.1.1 Field
A field is a commutative ring K such that K* = K — {0}.

Proposition 11.1.2 Ideals of Field
The only ideals of a field K are {0} and K.

Definition 11.1.3 Field Homomorphism

A field homomorphism is a ring homomorphism between fields.

Proposition 11.1.4
Let Field denote the category of fields. We have

(i) Monomorphisms in Field are exactly injective ring homomorphisms of fields.

(ii) Isomorphisms in Field are exactly bijective ring homomorphisms of fields, i.e. ring isomorphisms of
fields.

(iii) Every morphism in Field is a monomorphism.
Proof. This follows from Lemma 8.5.1. O

Definition 11.1.5 Subfield

Let L be a field and K C L is a subset of L. If K is a field under the operations inherited from L, we say
K is a subfield of L

Definition 11.1.6 Field Extension

Let u: L — K be a field monomorphism. We say K is a field extension of L. We write K/L to denote
the field extension.

Remark. Though in the notation of field extension K/L, the function v : L < K is not given explicitly, K/L is
just a simple way to denote u : L — K and includes totally the same information as u.
Note that u(L) is a subfield of K. This allows us to think of L as a subfield of K. O

Definition 11.1.7 K-embedding and K-isomorphism

A K-embedding is a morphism in the coslice category (Field/K). A K-isomorphism is an isomorphism in
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(Field/K'). We say two field extensions L1 /K and Ly /K are K-isomorphic if there exists a K-isomorphism
between them.

Proposition 11.1.8 Equivalent Characterizations of K-embedding
Let uy : F— Ky, us : F'— Ky, ¢ : K1 — K5 be field extensions. Then the following are equivalent:

(i) ¢ : K1 — K3 is a K-embedding between u; and us.

(ii) We have the following commutative diagram:

L1‘—>L2

NI

(iii) ¢ : K1 — Ko is an K-algebra homomorphism.
Proof. Note (Field/K) is a full subcategory of (K/CRing) = K-CAlg. O

Corollary 11.1.9 K-endomorphism Fixes Base Field
Let u: K < L be a field extension and ¢ : L < L be a K-embedding. Then ¢|,x) = idyx)

Proof. Proposition 11.1.8 implies that u = ¢ ou. So for any z € K, we have ¢(u(x)) = u(x). This implies
Blu(ry = idu(k)- O

Proposition 11.1.10 K-automorphism Acts on Set of Roots
Let u : K < L be a field extension and ¢ : L — L be a K-embedding. Suppose f(X) € K[X] is a

polynomial and
S;={weL| f(z) =0}

be the set of roots of f in L. Then ¢[s, : Sy — Sy is a bijection and we can define a monoid homomorphism

End(fieid/ i) (L/K) — Autset (Sy)
¢— ¢ls,

Moreover, Aut (fieid/ i) (L/K) acts on Sy through this map.

Proof. Let x € Sy. Since
f(o(x)) = o(f(x)) = $(0) =0,

we have ¢(z) € Sy. Hence ¢(Sy) C Sy. Since Sy is finite set and ¢ is injective, we see @|s, : Sy — Sy is a
bijection. It is easy to check

Autpied/ k) (L/K) — Autse (Sy)

¢ — s,

is a group homomorphism.

Definition 11.1.11 Subextension
Let w : K — L be a field extension and M C L be a subfield of L. If one of the following equivalent
conditions hold:

(i) u(K) € M,
(ii) M is a K-subalgebra of L,
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then we can define a map

u: K — M:

which shrink the codomain of u to M. We say 4 : K — M is a subextension of u : K — L.

Remark. If u(K) C M, we can also say M is a subextension of L/K, because @ : K — M is totally determined
by M. And we have the following commutative diagram:

M———— [

N A

where ¢+ : M — K is the inclusion map. O

Proposition 11.1.12 Characteristic of a Field

The characteristic of a field is either 0 or a prime number.

Proof. Let K be a field and ¢ : Z — K be the unique ring homomorphism. Since (0) is a maximal ideal of K,
ker ¢ is a maximal ideal of Z. Therefore, ker pis either (0) or pZ for some prime number p, which implies char(K)
is either 0 or p. O]

Proposition 11.1.13 Field Extension Preserves Characteristic
Leet L/K be a field extension. Then char(L) = char(K).

Proof. Since Z is an initial object in CRing, there exists unique ring homomorphisms ¢x : Z — K and ¢, : Z — L
such that the following diagram commutes in CRing

K—"—> L

N

ker oy, = ker (uopg) = (pi_(l(O) = ker pg,
which implies char(L) = char(K). O

Thus we have

In field category Field, Let Fieldy denote the full subcategory of fields of characteristic 0 and Field,, denote the
full subcategory of fields of characteristic p. Fieldy and all Field,, are connected components of Field. Though Field
has no initial objects, Fieldy and Field, have initial objects.

Proposition 11.1.14 Initial Objects in Fieldy and Field,,
(i) Q is an initial object in Fieldy.

(ii) F, := Z/pZ is an initial object in Field,,.

Proof. (i) Omitted.
(ii) For any field K of characteristic p, there exists a uniqueness ring homomorphism

p:Z— K
n—n-lg
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and we have ker ¢ = [F),. Therefore, by ring homomorphism theorem, there exists a unique field homomor-
phism

v :F, — K
n+pZ—n-lg

such that the following diagram commutes

If n:F, — K is field homomorphism, then (1 + pZ) = 1x implies
nin+pZ)=n-nl+pZ)=n-1g,

which implies n = .

O
Corollary 11.1.15
There is natural bijection between isomorphisms in Field,, and isomorphisms in (F,/Field). There is natural
bijection between isomorphisms in Fieldy and isomorphisms in (Q/Field).
Proof. This follows from Proposition 11.1.14. O

Definition 11.1.16 Prime Subfield
If K is a field, the prime subfield of K is the smallest subfield of K containing 1.

Proposition 11.1.17 Equivalent Characterizations of Prime Subfield
Let K be a field and P be a subfield of K. The following are equivalent:

(i) P is the prime subfield of K.

(if) e If char(K) = 0, P is the image of the unique field extension Q — K.
e If char(K) = p, P is the image of the unique field extension F, — K.

Proof. We prove the proposition by discussing the two cases: char(K) = 0 and char(K) = p.

e Let K be a field with a positive characteristic p. From Proposition 11.1.14 we see F,, is initial in Field, and
there exists a unique field extension from F, to K

Y :F,— K
n+pli—n-lg

If F is any subfield of K containing 1y, then F must contains n-1x for all n € Z, which implies ¢(F,) C F.
Therefore, (F,) is the smallest subfield of K containing 1x. So we proved ¢ (IF,) is the prime subfield of
K.

e Let K be a field with characteristic 0. From Proposition 11.1.14 we see Q is initial in Fieldy and there exists
a unique field extension from Q to K

Pv:Q— K
n—n-lg

If F' is any subfield of K containing 15, then F' must contains n-1x for all n € Z, which implies ¢ (Q) C F.
Therefore, ¥(Q) is the smallest subfield of K containing 1x. So we proved ¢(Q) is the prime subfield of K.

O
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Proposition 11.1.18 Subfield Contains Prime Subfield
Let K be a field with prime subfield P. If F' C K is a subfield of K, then

(i) PCF.

(ii) e If char(K) =0, F/Q is a subextension of K/Q.
o If char(K) = p, F//IF, is a subextension of K/F,.

Proof. Let F be a subfield of K. Since F is a field, 1x € F. Therefore, P is a subfield of F. O
If k is an algebraically closed field, then the maximal ideals of k[z1,---,,] are precisely those ideals of
the form (z1 — a1, ,x, — a,), where a; € k.

If k is any field and m is a maximal ideal of k [z1, ..., 2], then k[z1,...,2,] /m is a finite extension of k.

Proposition 11.1.21
If K is a field, then any finite subgroup of K* is cyclic.

Proof. Let G be any subgroup of K*. By the structure theorem for finite abelian groups, we can write
G=Ch xCpy x---xC,y,

withny |na |-+ | n.. Let n = G = ning - - - n,. It is sufficient to show that » = 1. Since for any g = (g1, ,g») €
Cp, X Cp, X -+ x Cy,, we have

gn,. -1= (9?7‘79?7‘ n 7977}1') - (13 1, al) - 07
we know the polynomial f(X) = X" — 1 has n distinct roots in K. Since
n < deg f = n,,

there must be n = n, and r = 1. O

11.1.1 Algebraic Extension

Definition 11.1.22 Algebraic Element and Transcendental Element

Let L/K be a field extension and o € L. Consider the evaluation ring homomorphism
evy : K[X] — L
fr— f(a).

and kerev,, = (P,) for some P, € K[X]. Polynomials in kerev, are called annihilating polynomials of
o over K.

o If P, =0, then « is called a transcendental element over K. In this case, zero polynomial is the
only annihilating polynomial of « over K.

o If P, # 0, then « is called an algebraic element over K. Suppose P,(X) = > ja; X" with
an € K*. Then the monic polynomial m,(X) = P,(X)/a, is called the minimal polynomial of o
over K, which is irreducible in K[X].

Remark. This definition is a special case of Definition 8.5.4. O
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Definition 11.1.23 Algebraic Extension

A field extension L/K is algebraic if every element of L is algebraic over K. That is, for any a € L, there
exists a nonzero polynomial f € K[X] such that f(«) = 0.

Proposition 11.1.24 Simple Algebraic Extension as a Quotient Ring

Let L/K be a field extension and o € L be an algebraic element over K. Suppose P(X) € K[X] is an
irreducible annihilating polynomial of «, or equivalently P(X) € K[X] — {0} is a constant multiple of the
minimal polynomial m,(X) of « over K. Then

K(a) = K[X]/(P(X))

and [K(a) : K| = deg P(X).

Proof. The equivalence between irreducible annihilating polynomial and constant multiple of minimal polynomial
follows from Proposition 8.5.6. According to Proposition 8.5.3, we see

K[X])/(P(X)) = K[o] = {f(a) e L| f € K[X]},

K[a] is a field and [K[a] : K] = deg P(X). It is sufficient to show K(«) = KJ[a]. It is clear that K[a] C K(«).
Since K () is the smallest subfield of L containing K and «, we have K (o) C K[a]. Therefore, K(a) = K[a]. O

Corollary 11.1.25 Power Basis of Simple Algebraic Extension K («)

Let L/K be a field extension and a € L be an algebraic element over K. Then 1,a,a? -+ ,a"" ! is a

K-basis of K(«), where n = [K(a) : K].

Proof. Let n = [K () : K]. By Proposition 11.1.24, the minimal polynomial of o over K has degree n. Thus we
can assume
Ma(X) = X"+ a, 1 X" '+ +a1 X +a € K[X]

is the minimal polynomial of o over K. Note
Me(a) =0 = o™ =— (an,la”_l + - tao+ ao) )
We see K (a) is spanned by 1,a,a2,--- ,a" ! over K, i.e.
K(a) =spang{l,a,...,a" 1}
If there exists by, b1, -+ ,b,_1 € K such that
bo+bra4--+b, 12"t =0,

then the polynomial
fX)=by+ 0 X+ +b, 1 X" € K[X]

satisfies f(a) = 0. Since deg f < degm,, we must have f(X) =0 and by = by = -+ = b,—; = 0. This implies

La,a?,--- o™ ! is linearly independent over K. Therefore, 1,a,a?, - ,a" ! is a K-basis of K(«). O]

Proposition 11.1.26
Let L/K be an algebraic extension. Then any K-embedding L < L is an K-isomorphism, namely

End(F;e|d/K) (L/K) = AUt(FieId/K) (L/K) :

Proof. Let w : L — L be a K-embedding. It is sufficient to show w is surjective. Given o« € L, suppose
mq(X) € K[X] is the minimal polynomial of « over K. Let

Sm., ={x € L|imy(z) =0} ={o, - ,am}
be the set of roots of mq(X) in L. Let Lo = K(a,- -+, ). By Proposition 11.1.10, uls,, : Sm, — Sm, is a
bijection. Therefore, u(Lg) C Lo and u|r, : Lo — Lo is a K-embedding. Since Ly/K is a finite extension, u|r, is

an K-isomorphism. Therefore, u|z, is surjective and there exists 5 € Lo such that u(8) = a. This implies u is
surjective. O
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If L/K is not algebraic, we have the following counterexample.

Example 11.1.1
Q(7)/Q is a transcendental extension. We can check that

u: Q) — Q(m)

7'("—)7'('2

is a Q-embedding but not a Q-isomorphism.

11.1.2 Finitely Generated Extension

Definition 11.1.27 Generated Subextension

Let L/K be a field extension and S C L. The subextension generated by S is the smallest subex-
tension of L/K containing S, denoted by K(S)/K. If S = {ai,---,a,} is a finite set, we write
K(S)=K(ay, - ,an).

Proof. Here the smallest means if M /K is another subextension of L/K containing S, then K (S)/K is a subex-
tension of M/K. O

Proposition 11.1.28 Equivalent Characterizations of Generated Subextension

Let L/K be a field extension and S C L. Suppose M/L is a subextension of L/K. The following are
equivalent:

(i) M/K = K(S)/K.
(i) M/K is the intersection of all subextensions of L/K containing S.

(i)
M:{Q(Oéh'-' ,Oén)EL‘?”LEZZl, QEK(Xl,“- ,Xn), OéZ‘ES}.

Definition 11.1.29 Compositum of Field Extensions

Let Q/K be a field extension and (L;/K),.; be a collection of subextensions of 2/K. The compositum
of (L;/K),c; is the subextension of /K generated by U;crL;, which is denoted by

(\/ LZ-) /K =K <U LZ-) /K.
i€l iel
We also denote the compositum by Ly Ls - - L, /K if T is finite.

Definition 11.1.30 Finitely Generated Extension
A field extension L/K is finitely generated if there exists a finite set S C L such that L = K(S).

Definition 11.1.31 Simple Extension
A field extension L/K is simple if L = K(«) for some « € L.

229



11. FIELD 11.1. FIELD EXTENSION

11.1.3 Finite Extension

Definition 11.1.32 Degree of Field Extension

Let L/K be a field extension. The degree of L/K is the dimension of L as a K-vector space, denoted by
[L: K] =dimg L.

Definition 11.1.33 Finite Extension
A field extension L/K is finite if [L : K] < oco.

Proposition 11.1.34

Let L/K be a finite generated extension and L = K(aq, -+ , ). If g, -+ , a,, are algebraic elements over
K, then L/K is a finite extension and L = K[y, -, ay], where K[aq, - - , ;] denotes the K-subalgebra
of L generated by aq, - , au,-

Proposition 11.1.35 Equivalent Characterization of Finite Extension

Let L/K be a field extension. The following are equivalent:
(i) L/K is a finite extension.

(ii) L/K is a finitely generated algebraic extension.

Proposition 11.1.36
If L/K is a finite extension and M/L be a subextension of L/K, then the following are equivalent:

(i) M/K = L/K
(i) M/K and L/M are K-isomorphic.
(i) [M : L] =[L: K].

Lemma 11.1.37 Zariski's Lemma

If a field L is a finite-type K-algebra, then L is a finite extension of K (that is, L is also finitely generated
as a K-linear space).

Example 11.1.2 Quadratic Extension

Suppose L/K is a quadratic extension and char(K) # 2. Then there exists v/a € L such that L = K(y/a)
and the minimal polynomial of /a is X% — a € K[X].

Proof. Since L/K is a quadratic extension. For any o € L — K, suppose the minimal polynomial of a over K is
me(X) € K[X] with degm, < 2. If degm, = 1, then m,(X) = X — o. This forces a € K, which contradicts
the assumption. Thus degm, = 2. Since char(K) # 2, we can write

b\? »?
ma<X>—X2+bx+c_(X+2) e

for some b,c € K and we have

AN
ma(a)<a+2> *Z‘FC—O.

Take v/a = a+ % and f(X):= X2 —b?/4 + c € K[X]. We have

f(Va) = <a+g>2—bj+c=0.
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Note that /a ¢ K. Otherwise, we have a = \/a — & € K, which leads to a contradiction. Then the minimal
polynomial of \/a has degree 2. Therefore, f is the minimal polynomial of v/a over K. This means K(y/a) is a
quadratic extension of K. Therefore, K (y/a) is a 2-dimensional K-subspace of L and accordingly K (y/a) = L. [

11.2 Algebraic Closure

Proposition 11.2.1 Simple Extension by Adjoining a Root of an Irreducible Polynomial

Let K be a field and f € K[X] be a irreducible polynomial. Denote L := K[X]/(f) and o := X +(f(X)) €
L. Then

(i) u: K — K[X] — L is a field extension of degree deg f.

[L: K] =deg f.

(i) L= K(a).

(iii) « is algebraic over K with minimal polynomial f € K[X].

Proof. 1t is easy to check
{of = X"+ (f(X)|k=0,1,-- ,deg f — 1}

is a K-basis of L. Therefore, [L : K] = deg f. Since
fla) = F(X + (f(X))) = f(X) + (f(X)) = 0+ (F(X)).
« is algebraic over K with minimal polynomial f. O

Proposition 11.2.2

Let L, /K, and Ly /K> be field extensions and ¢ : K1 — K is a field isomorphism. Let ¢ : K1[X] — K3[X]
be the ring homomorphism induced by ¢ : K1 — K5 and denote ?f := @¢(f) € K3[X] for any f € K;[X].

(i) Suppose n: L1 < Ly is field extension such that the following diagram commutes

L1L>L2

uq IUQ

Kl%Kg

If @ € L, is algebraic over K7 with minimal polynomial f € K;[X], then n(«) € Ly is algebraic over
K5 with minimal polynomial ¢f € K5[X].

(ii) If a € Ly is algebraic over K7 with minimal polynomial f; € K;[X], and 8 € Ly is algebraic over Ky
with minimal polynomial fy := ¢(f1) € K2[X], then there exists a field isomorphism v : K;(a;) —>
Ks(aw) such that ¥(a;) = ay and the following diagram commutes the following diagram commutes

Proof. (i) Since f is the minimal polynomial of a over K7, f is monic and irreducible in K;[X] and we have

n

fla) = chak =0.

k=0
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Since ¢ : K1 — Ko is a field isomorphism, we have #f is monic and irreducible in K5[X]. Note that

f(n(a)) =Y wler)n ZZU% —U(cha>—77 =0.

k=0 =0

By Proposition 8.5.6 we show ¢f is the minimal polynomial of n(«) over K.

(ii) Suppose m : K1[X]| — K1[X]/(f1) and 72 : Ko[X] — K5[X]/(f2) are the canonical projections. Since for
any g € K;[X],

m2(P(g9f1)) = ma(@(9)P(f1)) = m2(P(9)p(f1)) = m2(P(9) f2) = m2(P(g))m2(f2) =0,

we see (f1) C ker(mg 0 ). By the universal property of 71 : K1[X] — K;1[X]/(f1), there exists a unique ring
homomorphism

¢ K1 [X]/(f1) — Ka[X]/(f2)
9+ (fr) — &9) + (f2)

such that the following diagram commutes

Kl(al 4) KQ(@Q)

!l [~

K\X)/(f1) —2 Ka[X]/(f2)

T g

Ky ————— K>

Let ¢ : K(a) < Lo be the composition of the following maps

Ki(on) —== Ki[X)/(f1) —2= Ko[X]/(f2) —= Ko(as)
g b Xt Xt o)

Then ¢ is a K-embedding such that ¥ (aq) = as.

Corollary 11.2.3 K-embedding Preserves Algebraic Element and Minimal Polynomial
Let L;/K and Ly/K be field extensions.

(i) Suppose u : Ly < Lo is a K-embedding. If « € L; is algebraic over K with minimal polynomial
f € K[X], then u(a) € Ly is also algebraic over K with minimal polynomial f € K[X].

(ii) If « € Ly and B € Lo are algebraic over K with the same minimal polynomial f € K[X], then there
exists a unique K-embedding v : K(«) < Ly such that ¥ (a) = 8. Furthermore, ¥ (K («)) = K ().

Proof. This a direct consequence of Proposition 11.2.2 by setting K1 = Ky = K.

(i) Since f(a) = 0, we have f(u(a)) = u(f(«)) = 0. Since f is irreducible over K, f is also the minimal
polynomial of u(a) over K.

(ii) Let ¢ : K(a) < Lo be the composition of the following maps

K(a) —— K[X]/(f) —— K(B) Ly,
ot X B B

Then v is a K-embedding such that ¢(K(«)) = K(f).

Suppose 7 : K(a) < Lo is K-embedding such that n(a) = 8. Since K(«) is generated by « over K, 7 is
totally determined by n(«). Therefore, n(a) = (o) = n = 1.
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Corollary 11.2.4
Let L/K be a simple extension and L = K(«a) for some o € L. Suppose mqo(X) € K[X] is the minimal
polynomial of « over K. Then

Ve : Autrg/ ) (K(0)/K) — {z € K(a) | ma(2) = 0}
or— o(a)

is a bijection and we have
|Aut(Fieid) i) (K () / K)| = {z € K(a) |ma(z) = 0}] < degma(X),

with equality if and only if m,, (X)) splits over K(«) into degm, (X) distinct linear factors.

Proof. Suppose o : K(a) — K(«) is a K-automorphism. By Corollary 11.2.3; u(a) is algebraic over K with
minimal polynomial m(X). Thus we can define a map

eva : Aub(fied/ i) (K () /K) — {x € L|m(z) = 0}
or— o(a)
Since o is totally determined by o (), for any 01,02 € Aut e/ k) (K (a)/K), we have
oi1(a) = o3(a) = 01 = 0s.

Therefore, ev, is injective. Conversely, for any 5 € L such that m(8) = 0, m(X) is the minimal polynomial
of B over K because m(X) is irreducible over K. By Corollary 11.2.3, there exists a unique K-embedding
o : K(a) — K(«) such that o(a) = 8. By Proposition 11.1.26, ¢ is a K-automorphism. Therefore, ev, is

surjective. Thus ev,, is a bijection. O

Definition 11.2.5 Algebraic Closed Field
A field K is algebraically closed if every nonconstant polynomial f € K[X] has a root in K.

Proposition 11.2.6 Equivalent Characterization of Algebraic Closed Field
Let K be a field. The following are equivalent:

(i) K is algebraically closed.
(ii) If u : K < L is an algebraic extension, then w is an isomorphism.

(iii) Every nonconstant polynomial f € K[X] splits into linear factors.

Proof. (i) = (ii). For any = € L, suppose f € K[X] is the minimal polynomial of x over K. Since K is
algebraically closed, f splits into linear factors in K[X]. Since f is irreducible over K, there must be f(X) =
¢(X —a) for some ¢c € K* and a € K.

u(f)(@) = ulc)(z — u(@)) =0 = = = u(a).

Therefore, u is surjective, which implies u is an isomorphism. O

Definition 11.2.7 Algebraic Closure
An algebraic closure of a field K is an algebraic extension K /K such that K is algebraically closed.

Proposition 11.2.8 Existence and Uniqueness of Algebraic Closure
Let K be a field. There exists an algebraic closure K/K and it is unique up to K-isomorphism.
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Proof. Uniqueness. Let

T = {(L,L)

L/K is a subextension of K/K and 1: L < K is a K—embedding} .

/

N s I

=

We can define a partial order on T by (L,¢) < (L',/) if and only if L C L' and /|, = ¢, or equivalently, the
following diagram commutes
K < K
P “ é
For each chain C = {(Ls,t;) }ier in T, we can define L¢ := |J;c; Li and t¢ : Le — K by tc(z) = ¢;(x) whenever
x € L; for some i € I. ¢ is well-defined because for any x € L; N L; for some ¢,j € I, we can assume 7 < j
without loss of generality and we have ¢;(x) = ¢;(s(z)) where s : L, < L; is the inclusion map. Then (Lc¢, ¢¢) is

an upper bound of C in 7. By Zorn’s lemma, there exists a maximal element (Lmax; tmax) in 7. o

We claim Lpy,x = K and prove by contradiction. Suppose Lp.x # K, then there exists a € K — Lyax.
Since « is algebraic over L.y, there exists a minimal polynomial m, € Lpax[X] such that mq(«a) = 0. Let
Mg = tmax(Ma) € K[X] be the image of m, under tpax. Since K is algebraically closed, m, has a root 3 € K.
Since Mg € Lmax[X] is the minimal polynomial of both a € K and 8 € K, by Corollary 11.2.3, there exists a
Liax-embedding 1 : Lyax(a) < K such that n(a) = 5. Then (Lyax(@),n) € T andiLmaX(a),n) < (Lmax, tmax)
does not hold. This contradicts the maximality of (Lmax, tmax). Therefore, Ly.x = K.

To show  : K — K is a K-isomorphism, it is sufficient to show n(K) = K is surjective. Since K is algebraically
closed, n(K) is algebraically closed. Since K /K is an algebraic extension, K/n(K) is also an algebraic extension.
According to Proposition 11.2.6, the inclusion n(K) < K is an isomorphism, which implies n(K) = K. Therefore,
K is unique up to K-isomorphism. O
Proposition 11.2.9 Embed Algebraic Extension into Algebraic Closure

Let L/K be an algebraic extension and K /K be an algebraic closure of K. Then there exists a K-embedding
~v: L — K, namely o
Hom Fieia/ 1) (L, K) # 9.

If L/K is a finite extension, then

|H0m(Fie|d/K) (L,F” S [L 5 K] 5

Proof. Suppose ¢ : L < L is an algebraic closure of L. Then ¢pou : K — L is an algebraic closure of K. By
the uniqueness of algebraic closure, there exists a K-embedding ¢ : L < K. Let v := 1 o ¢. Since the following

diagram commutes
¢

L——1
J
K —— K
we see v: L — K is a K-embedding.
If L/K is a finite extension, then L = K (a1, - ,ay) for some aq, -, a,, € L and we have the following tower

234



11. FIELD 11.3. NORMAL EXTENSION

of field extensions

=

K K(Oll) AN K(a1’a2) SN S K(ah... 7057171) (SN K(al,"' ’an) =L

Thus we get a chain of restrictions of ~:

Hom(Fielq/ 1) (K(O‘h"' 7an)/K,?/K) ~y
Hom(Field/K) <K(a17 o ’anfl)/K’ K/K) 7|K(o¢1,--- , Q1)

o 1

Hom ielq/ i) (K (a1)/K, K/K) i)
I‘eS1i I
Hom e/ k) (K/K, K/K) VK

Proposition 11.2.10 Algebraic Closure of an Algebraic Extension

Let ¢ : K — L be an algebraic extension.

(i) If 7 : K < K is an algebraic closure of K, then there exists a K-embedding o : L — K such that o
is an algebraic closure of L.

(ii) If n: L <= L is an algebraic closure of L, then no¢: K < L is an algebraic closure of K.

Specially, if K/K is an algebraic closure of K, and L/L is an algebraic closure of L, then we have field
isomorphism

IR

K=~1.

11.3 Normal Extension

Definition 11.3.1 Splitting of Polynomial over a Field

Let L/K be a field extension and f € K[X] be a polynomial such that deg f > 1. We say f splits over L

if f can be written as
fX)=a(X —a1)- (X —an)

for some a € K*, ay,...,a, € L.

Proposition 11.3.2

Let L/K be a field extension and f,g € K[X] be polynomials. If g splits over L and f | g, then f also
splits over L.

Proof. Suppose field embedding is ¢ : K < L and f, j € L[X] are the images of f, g under ¢. Since g splits over

L, we can write
9(X) =c(X =) (X —an) € LIX]
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for some ¢ € L*, ay,...,a, € L. Since f | g, we must have
fX)=dX —a;) (X —a;,) € LIX]
for some d € L™ and 1 <4y < --- < i, < m. This shows f splits over L. ]
Definition 11.3.3 Splitting Field
Let K be a field. Suppose P is a family of polynomials in K[X]. If L/K is a field extension such that
(i) Bach f € P splits over L,
(ii) The set of roots of polynomials in P
S={a€L]| f(a)=0 for some f € P}
is the generating set of L/K, that is, L = K (S),

then we say L/K is a splitting field of P over K. If P = {f} is a singleton, then we say L/K is a
splitting field of f over K.

Remark. Splitting field is a field extension instead of a field. So this terminology is a little bit misleading. But
for historical reasons, we still use it.

If we explicitly state that P C K[X], then we can say L/K is a splitting field of P and the phrase “over K”
becomes redundant information that can be omitted.

We say L/K is “a” splitting field of P instead of “the” splitting field of P because the splitting field of P is
only unique up to isomorphism in (Field/K), not unique up to unique isomorphism in (Field/K). O

Proposition 11.3.4 Existance and Uniqueness of Splitting Field

Let K be a field and P be a family of polynomials in K[X]. Then the splitting field of P over K exists
and is unique up to K-isomorphism.

Proof. Suppose K /K is an algebraic closure of K. Suppose for each f € P, f has degree ny and splits into
FX) =cr(X —ap1)-- (X —agpng)

in K. Let Lp = K(aysy: f € P,1 <k <ny). Then Lp/K is a splitting field of P over K.
Suppose L/K is another splitting field of P over K. Since L is generated by the roots of polynomials in P, we
have L C Lp. Since Lp is generated by the roots of polynomials in P, we have Lp C L. Therefore, L = Lp. O

Proposition 11.3.5 Properties of Splitting Field

Let K be a field. Suppose P is a family of polynomials in K[X] and Lp is a splitting field of P over K.
Then

(i) Lp/K is an algebraic extension.
(ii) If P is finite, then Lp/K is a finite extension.

(iii) If P = {f} is a singleton, then
[Ly: K] < (deg f)!,

where Lf = L{f}.

Definition 11.3.6 Normal Extension

Let L/K be a field extension. We say L/K is a normal extension if for any « € L, the minimal polynomial
me € K[X] of a splits completely into linear factors over L, i.e.,

ma(X)=X-a1) - (X —ap), o1,...,a, € L.
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Proposition 11.3.7 Equivalent Characterization of Normal Extension

Let L/K be a field extension. The following are equivalent:
(i) L/K is a normal extension.
(ii) L is a splitting field of a family of nonconstant polynomials in K[X].

(iii) Let K/K be an algebraic closure of K. For any K-embedding t1,t2 € Hompielg/ i) (L/ K, K/K), we
have ¢1(L) = ta(L).

Proposition 11.3.8

Let L/E/K be a tower of field extensions given by ¢; : K < F and ¢y : E < L. If L/K is normal, then
given any K-embedding o : E < L, there exists a K-automorphism ¢ : L < L such that

00y =0,

that is, the following diagram commutes

Proof. Let j : L < L be an algebraic closure of L. By Proposition 11.2.10, jo; : K < L is an algebraic closure
of K. B
Consider the K-embedding joo : E — L. O

11.4 Separable Extension

Definition 11.4.1 Separable Polynomial

et K be a field and f € K[X] be a nonzero polynomial. We say f is separable if f has no multiple roots
in an algebraic closure of K. We say f is inseparable if f is not separable.

Definition 11.4.2 Separable Degree of Irreducible Polynomial

Let K be a field and f € K[z] be an irreducible polynomial. The separable degree of f is the cardinality
of the set of roots of f in any algebraic closure K of K, which is denoted by

deg,(f) :==|{a € K : f(a) =0}|

Proposition 11.4.3 Equivalent Characterization of Separable Polynomial
Let K be a field and f € K[X] be a nonzero polynomial. The following are equivalent:

(i) f is separable.

(ii) f has no multiple roots in a splitting field of K.
(if) ged(f, /') = 1

Proposition 11.4.4 Equivalent Characterization of Inseparability for Irreducible Polynomial
Let K be a field and f € K[X] be an irreducible polynomial. The following are equivalent:
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(i) f is inseparable.

(ii) f has multiple roots in a splitting field of K.

(iii) f'=0.

(iv) char(K)=p > 0 and f(X) = g(XP) for some g € K[X].

Proof. (1) = (ii). Suppose f is inseparable. If f splits into
X)) =e(X —a)™ (X —a)"™ € K[X],

over K, then K(ay,...,qy) is a splitting field of f over K. Hence f has multiple roots in a splitting field of K.
(ii) = (iii). Suppose f has multiple roots in a splitting field of K and « is a multiple root of f. Then
ged(f, f) # 1, which implies there exists a common factor of f and f’. Note f is irreducible. The only factors of
f are f and 1, up to a unit. Hence f|f’. Since deg f' < deg f, there must be f' = 0.
(iii) = (iv). Suppose

f(X) =) a, X" € K[X]

n=0

is an irreducible polynomial and
N
= Z na, X" 1 =0
n=1

Thus for any n € Z>1, we have
na, =0 = (n-1g)a, =0
= n-lg=0o0ra,=0

Note ay # 0. There must be N-1x = 0, which implies char(K) = p > 0. Furthermore, sincen-1x =0 < p | n,
we have
pitn < n-1lxg #0 = a, =0.

So we can write

M
F(X) = ap X' = g(X7),
k=0
where
M
9(X) = ap,X* € K[X].
k=0

(iv) = (i). Suppose char(K) =p > 0 and f(X) = g(XP?) for some

M
X)=> hX"eK[X].

k=0
Suppose y1,- - ,yar are the roots of ¢ in an algebraic closure K of K. For each y;, we can find z; € K such that
z¥ = y;. Thus we have
M M M
FX) = c[[(xP —yi) = c[[(X? — 2f) = e ][ (X — 2:)" € K[X],
i=1 i=1 i=1
which implies f has multiple roots in an algebraic closure of K. O

Definition 11.4.5 Separable Element

Let L/K be a field extension and « € L be an algebraic element over K. We say « is a separable element
over K if the minimal polynomial of a over K is separable.
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Definition 11.4.6 Separable Extension
A algebraic extension L/K is separable if every element of L is separable over K.

Lemma 11.4.7
Let L/K be a finite extension such that L = K(ay,--- ,ay) for some ay,--- ,a, € L. Suppose K /K is an
algebraic closure of K. Define K := K and K, := K;_1(«;) for 1 <4 < n. Denote the minimal polynomial

of a; over K;_1 by mg, € K;_1[X].
(i) If my, is separable for any 1 < i < n, then
|Hom fieia) ) (L, K)| = [L : K]
and L/K is separable.

(ii) If there exists 1 < j < n such that m,, is inseparable, then

Hom fieia/ k) (L, K)| < [L : K.

Proof. If «; is separable over K;_;, then the minimal polynomial m,, is separable, which implies
deg, (my,) = deg (my,) = [K; : K;—1]
(last equality by Lemma 9.9.2). By multiplicativity (Lemma 9.7.7) we have

(K : F] =[] IK: : Ki-1] = [ [ deg (ma,) = [ [ deg, (ma,) = [Morg (K, F)|

where the last equality is Lemma 9.12.9. By the exact same argument we get the strict inequality |Mor r(K,F )‘ <

[K : F] if one of the «; is not separable over K;_.

Finally, assume again that each «; is separable over K;_;. We will show K/F is separable. Let v =, € K be
arbitrary. Then we can find additional elements o, ..., ¥, such that K = F (v1,...,%n,) (for example we could
take v2 = a1,...,VYnt1 = @, ). Then we see by the last part of the lemma (already proven above) that if 7 is not
separable over F' we would have the strict inequality ‘Mor r(K,F )| < [K : F|] contradicting the very first part of
the lemma (already prove above as well). O

Proposition 11.4.8 Equivalent Characterization of Finite Separable Extension
Let L/K be a finite field extension. The following are equivalent:
(i) L/K is a separable extension.
(ii) L = K(ay,- - ,ay) for some separable elements oy, - -+, ap € L over K.
(iii) Let K/K be an algebraic closure of K.
|Hom Fieia/x) (L, K)| = [L : K]

(iv) The trace pairing is nondegenerate.

V) Lox B 2 Bx-- xEK

Definition 11.4.9 Perfect Field
A field K is perfect if every finite extension of K is separable.

Definition 11.4.10 Equivalent Characterization of Perfect Field
Let K be a field. The following are equivalent:

(i) K is perfect.
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(ii) Every irreducible polynomial in K[X] is separable.
(iii) Every algebraic extension of K is separable.

(iv) Either char(K) = 0 or char(K) = p and the Frobenius endomorphism

c. K — K
T — P

is a automorphism of K.

Example 11.4.1 Examples of Perfect Fields

Examples of perfect fields include

Field of characteristic 0.

Finite field.

Algebraically closed field.

Field which is algebraic over a perfect field.

11.5 Trace and Norm of Field Extension

Definition 11.5.1 Trace and Norm of Finite Extension

Let L/K be a finite field extension and o € L be an algebraic element over K. We can define a K-linear
map

lo:L—L
T — ax

called the left multiplication by «.
(i) The trace of a € L over K is defined as

Trr k() == Tr(la) .

(ii) The norm of a € L over K is defined as

NL/K(O[) := det (la) o
Remark. This definition is a special case of Definition 8.4.2. O

Definition 11.5.2 Trace Pairing
Let L/K be a finite extension. The trace pairing is the symmetric K-bilinear form
<'7'>L/K :LxL—K
(z,y) — Trp K (zy).

Remark. This definition is a special case of Definition 8.4.5. [
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11.6 Finite Field

Definition 11.6.1 Finite Field

A finite field is a field with a finite number of elements.

It is clear that the characteristic of a finite field is a prime number, otherwise the embedding from Q would
force the field to be infinite.

Lemma 11.6.2 Existance of Finite Field

Assume p be a prime number and m € Z>;. Define F, := Z/pZ. Let K be the splitting field of the
polynomial f(X) = X?" — X € F,[X]. Then

(i) f(a) =0for all o € K.
(i) [K|=p™.

(iii) K/F), is an extension of degree m.

Proof. (i) Let f(X) = X?" — X and K/F, be a splitting field of f. For any z,y € K, we have (z + y)P" =
zP" + yP", which implies the set of roots of f in K

M::{a€K|f(x):0}:{aEK|a”m:a}

is a subfield of K. By Proposition 11.1.18, M/F, is a subextension of K/F,. Note that f(X) = X?" — X €
F,[X] splits over M and M = F,(M). We see M /F,, is a splitting field of f by definition. By the uniqueness
of splitting field, M/F, and K/F, are Fp-isomorphic. Since K as a splitting field is finite, we get M = K.
Therefore, for all a« € K, there must be f(a) = 0.
(ii) Since
FX)=pmX? =1 =1,

we have ged(f, f') = 1. From Proposition 11.4.3 we see f has p™ distinct roots in K, which implies
|M| > p™. On the other hand, |[M| < deg f = p™. Thus we have |K| = |M| = p™.

(iii) From |K| = [F,|EF] = plKFol = pm e see [K : Fp) = m.

Corollary 11.6.3 Uniqueness of Finite Field

For any prime number p and m € Z>1, there exists a unique finite field of order ¢ := p™ up to isomorphism,
denoted by F,. Any finite field must be isomorphic to F, for some prime number p and m € Zx>1.

Proof. The existence of F, follows from Lemma 11.6.2. The uniqueness of F, follows the uniqueness of splitting
field. Finite field must have positive characteristic, which is a prime number p. Then the finite field is an extension
of F,, of degree m. Any Characteristic zero field is infinite since it contains an isomorphic copy of Q. Thus finite
field F' must have positive characteristic, say p. Thus F/F, is a finite extension and |F| = plf"Fr]. O

Due to the uniqueness of finite fields, whenever we use the notation [y, it is understood that the proposition
holds for any finite field of order ¢ we choose.

Definition 11.6.4 Frobenius Endomorphism of Commutative [F-algebra

Let p be a prime number and m € Z>;. Let ¢ = p™. The Frobenius endomorphism of F,-algebra is
defined as the following [F,-algebra homomorphism

Frq’A:A—>A
z —
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Remark. In the definition of Frobenius endomorphism of a commutative ring, we see Fr, 4 is a ring homomorphism.
To check Fr, 4 is a Fy-algebra homomorphism, we only need to check Fry 4 is F4-linear. This is clear because for
any a € Fy and « € A, we have

Fry a(az) = (ax)? = a¥2? = aFry a(x).

O
Proposition 11.6.5 Additivity of the Frobenius Powers
Let p be a prime number and m € Z>;. Let ¢ = p™. Then for any a,b € F; and any k € Z>(, we have
(a+ b)pk —a” +P.
Proof. Consider the Frobenius automorphism
Frpr, : Fg — Ty
x —> aP.
For any a,b € Fy and any k € Z>(, we have
(a+b)"" = (Frpr,)" (a+b) = (Frpr,)" () + (Frpm,)" (0) = o + 07"
O

Proposition 11.6.6 Functoriality of Frobenius Endomorphism

Let p be a prime number and m € Z>,. Let ¢ = p™. Let A, B be commutative F,-algebras and f: A — B
be a [F;-algebra homomorphism. Then the following diagram commutes:

This implies Frobenius endomorphism gives a natural transformation Fry _ : iqu_CNg = iqu_cmg.

id
/\
F,-CAlg Hn% F,-CAlg

\_/’

id

Proof. For any z € A, we have

Frypo f(z) = f(2)" = f(2") = f o Frga(z).

Proposition 11.6.7 Properties of Finite Field
Let p be a prime number and m € Z>;. Let ¢ = p™. Then

(i) Let k € Z>;. Then there exists a field extension Fg i /F, such that it is a splitting field of the
polynomial f(X) = X" - Xe F,[X].

(ii) Fy is a splitting field of the polynomial f(X) = X?—X € F,[X]. So for any z € F, and any r € Z>,
we have
= gz,

(iii) Fgx/Fq is a Galois extension of degree k.
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(iv) The characteristic of F, is p.
(v) Let a,b € Z>, and Fya /Fy, F s /Fy be field extensions. Then

Hom\(field,, /r,) (Fge /Fq, Fpp /Fg) # G < a|b.

Ifa|b, then [Fp: Fp] = 2.

a

Proof. (i) Suppose ¢ : F, — K is a splitting field of f(X) = X —Xe F,[X]. For any z,y € K, we have

k

()" =2 +y", (@y)” =Ty,
which implies the set of roots of f in K
M::{a€K|f(x):0}:{a€K|aqk:a}

is a subfield of K. By Lemma 11.6.2, since [, is a splitting field of X" X € F,[X], for any a € Fy,

we have a? = a, which implies a?" = a for all k € Z>1. Thus we have ((F,;) C M and we can shrink the
codomain of ¢ to get the field extension ¢’ : F, < M such that i o' = ¢, where ¢ : M — K is the inclusion
map. This means M /F, is a subextension of K/F,.

Note that f(X) = X*-Xxe F,[X] splits over M and M = F,(M). We see M/F, is a splitting field of f by
definition. By the uniqueness of splitting field, M/F, and K/F, are F,-isomorphic. Since K as a splitting
field is finite, we see M = K.

Since .
F(X)=¢"X" 1 -1=-1,

we have gcd(f, f') = 1. From Proposition 11.4.3 we see f has ¢* distinct roots in K, which implies | M| > ¢*.
On the other hand, |M| < deg f = ¢*. Thus we have |K| = |[M| = ¢*. Thus ¢: F, < K is the desired field

extension.
(ii) Take ¢ = p and k = m. This is a direct consequence of (i).
(iii) From (ii) we see F i /F, is a Galois extension. Since
(P = [ PR | = o,
we obtain [F« : F,] = k.

(iv) By (i), there exists a field extension F,m /F,. Since field extension preserves characteristic, we have
char(IF,m) = char(F,) = p.

(v) Let a,b € Z>1 and Fya /Fy, Fu /F, be field extensions.
o Homfie, /i, ) (Fga /Fyg, Fop /Fy) # @ = a|b. If there exists an F,-embedding Fga < Fg, then

b=[Fp :Fg] = [Fpp : Fga][Fga : Fg] = [Fpp : Fa] a,

Thus we have a | b.

e a|b = Homrieq,r,)(Fge /Fq,Fyp /Fy) # @. Suppose a | b. Then we have ¢ — 1| ¢® — 1. So we can
asssume there exists ¢ € Zs; such that ¢® — 1 = ¢(¢® — 1). Note

X' X=X (qu—l _ 1)

- () )
xSy
- (- x) (S ()
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We have
a b
(Xq —X) | (Xq —X).
According to Proposition 11.3.2, since X' — X € F,[X] splits over F, we see X7 — X € F,[X] also

splits over F . Recall that Fa is a splitting field of X — X € F,[X]. By the minimality of splitting
field, there exists an Fj-embedding Fga < Fgs.

O

Proposition 11.6.8 Galois Group of Finite Field
Let p be a prime number and m € Z>;. Let ¢ = p™. Suppose L/F, is a finite extension of degree
n:=[L:F,]. Then
(i) L/F, is a Galois extension.
(i) Gal(L/F,) is a cyclic group of order n. The Frobenius automorphism Fr, ; generates Gal(L/F,),
that is,
Gal(L/F,) = {(Fr%L)k ‘ k=01, ,n— 1} .

Proof. (i) Since F,, is initial in Field,, we have a tower of field extensions L/F,/F,. From Proposition 11.6.7
(iii), we see L/F, is a Galois extension. According to Proposition 12.1.2, L/F, is also a Galois extension.

1) It is clear that Fr, 1 € Ga . Note |Ga = : = n. We only need to show that the order
ii) It is cl hat Fry, Gal(L/Fq). N Gal(L/F, L:T, W 1 d h hat th d
of Frq 1, is n. For any = € L, we have

(Fro.)" (v) = 29" =z,
which means (Fr, ;)" =id;. Hence, the order of Fr, 1, divides n.

Now we prove (Frq,L)Ic # idg, for any 1 < k < n. Suppose there exists k € Z>; such that (Frq,L)’c = idy.
Then for any x € L, we have

z? =z
So every element of L is a root of the polynomial
f(T)=T" —T € F,[T).
which means f has at least |L| = ¢™ distinct roots in L. Thus we have
¢" = |L| < deg f = ¢",

which implies & > n. Therefore, we see the order of Fr, 1, is n.

By Galois correspondence, we can classify all intermediate fields of finite field extension of F,.

Proposition 11.6.9

Suppose p is a prime number and m € Z>;. Let ¢ = p™. Suppose L D F, is a finite extension of degree
n := [L : Fy]. Then there is a one-to-one correspondence between the set of intermediate fields of L/F,
and the set of divisors of n:

{dEZZl|d|7’L}L>Ed::{E|FnggL},
dH{xEL‘xq%Zx},
[L:E]+— E.

Moreover, we have Fj & IFq . For any factors dy,dy of n,

n
d

dl | d2 = Ed1 QEdz.
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Proof. By Galois correspondence, there is a one-to-one correspondence

fi{H < Gal(L/Fy)} — {E |F, CEC L},
H+— L7 .={zeL|o(x)=2,Yo € H},
Gal(L/E) «— E.

And there is a one-to-one correspondence
g:{d€Z>1|d|n} — {H <Gal(L/F,)},
dr— ((Fro)®),

|H| +— H.
Note
fog(d) = L{FT)
- {x eL ‘ (Fry1)* (z) = a:}
:{zGL’xq% :z},
and

go f(E)=|Gal(L/E)| =[L: E].

Thus the desired one-to-one correspondence is given by f o g.

F s A7,
C @
F 27
C Qe @) O
]Fq ]FqG <T> Z GZ
¢ C O @)
F 37
o N)
F.o 97

11.6. FINITE FIELD
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Chapter 12

Galois Theory

12.1 Basic Definitions

Definition 12.1.1 Galois Extension

Let K be a field and L/K be a field extension. The extension L/K is called a Galois extension if it is
normal and separable.

Proposition 12.1.2 Properties of Galois Extension

(i) Suppose L/E/F is a tower of field extensions. If L/F' is Galois, then L/E is Galois.

(ii) Suppose L1 /F and Lo/F are subextension of a extension Q/F. If Ly /F is Galois, then LiLs/Ls is
Galois.

(iii) Suppose (L;/F);er is a family of subextensions of a extension Q/F. If each L;/F is Galois, then the

el

is Galois.

Definition 12.1.3 Fixed Field

Let L/K be a field extension and H < Aut(L/K) be a subgroup of the automorphism group of L/K. The
fixed field of H is defined as
L" .={zeL|o(x)=x,Yoc H}.

Proposition 12.1.4
Let L/K be a field extension. Define

Subextension(L/K) := {E/K | E/K is a subextension of L/K}
Subgroup (Aut(L/K)) :={H | H < Aut(L/K)}
the following maps

® : Subextension(L/K) — Subgroup (Aut(L/K))
E/K — Aut(L/E)

U : Subgroup (Aut(L/K)) — Subextension(L/K)
H— L7 ={zeL|o(x) =x,VYo € H}
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(i) Both the (Subgroup (Aut(L/K)),<) and (Subextension(L/K),C) are partially ordered sets. The

maps ¢ and ¥ are inclusion-reversing, i.e.

H, < Hy = V(H,) CV(H,) < L7 c L™
FE, CE, = (D(EQ) < (I)(El) <~ Aut(L/Eg) < Aut(L/El)

(ii) For any subextension E/K of L/K and any subgroup H < Aut(L/K), we have
E CVUo®(E) = LAWL/E)
H < ®oW(H) = Aut(L/LY)

(iii) The group Aut(L/K) acts on the set of subextensions Subextension(L/K) by

Aut(L/K) x Subextension(L/K) — Subextension(L/K)
(0,E/K)—0-E:=0(E)={o(z)|z € E}

The group Aut(L/K) also acts on the set of subgroups Subgroup (Aut(L/K)) by
Aut(L/K) x Subgroup (Aut(L/K)) — Subgroup (Aut(L/K))
(0,H)—0-H=0Ho ' ={oro” ' |7 € H}

The maps ® and ¥ are equivariant with respect to this action. That is, for any o € Aut(L/K),
E/K € Subextension(L/K) and H < Aut(L/K), we have

O(o-FE)=0c-P(F)
VU(o-H)=0-V(H)

namely,
Aut(L/o(E)) = o Aut(L/E)o*
L7Ho™ = o(LH)
(iv) If L O K is a Galois extension, then
o d(K/K) = LENE/K) — |
and

® : Subextension(L/K) — Subgroup (Aut(L/K))
E/K — Gal(L/E)

is injective.

Proof. (iv) Suppose L/K is Galois. In (ii), we already have K C LG(E/K) To show LEE/K) = K it suffices
to show that LE3(L/K) C K. Take any x € LG2(L/K)  Then we have

o(a) =a forall o € Gal(L/K).

Let P, € K[T] be the minimal polynomial of x over K. Suppose deg P, = n. Since L/K is normal and

separable, P, has n distinct roots in L. Let these roots be z1,xs,...,z, € L. From Proposition 8.5.6,
we know P, is also the minimal polynomial of each x; over K for i = 1,2,...,n. By Corollary 11.2.3, for
each i = 1,2,...,n, there exists an automorphism o; € Gal(L/K) such that o;(z) = z;. However, since

z € LEIL/K)  we have o;(xz) = x for all . This implies that all roots of P, are equal to z, which forces
deg P, = 1 and accordingly = € K. Therefore, we conclude that LS#(L/K) = [,
O
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12.2 Infinite Galois Correspondence

Definition 12.2.1 Krull Topology

Let K be a field and L O K a Galois extension. The Krull topology on Gal(L/K) is given by the
neighborhood basis of the identity id;, which consists of the sets

Gal(L/E)

where E runs over all intermediate extensions L O E O K with E/K being finite Galois. Equipping
Gal(L/K) with this topology makes it a topological group.

Remark. First we check the collection of sets defined above indeed forms a neighborhood basis of identity. First
we have idy, € Gal(L/E) for any intermediate extension E/K. Next, there exists at least one such intermediate
extension, namely £ = K. Finally, given two such intermediate extensions F; C K, Fs C K, we can take
Es5 := E1 F5 to be the compositum of E; and F5. Then E3/K is an also finite Galois extension. O

Intuitively, the Krull topology says that two automorphisms o and 7 in Gal(L/K) are close if they agree on
a sufficiently large finite Galois subextension E/K of L/K, i.e.

olg =7|g.
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Chapter 13

Valuation Theory

13.1 Valuation of Ring

Definition 13.1.1 Totally Ordered Abelian Group
Suppose (I', +) is an abelian group and < is a total order on I'. Totally ordered abelian group is a tuple
(T, +, <) such that for any a,b,c €T,

a<b = a+c<b+ec

The total order < can induce a strict total order < on I' by defining a < b <= a < b and a # b.

Proposition 13.1.2 Properties of Totally Ordered Abelian Group
Let (T', 4, <) be a totally ordered abelian group. Then

(i) a<d,b<V = a+b<d +V¥.
(i) <y <— —y < —x.
(iii) T is torsion-free. That is, for all n € Z>; and a € T,

na=0 = a=0.

Proof. (i) fa<a ,b<bV ,thena+b<a +b<d+V.
(i) z<y = rv—-—z—y<y—z—y = —y < —z. The other direction is similar.

(iii) If @ > 0, then na > 0 for all n € Z>y. If a < 0, then na < 0 for all n € Z>y. Therefore, if a # 0, then

na # 0 for all n € Z>;.
O

Proposition 13.1.3 Extended Totally Ordered Abelian Group

Let (T, +, <) be a totally ordered abelian group. The total order and group addition on I" are extended to
the set I' U {0} by the rules:

o a < oo forall el U{co},

e 0+a=a+oo=o0forall € 'U{co}.

Definition 13.1.4 Valuation of Ring

Let R be a commutative ring, and (T', 4, <) be a totally ordered abelian group. A valuation on R with
value group I refers to a mapping v : R — I U {oo} satisfying the following properties:

e v(1) =0, v(0) = oo,
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13. VALUATION THEORY 13.1. VALUATION OF RING

e v(zy) =v(z)+v(y), Vz,y€R,
e v(z+y) > min{v(z),v(y)}, Vz,y € R.

Furthermore, we require that v(R)—{oc} generates the group I'. If there exists an embedding of the totally
ordered abelian group I' < R, then v is referred to as a rank 1 valuation.

Proposition 13.1.5 Properties of Valuation of Ring
Let v: R — T'U {oo} be a valuation of a commutative ring R. Then

(i) If z € R, then v(z~}!) = —v(x).
v(R*) is a subgroup of T
Ifa

=1 for some n € Z>1, then v(a) = 0. Specially, v(—1) = 0.

ii)
iii)
(iv) v(—a) = v(a) for all a € R.
(v) v71(c0) is a prime ideal of R.
(vi) By the universal property quotient set, v induces a map

o: R/v! (00) — T'U {oo}
z+v ! (00) — v(x)

Moreover, @ is a valuation of R/v~! (00).
(vii) For any z1,---,z, € R, we have
vz + -+ x,) >min{v(z1), - ,v(z,)}
If there exists j such that for all ¢ # j we have v(z;) < v(z;), then the equality
v+t ) = oley)

holds.

Proof. (i) v(z™!) = v(z~'2) — v(z) = v(1) — v(z) = —v(x).
(ii) If z € R*, then v(z) +v(z™!) =0 = v(x) # oco.

(iii)

(iv) v(=a) =v(-1) +
)

v(a
(v) For any z,y € v~!(00), we have v(z + y) > min (v(z),v(y)) = oo, which means z +y € v~!(cc). For any
r € Rand x € v~!(c0), we have v(rm) v(r) + v(x) = oo, which means rz € v=!(c0). Thus v=1(c0) is
a ideal of R. If z,y € R and 2y € v~1(00), then v(zy) = v(x) + v(y) = oo, which means z € v=1(c0) or
y € v 1(00). Thus v~!(c0) is a prime ideal of R.

v(a™) =nv(a) =0 = wv(a) =0.
) =0+ v(a) =v(a).

(vi) We first check 9 is well-defined. If x —y = a € v™!(oc0), then we have

v(z) = v(y + a) = min{v(y), v(a)} = min {v(y), oo} = v(y).

Similarly, we have v(y) = v(z — a) > v(x), which means v(z) = v(y). Thus ¢ is well-defined. It is easy to

check that v is a valuation.
O
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13.2 Valuation of Field

Definition 13.2.1 Valuation of Field
Suppose K is a field and (T', 4, >) is an totally ordered abelian group. Then a valuation of K is any map

v: K —TU{co}
which satisfies the following properties for all a,b in K :
e v(a) = oo if and only if a = 0,
e v(ab) = v(a) + v(b), i.e. v is a abelian group homomorphism from K* to I,

e v(a+b) > min(v(a),v(b)), with equality if v(a) # v(b).

Definition 13.2.2 Value Group
The value group of a valuation v is the subgroup of ' defined as v(K ™).

Definition 13.2.3 Discrete Valuation
A discrete valuation on a field K is a valuation v : K — Z U {oo}.

Definition 13.2.4 Valuation Ring

The valuation ring of a valuation v is the subring of K defined as

O, :={a € K :v(a) > 0}.

Proposition 13.2.5
Suppose v is a valuation of a field K. Then the unit group of O, has the form

0) ={a€ K :v(a) =0}

= —v(a™1) < 0. This forces v(a) = 0. Conversely, for any
0, which means a~! € O,. Thus a € O. O

v

Proof. For any a € O, we have a~! € O, and v(a)
a € K such that v(a) = 0, we have v(a™!) = —v(a) =

Definition 13.2.6 Residue Field of a Valuation

Suppose v is a valuation of a field K. Then
m, :={a € K : v(a) > 0}

is a maximal ideal of O,. The residue field of v is defined as k, = O, /m,,.

Definition 13.2.7 Equivalent Valuation

Suppose a filed K has two valuations v : K — I'U {oco} and v’ : K — IT" U {oco}. we say v and v’ are
equivalent if there is an order-preserving group isomorphism ¢ : v(K*) — v’/(K*) such that v/ = v o ¢.

Proposition 13.2.8

Two valuations are equivalent if and only if their valuation rings are equal.

Proposition 13.2.9
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Suppose v is a valuation of a field K and w is an element in O, — {0} such that

sup{nv (w) €' | n € N} = 0.

Then there is a natural isomorphism K = O, [%]

Proof. Since K = Frac(O, ), we have an embedding O, [é] — K. For any x € K, there exists n € N such that
nv(w) > —v(x). Thus

1
v(izw") =v(z) +nv(w) >0 = zw" €0, = €0, [] .
@

13.3 Absolute Value of Field

Definition 13.3.1 Absolute Value

An absolute value on a field K is a function | - | : K — R satisfying the following conditions:
(i) Forany z € K, || =0 < z =0.
(ii) For any z,y € K, |zy| = |z| - |y|.
(i) For any z,y € K, |z +y| < |z| + |y]-

A field equipped with an absolute value is called a normed field, denoted by (K, |- |).
A normed field (K, |- ) induces a metric d(z,y) = | — y| on K, making it a Hausdorff topological field.

Definition 13.3.2 Trivial Absolute Value
An absolute value | - | on a field K is called trivial if

0 ifx=0,
=] = :
1 ifx#0.

Proposition 13.3.3 Properties of Absolute Value
Let (K, |- |) be a normed field. Then we have the following properties:

i) Nf=|-1=1
(ii) |z| = |—=| for all z € K.

(iii) |n-1] <n for all n € Z.

Definition 13.3.4 Equivalent Absolute Value

Two absolute values on a field are said to be equivalent if as topological spaces they are homeomorphic.

Proposition 13.3.5 Equivalent Characterization of Equivalent Absolute Values

Let K be a field and |- | and |- |+ are two nontrivial absolute values on K. Then the following are equivalent:
(i) |- | and | - |+ are equivalent absolute values.
(ii) Forany z € K, |z| <1 = |z], < L.

(iii) There exists s > 0 such that |- | = |- |2.
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Proof. (i) = (ii): For any z € K such that |z| < 1, we have
lim |2"| = lim |z|" =0,
n—oo n—oo

which implies the sequence (™)’ , converges to 0 in (K, |- |). Since (K,|-|) and (K,|-|,) as topological spaces
are homeomorphic, the sequence (z™)>"_, also converges to 0 in (K| - |,), which means

lim |z]} = lim |2"|, = 0.
n—oo n—oo

Therefore, |z], < 1.

(ii) = (iii): Assume condition (ii): |z| <1 == |z|, < 1 for all z € K. By considering the inverse 71, we
also conclude that |z| >1 = |z|, > 1.

Let y € K such that |y| > 1. For any € K> — {1}, there exists a real number r(z) such that

|z = [y|"),

with r(z) # 0.

oo
Consider a sequence of rational numbers (%) such that 2% > r(z), n; > 0, and
i/i=1

uz

Then by assumption (ii), we have

m;/n; x™ ™ m;/n;
2] < fy|™M = | <1 = || <1 =zl <yl
Y Yl
Taking the limit as ¢ — co, we obtain
e < .

o0
Similarly, by considering a sequence of rational numbers (’:) such that 74 < r(z) and lim; o 7% = r(z),
k2 ,L:1 £ k2
we can show that
el > [yi.

Thus, we conclude that
ol = lyls

Taking the logarithm of both sides, we find
log|z| =r(z)logly] and loglz|, = r(x)log |yl-

Dividing these equations yields
log|z| _ logly|
log ||, loglyls

Take t = lzoggllj’l‘* > 0. We conclude that for all x € K, |z| = |=|;. This completes the proof.

(iii) = (i): Since |-| =|-|3, we can prove that the identity map f : (K,|-|) = (K, | |«) is a homeomorphism
by checking that both f and f~! are continuous. For any e-ball By, (x,€), we have

FHBy (@, 0) = Byy(a,€'/?),
which is open in (K, |- |). Thus f is continuous. Similarly, f~! is continuous. O

Definition 13.3.6 Places of a Field

Let K be a field. A place on K is an equivalence classes of non-trivial absolute values on K. The set of
all places on a field K is denoted by ply.
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Definition 13.3.7 Archimedean Absolute Value

An absolute value is called Archimedean if the set
{|n| :n € Z}

is unbounded in R equipped with the Euclidean topology. Otherwise, it is called non-Archimedean.

Example 13.3.1 Absolute Value Induced by Harr Measure on Locally Compact Hausdorff Topological Field

Let K be a locally compact Hausdorff topological field. Since the additive group (K, +) is a locally compact
Hausdorff group, a Haar measure p can be defined on it. Using the Haar measure, an absolute value

p(aX)
(X))

|“la— ol =

can be defined on the field K. The topology induced by this absolute value coincides with the original
topology of K.

Proposition 13.3.8 Classification of Non-discrete, Locally Compact Hausdorff Topological Fields

Let K be a non-discrete, locally compact Hausdorff topological field. There are exactly three possibilities
for K:

(i) Archimedean fields: R and C.
(ii) p-adic number fields: finite extensions of @,. These are non-Archimedean fields of characteristic 0.

(i) Function fields over a finite field F,: finite extensions of the field of formal Laurent series Fy((z)),
where ¢ = p™ is a power of a prime. These are non-Archimedean fields of characteristic p.

Definition 13.3.9 Local Field
A local field is a non-discrete, locally compact Hausdorff topological field.

Definition 13.3.10 Completion of a Normed Field

Let (K,|-|) be a normed field. The completion of K with respect to the absolute value |- | is the Cauchy
completion of the metric space (K,d), where d(z,y) = |z — y|.

The completion of a normed field is functorial, i.e. it is a functor from the category of normed fields to the
category of complete normed fields.

Definition 13.3.11 Global Field
Let K be a field. K is called a global field if it satisfies the following properties:
(i) the completion of K with respect to every place on K is a local field

(ii) product formula:

H ||, = 1.

VEPL
It can be proven that there are exactly two types of global fields:

(i) Number fields: finite extensions of Q.

(ii) Function fields: finite extensions of Fg(¢).
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Definition 13.3.12 Finite Places of a Global Field
Let K be a global field. A place v on K is called finite if either

(i) v restricts to a p-adic place on Q for some prime p, or

(i) v restricts to a p(t)-adic place on F,(¢) for some prime element p(t) € F,[t].
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Appendix A

Category Theory Facts

Category Initial Object Terminal Object
Cat 0 1
Set %) {*}
Top %) {*}
Grp {0}
R-Mod {0}
Ring Z {0}
R-Alg R {0}
Sch SpecZ Spec{0} = @
Field, 2 ifp=0
F, ifp>0
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